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Adaptive Bipartite Consensus of Multi-Agent
Systems with Parameter Uncertainty and
Leader of Nonzero Input under
Signed Digraph

Qiufu Wang and Zhanshan Wang

Abstract—This article investigates the bipartite consensus
problem for a class of multi-agent systems (MASs) with
parameter uncertainty and leader of nonzero input under a
signed digraph. Due to the unknown and time-varying input
signal of the leader, followers are unable to obtain accurate
information about the leader. For this purpose, a distributed
adaptive observer is designed based on parameterization theory.
Then, considering the existence of parameter uncertainty in the
MASSs, an auxiliary function is designed to compensate the impact
of uncertainty. Afterwards, an adaptive controller with dynamic
coupling gain is designed based on observation errors and
auxiliary function. Subsequently, it is demonstrated that the
MASs with parameter uncertainty and leader of nonzero input
can achieve bipartite consensus by stability analysis. Finally, the
effectiveness of the proposed scheme is verified through
simulation.

Index Terms—Multi-agent systems, parameter uncertainty, leader
of nonzero input, adaptive control, bipartite consensus

I. INTRODUCTION

In recent years, multi-agent systems (MASs) have received
increasing attention due to their widespread applications in the
fields of science and engineering, and have become a very
important research direction [1-6]. The agent in MASs
interacts with others through network communication
topology to jointly achieve specified control objectives.
Compared to a single system, MASs have stronger robustness
and better controllability. The consensus control of MASs is
an important research topic. With the development of control
theory, many scholars have designed corresponding control
protocols for the consensus problem, ultimately achieving the
consensus of MASs [7-13].

It is noticed that the aforementioned works in [7-13] are
very profound and meaningful, but the relationships between
the considered agents are all cooperative. However, there is
also a competitive relationship between some agents in some
practical systems, such as social networks [14] and unmanned
systems [15]. Therefore, it is very crucial to achieve
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consensus in MASs under cooperative and competitive
relationships. The author in Ref. [16] considered the existence
of cooperative and competitive relationships among agents
and first proposed the concept of bipartite consensus.
Afterwards, some scholars conducted research on the basis of
Ref. [16] and achieved fruitful research results [17-23]. The
author in Ref. [18] utilized the output information of
neighbour agents to design an observer, and a dynamic event-
triggered controller was designed to achieve the bipartive
consensus of discrete-time MASs under competitive networks.
In Ref. [20], the bipartive consensus of MASs with leader-
followers was studied, and a hybrid-triggered controller
combining time-triggered and event-triggered controller was
proposed to enable the followers to track the leader’s
trajectory in bipartive manner. The author in Ref. [22]
combined mechanical models with MASs to study the
bipartite consensus problem of the system. However, these
literatures are focused on leaderless or autonomous leader
systems, ignoring the presence of additional inputs from
leaders, which have certain limitations.

In addition, since the presence of leader inputs is inevitable
in actual systems, and sometimes input signals are unknown
and time-varying [24], how to solve this problem is
challenging. Some scholars utilized the assumption that
unknown input signals are bounded, and subsequently
designed control protocols to achieve consensus of MASs
[25-28]. In Ref. [24], the consensus tracking problem of first-
order nonlinear leader-follower MASs was studied, where the
leader has an unknown external input signal that is unknown
to all followers. The author in Ref. [27] studied a class of
multipe input multiple output (MIMO) linear MASs with
leader nonzero input signals under switching topology. The
consensus tracking of the system is achieved under the
assumption that the leader’s nonzero input signal is bounded.
Moreover, during the operation of the system, uncertainty may
arise due to modeling errors, measurement errors, parameter
fluctuations, and other factors. The existence of uncertainty
seriously affects the stable operation of the system, and more
seriously, it can cause irreversible losses. Therefore, it is very
necessary to deal with the parameter uncertainty in the system
to ensure the stable operation of the system [29-32]. In Ref.
[31], an adaptive fault-tolerant controller was designed to
effectively address the impact of mismatched parameter
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uncertainties and actuator faults in leader-follower MASs. For
the tracking problem of linear MASs with parameter model
uncertainty and time-varying communication delay, the author
in Ref. [32] proposed a delayed distributed proportional
integral derivative controller to handle the effects of
uncertainty and communication delay. Although these
literatures address the issue of parameter uncertainty, they
only consider the cooperative relationship between agents, and
this has certain limitations. Hence, it is necessary to study the
bipartite consensus of MASs with parameter uncertainty and
non-autonomous leader under cooperative and competitive
relationships. This is also the research motivation of this
article.

