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   Abstract—This  article  investigates  the  bipartite  consensus
problem  for  a  class  of  multi-agent  systems  (MASs)  with
parameter  uncertainty  and  leader  of  nonzero  input  under  a
signed  digraph.  Due  to  the  unknown  and  time-varying  input
signal  of  the  leader,  followers  are  unable  to  obtain  accurate
information  about  the  leader.  For  this  purpose,  a  distributed
adaptive  observer  is  designed based on parameterization theory.
Then,  considering  the  existence  of  parameter  uncertainty  in  the
MASs, an auxiliary function is designed to compensate the impact
of  uncertainty.  Afterwards,  an  adaptive  controller  with  dynamic
coupling  gain  is  designed  based  on  observation  errors  and
auxiliary  function.  Subsequently,  it  is  demonstrated  that  the
MASs  with  parameter  uncertainty  and  leader  of  nonzero  input
can  achieve  bipartite  consensus  by  stability  analysis.  Finally,  the
effectiveness  of  the  proposed  scheme  is  verified  through
simulation.
    Index Terms—Multi-agent  systems, parameter  uncertainty, leader
of nonzero input, adaptive control, bipartite consensus
  

I.  Introduction

In recent years,  multi-agent systems (MASs) have received
increasing attention due to their widespread applications in the
fields  of  science  and  engineering,  and  have  become  a  very
important  research  direction [1–6].  The  agent  in  MASs
interacts  with  others  through  network  communication
topology  to  jointly  achieve  specified  control  objectives.
Compared to a single system, MASs have stronger robustness
and  better  controllability.  The  consensus  control  of  MASs  is
an important research topic. With the development of control
theory,  many  scholars  have  designed  corresponding  control
protocols for the consensus problem, ultimately achieving the
consensus of MASs [7–13].

It  is  noticed  that  the  aforementioned  works  in [7–13] are
very  profound and meaningful,  but  the  relationships  between
the  considered  agents  are  all  cooperative.  However,  there  is
also a competitive relationship between some agents in some
practical systems, such as social networks [14] and unmanned
systems [15].  Therefore,  it  is  very  crucial  to  achieve

consensus  in  MASs  under  cooperative  and  competitive
relationships. The author in Ref. [16] considered the existence
of  cooperative  and  competitive  relationships  among  agents
and  first  proposed  the  concept  of  bipartite  consensus.
Afterwards, some scholars conducted research on the basis of
Ref. [16] and  achieved  fruitful  research  results [17–23].  The
author  in  Ref. [18] utilized  the  output  information  of
neighbour agents to design an observer, and a dynamic event-
triggered  controller  was  designed  to  achieve  the  bipartive
consensus of discrete-time MASs under competitive networks.
In  Ref. [20],  the  bipartive  consensus  of  MASs  with  leader-
followers  was  studied,  and  a  hybrid-triggered  controller
combining  time-triggered  and  event-triggered  controller  was
proposed  to  enable  the  followers  to  track  the  leader’s
trajectory  in  bipartive  manner.  The  author  in  Ref. [22]
combined  mechanical  models  with  MASs  to  study  the
bipartite  consensus  problem  of  the  system.  However,  these
literatures  are  focused  on  leaderless  or  autonomous  leader
systems,  ignoring  the  presence  of  additional  inputs  from
leaders, which have certain limitations.

In addition, since the presence of leader inputs is inevitable
in  actual  systems,  and  sometimes  input  signals  are  unknown
and  time-varying [24],  how  to  solve  this  problem  is
challenging.  Some  scholars  utilized  the  assumption  that
unknown  input  signals  are  bounded,  and  subsequently
designed  control  protocols  to  achieve  consensus  of  MASs
[25–28]. In Ref. [24], the consensus tracking problem of first-
order nonlinear leader-follower MASs was studied, where the
leader  has an unknown external  input  signal  that  is  unknown
to  all  followers.  The  author  in  Ref. [27] studied  a  class  of
multipe  input  multiple  output  (MIMO)  linear  MASs  with
leader  nonzero  input  signals  under  switching  topology.  The
consensus  tracking  of  the  system  is  achieved  under  the
assumption that the leader’s nonzero input signal is bounded.
Moreover, during the operation of the system, uncertainty may
arise  due  to  modeling  errors,  measurement  errors,  parameter
fluctuations,  and  other  factors.  The  existence  of  uncertainty
seriously affects the stable operation of the system, and more
seriously, it can cause irreversible losses. Therefore, it is very
necessary to deal with the parameter uncertainty in the system
to  ensure  the  stable  operation  of  the  system [29–32].  In  Ref.
[31],  an  adaptive  fault-tolerant  controller  was  designed  to
effectively  address  the  impact  of  mismatched  parameter
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uncertainties and actuator faults in leader-follower MASs. For
the  tracking  problem  of  linear  MASs