To sum up, this article investigates the bipartite consensus
of MASs with parameter uncertainty and leader of nonzero
input under a signed digraph. The main contributions are as
follows:

(1) For consensus control problems of MASs with
parameter uncertainty, most literatures focus on unsigned
graphs [29-32]. In comparison, this article further extends it
to signed graph networks with positive and negative weights.

(2) Considering the existence of unknown input signals in
the leader, the follower agents are unable to obtain accurate
information about the leader. Compared to using the bounds
of unknown input signals for analysis, this article designs a
distributed leader state observer based on parameterization
theory, enabling the follower agent to track the leader’s signal.

(3) An auxiliary function is designed, and then an adaptive
controller is designed based on the observer and auxiliary
function to reduce the influence of unknown inputs and
parameter uncertainties of the leader. Ultimately, the bipartite
consensus of MASs with parameter uncertainty and leader of
nonzero input is achieved.

The structure of this article is as follows. Section II provides
the problem statement and some preliminaries. The designed
adaptive observer and controller are introduced in Section III.
Then, Section IV shows the numerical simulation. Finally, the
conclusion is provided in Section V.

Notation The maximal eigenvalue of matrix M is defined
as Amax(M). 1y =[1,1,...,1], where N represents the number
of follower agents. || * || represents the 2-norm of *. The
symbol diag{-} indicates a diagonal matrix. % represents the
derivative of =*. I represents an appropriate dimensional
identity matrix, and Iy and [, are N-dimensional and n-
dimensional identity matrices, respectively. ® represents
Kronecker product.

II. PRELIMINARY AND PROBLEM STATEMENT

A. Graph Theory

G(Uq,Kq,Ag) is a signed digraph with N nodes, where
Ug ={vi,v2,...,vn} is the node set, K,= {(v,-,vj)liij,vi,
v; € Ug} is the edge set, and Ag=[a;]€RMV is the
adjacency matrix, where a;; # 0, if (v;,v;) € Uy, and a;; =0,
otherwise. In addition, a;; >0 and a;; <0 mean cooperative
and competitive relationships between agents. D, = diag{d;}

N
is a degree matrix with d; = 3 la;j|. Lg = [L;;]1 € RNV = Dy—
j=1

Ag is the Laplacian matrix. If there exists a leader agent
labeled as 0, the graph G is converted to G(U,,K,), Where

Ug = Uy U{vo} and K, = Ky U{bio}. bip >0 when the agent i

is connected to the leader, otherwise b;o=0. Next, the
pinning matrix is defined as By =diag{bi,b20,...,bn0}
e RVXN,

Definition 1 If U, can be divided into U} and U3, it is
structurally balanced, where U;UU; = U, and Uy NU; = @.
Thus, a;;>0, Vv,v;€ Ug or v,vjeUy, and a;;<0,
CAVES Ug,‘ andv; e Uy', where h#m(h,me{l1,2}). Define a
symbol matrix S = diag{s;}, where s;=1, Vv € Ug, and
si=—1,Yv; € U;,”, where h #m [33].

B. Problem Statement
Considering the following MASs, the dynamics of the

follower x;(¢) is

%i(1) = (A+AA(0)xi(t) + Bu;(1) M

where x;(f) eR", i=1,2,...,N is the system state. A and B

are constant matrices with appropriate dimensions. u;(f) € R”

is control input of the system. Moreover, the pair (A,B) is

stabilizable. AA(¢) is the parameter uncertainty of the system.
The dynamics of the leader x(¢) is as follows

Xo(1) = Axo(1) + Bro(t) 2

where xp(r) € R" is the state of leader and ro(¢f) is the
unknown input of leader. Note that only partial followers can
receive leader’s signal. For the convenience of expression, ¢ is
omitted in the subsequent symbol representation.

Definition 2 For MASs in Egs. (1) and (2), if the
following condition is satisfied

tli>r£10||x,-—s,'xo||—0, i=1,2,...,N 3)
the MASs achieve bipartite consensus, where s; is shown in
Definition 1 [34].

Furthermore, to solve the bipartite consensus of the MASs
with parameter uncertainty and leader of nonzero input,
Assumptions 1-3 and Lemmas 1 and 2 are given.

Assumption 1  The signed digraph G is structurally
balanced, and has a directed spanning tree with the leader as
its root [33].

Assumption 2
condition

AA satisfies the following matching

AA = BM;(1) )

where M;(¢) is an unknown matrix with ||M;(?)||<o. o is a
positive constant [30].

Assumption 3 The unknown input ro of the leader is
parameterized with a set of base functions as follows

ro = 6y do Q)
where ¢¢ denotes the base function and 6y is a constant
parameter vector [34].

Lemma 1 For a signed digraph G satisfying Assumption
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1, H=Lg¢+ Bg, then H >0, where L, is the Laplacian matrix
and B, is the pinning matrix between the leader and follower,
respectively [35].

Lemma 2 VY x,yeR"™, where x and y are vectors, there
exist two matrices of compatible dimensions M and Q, and a
positive-definite matrix A >0 that satisfy the following
inequality [36]

2XTMQy < xX"MAM " x+y"QTA™ Oy (6)

III. MAIN RESULT

Due to the presence of parameter uncertainty and unknown
input signals of the leader, it poses challenges to the research
of bipartive consensus problems. Therefore, we need to design
a control scheme to solve this problem.

According to MASs in Egs. (1) and (2), a bipartite
consensus error o; is defined as follows

0i = X — SiXo @)

Due to the presence of unknown input in the leader, the
followers are unable to accurately obtain the leader’s
information. Therefore, a leader state observer 7; is designed
to enable the followers to obtain the leader’s state.

First, a distributed leader’s relative output error &; is defined
as follows

&= lalln — signaz;)n;) + bio(ni — x0) =
JEN;

Z |ai jl(u; — sign(a;j)u ;) + biopti
JEN;

®)

where u; =n; —xo is the error between the observer and the
leader agent, and N; is the neighbor of the agent i.

Based on Eq. (8), the leader state observer is designed in the
following form

ni = An; + B8} ¢o— pBB P\ &; ©)

0 =11 (—¢oe! P1B—kia(t)d)) (10)

where §; is the estimation of 6y by each follower agent. It has
an estimation error §; =8;,—6,. p, T1, and k; are positive
constants. &; is the bipartite observer error of follower agents.
Py is a positive-definite matrix. a(f) is an exponential
function with a natural constant e as the base and decreasing
over time. It is worth noting that ft; a(t)dr <6, the initial
moment 7y satisfying #yp > 0, where constant § > 0. Moreover,
if & =0, then w; =0 can be obtained, which means that the
observer can accurately observe the leader’s state.

Then, the bipartite observer error of follower agents &; is
defined as follows

£ = Xj = Sifi

(11)
Note that if [lim & =0 and tlim g; =0, it can be obtained that

lim o; =0, which means that the MASs achieve bipartive

—00
consensus.

Next, the dynamics equations of the error system are
described as Egs. (12) and (13)

i = = Xo = Ap; + B ¢o — pBB" P\ é; (12)
& = Xi—sini =
Agi+ BMi(1)x; + Bu; — 5;B8; po+ (13)
sipBB" P\£;

Let x = col(x;), u = col(u;), £=col(&;), e= col(g;), u=col(u;),
0 = diag{f;}, 6 =diaglh;}, ®=1ngo, and M =diag{M;(1)},
then we get

E=HL)u=
(INn®A)é+(H®B)O & (14)
p(H®BB'P)¢

&=(Iy®A)e+(Iy®B)u—(S ®B)O; D+ s

(S ® ByMx +p(S ® BBTP))¢
Then, the adaptive controller with a dynamic coupling gain
is designed as

u = —C,'BTsti + Sié;r(ﬁo +1I7;

(16)

¢; = 13(s] PBBT Pas;) (17)

where ¢; is a dynamic coupling gain and ¢;(0)>0. 73 is a
positive constant. P, is a positive-defined matrix. I is an
auxiliary function to compensate the impact of parameter
uncertainty in Eq. (1), and it has the following expression

Q> (BT Py&))|Ixil?

Ii=—- (18)
" QillET P Bl + ()

4i = 2(llej P2Bllllxill - 2(1)y) (19)
where 7, and k, are positive constants. g; is the estimation of
o . Define a vector §; = §; — 0.

Next, the main result of this article will be presented.

Theorem 1 Under Assumptions 2 and 3, consider Egs. (1)
and (2), the observer in Egs. (9) and (10), and the adaptive
controller in Egs. (16)—(19). If there exist positive-definite
matrices Py and P, and positive constants 81, 82, and co,
which satisfy the following conditions

(20)

AP} + PyA—(2¢0—p)P3 BB' Py + 21 =0 (21)
the bipartive consensus of MASs with parameter uncertainty
and leader of nonzero input is arrived.

Proof The following Lyapunov function V is constructed

AP] +P\A-P{BB"P;+$11=0

V=¢(YHTTQP)E+e (Iy®Py)e+
N

1 N N
—gra. AT (s — )2
E,T]@ 01+i:§l =i qz+i:§l 73(6’ co)

i=1

(22)

Then, the time derivation of V along Eqgs. (14) and (15) is as
follows
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V=ETHT@P)E+EH T @P)E+ET(Iy® Py)e+

€ (]N®P2)8+Z—9T0 +Z—q gi+

- 2 : T/ ry-1 T
2 (imaoi= £ oA+ PAES

i=1

26(Iy® P1B)OT ® —2p& T (Iy ® P1BBT P1)é+
(23)
eVIN®(ATPy + P2A))e + 26 (Iy ® P2 B)u—

2e7(S @ P,B)OT @ +2p" (S @ P.BBT P))é+

N
2 s
26 (Iy@ P BYMx+ ) =80+
= T1

Z _EITQl + Z _(Cl €0)Ci

Based on the expression of the controller in Eq. (16) and
auxiliary function in Eq. (18), then Eq. (23) can be converted
to the following expression

N
V<EHT AP+ PIANE- D (2p] PIBB P £+
i=1

e (ATPy + PyA)g; —2cie] PaBB  Pye;—
2sipe; Py BB P& +2&] PyBMi(1)x;+

(24)
2421 P2 B x? Z(
gills! P2 Bllllxill + a(t)
2K10z(t)§l.T9i + %(Ci —C0)Ci)
Since we have
2£ Py BM;(1)x; < 20|} P2 Bll|1xi| (25)

based on Lemma 2 and the definition of s;, we can obtain
Formula (26)

2sipe; PyBBTP & <
p(eT PaBB " Pye+£] Py Bs? BT P 1) < (26)
p(e] PxBB"Pye+ ¢! PYBBTP &)

After that, let p >
Eq. (17), one obtains

Amax(H™1), and based on adaptive law in

V<&V H'QATP +P1A- P BBTP)é+

N
D (& APy + PyA - (2c0 - p)P2BB" Py)ei+
i=1
247 \le] P2 BIP 1l 27)

+
gills! P2Bllllxill + ()

20le] P2 Bll|xill -

)
Z(gﬁf@i —2k1a(1)6] 6;)
=1

Then, according to Eq. (19), one further gets

V<E'H'®ATP, + PIA- P BB P)))é+
N
Z (g,T(Asz + PyA—(2¢0 — p)P2BBT Py)ei+
i=1

. 243 1le! P2 BIPllxill* (28)
24ille] P2Bllllxill - — — |-
gille; P2Blll|xill + a(2)
Z(2kza(t)q i+ 26108 )
Note that
. 247 \ls] P2 Bl 1xilI*
24,lle] P2 BllIxill - ———" — =
gille; P2Bllllxill + a(2)
T (29)
§?llel P2 Blllx;lla(r)
- < 2a(1)
%”8 P2 B|llxill + a(r)
Consequently, we can obtain
V<&(H'®(ATP +PIA— P\BB"P +Bi1)é+
N
> el (ATPy+ PyA— (200~ p)P2BB' Py +Bol)ei-
i=1
N (30)
D 2003} §i+ 2x10(08T 6 + 20(1)-
BiE (H ' @1,)¢~poc’e
Since we have
—076; = -0} (6 +60) < €2y
—Gigi = —Gi(Gi+ o) < ~ (32)

based on Egs. (20) and (21), and combining Egs. (31) and (32)
to Formula (30), we can obtain

N
~BiE" HT @1)E~prc" e+ ) Ra(d) (33)
i=1
A K1 K2
where K = 2+ 39%4‘ 30_2.
Then, the following inequality can be obtained
t
V)< V)~ | & (H @ L)édr-
1 T t N .
LO Boe edr + jto Zl: ka(t)dt < (34)
i=

N
V(o) + Z )
i=1
which means that V(¢) is uniformly bounded, so &; and &; are
also uniformly bounded.
Furthermore, based on the fact that V(¢) > 0, it follows from
Formula (34) that

N
LO BiEV(H @ I)édr < Vitg) + Z; %6 (35)

N
[ prs"edr < Vi) + Y k6 (36)
10 i=1
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Applying the Barbalat lemma to Formulas (35) and (36), it
can yield tli)nolo||§,-|| =0 and IILTOIIS,-II =0. According to Egs. (7)
and (11), we get tlirgllgill =0. This means that MASs with
parameter uncertainty and the leader unknown input achieve
the bipartite consensus.

The proof is completed. |

Remark 1 The existence of uncertainty seriously affects
the stable operation of the system, and more importantly, it
can cause irreversible losses. Therefore, this article studies the
MASs with parameter uncertainty. Not only that, but also the
cleaning situation with nonzero input of the leader is tested.
The author in Refs. [24, 30] only considered the cooperative
relationship between agents, but ignored the competitive
relationship. Therefore, this study further extends the
traditional consistency problem to the two-part consistency
problem in signed directed graphs with different weight
information. This has more practical significance.

Remark 2 In practical systems, it is inevitable for leader
to have external input. However, current literatures need to
use the assumption of the upper bound of unknown input
[24-28] and are conducted in an unsigned graph without
considering the competitive relationship between agents,
which have significant limitations. Therefore, this article
designs an adaptive learning rate to estimate the unknown
input signal of the leader by parameterization theory. This
does not require knowing the upper bound of the unknown
input. Afterwards, a leader state observer is designed to enable
followers to accurately obtain the leader’s signal.

Remark 3 The parameter uncertainty in the system can
affect its performance. This article utilizes bipartite observer
error signals and the state information of the agent itself, and
designs an auxiliary function to compensate the impact of
parameter uncertainty by introducing an exponential function.
Furthermore, an adaptive controller is designed to enable the
MASs to achieve bipartite consensus with parameter
uncertainty and nonzero input of leader under a signed
digraph. In addition, the control scheme designed in this
article has a wide range of applications. It is also applicable to
the case that there is no parameter uncertainty in the system.

IV. NUMERICAL SIMULATION

This section will present a simulation example to verify the
effectiveness of the proposed solution. Based on Egs. (1) and
(2), the parameters for simulation are given as follows

o 2] ., [1] ., _[0 sin@
| Sl el )

sin(z)
The adjacency matrix A, of the structurally balanced signed
digraph G is

0 2 0 O
0 0 -1 0
Ag = 0 0 0 2f
-1 0 3 0

The node sets are divided into V| ={1,2} and V; = {3,4}.
The unknown input signal of leader is rp = 0.5sin(¢). The
initial state vector of leader agent is xp(0) =[0.20 -0.10]".

The initial values of follower agents are x;(0) =[1.30 0.2017,
x2(0)=[-1.20 1.10]T, x3(0)=[0.80 0.55]7, and x4(0) = [1.30
0.30]T. The initial values of observer are selected as n1(0) =
[0.70 —0.20]T, 7,(0) = [-1.60 0.20]T, 73(0) = [0.20 0.75]7,
and 174(0)=[1.80 — 1.30]T. Moreover, the other parameters
are as follows co =4, p=3, B =4.52, B =2.25, k; =20.0,
k=12, k3=0.5, 71=200.0, 7,=15, 73=0.5, and
a(t) = e . The initial values of the adaptive laws are selected
as c1(0)=12, ¢0)=0.8, ¢3(0)0=1.0, c4(0)=1.5,
q1(0)=1.0, g2(0)=0.4, ¢g3(0) = 1.5, and ¢g4(0) =0.8.
By solving Egs. (20) and (21), we can obtain

p, _| 35655 -0.7925
171207925 1.9544 |

[ 13733 -0.4662
271-04662 07438 |

Next, the simulation results are provided in Figs. 1-6.
Figure 1 shows the trajectories of leader and follower agents.
The trajectories of leader and observers are drawn in Fig. 2. It
can be seen that the followers can track the trajectory of
leader. Figures 3 and 4 show the trajectories of the error
signals u; and &;, respectively. The trajectories of coupling
gain ¢; and ¢; are shown in Figs. 5 and 6, respectively. Hence,
the bipartite consensus of MASs with parameter uncertainty
and leader of nonzero input is achieved.

0 2 4 6 8 10 12 14 16
Time (s)

18 20

X12 X2 X3 X4

10 12 14 16 18 20
Time (s)

Figure 1 Trajectories of the leader xo and followers x;.

oL — =Xy, /IR UER M1 N4,
) 1 1 1 1 1 1 1 1 1
0 2 4 6 § 10 12 14 16 18 20
Time (s)
2k — =X Mo M M3 MNap
o IR
SO0
-1k
) 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

Time (s)

Figure 2 Trajectories of the leader xo and observers 7;.
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_2 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20
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2
o Hao M3p — Ha

72 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20
Time (s)
Figure 3 Trajectories of the error u;.
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10 12 14 16 18 20
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0 2 4 6 8

€12 &

&3 €4

1 1
6 8 10 12 14 16
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1
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Figure 4 Trajectories of the error &;.
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Cy

10 12 14 16 18 20
Time (s)

Figure 5 Trajectories of the coupling gain ¢;.

V. CONCLUSION

This article studies the bipartite consensus of MASs with
parameter uncertainty and leader of nonzero input on a signed
digraph. We design a leader state observer to overcome the
issue of information exchange between agents caused by
unknown input signal of the leader. Afterwards, an auxiliary
function is designed to deal with the impact of parameter
uncertainty. Then, an adaptive controller with dynamic
coupling gain based on bipartite observer errors and auxiliary
function is further designed to achieve the bipartite consensus
of MASs. Finally, we verify the effectiveness of the proposed
scheme by simulation. The control scheme designed in this

2.5 - - - -
-4 G434,

2.0+

1.5

< |\
LOW
0.5 H
1 1 1 1 1 1 1 1 1

0O 2 4 6 8 10 12 14 16 18 20

Time (s)

Figure 6 Trajectories of §;.

article is aimed at homogeneous systems. In the future, we
will continue to study the finite-time consensus of
heterogeneous MASs.
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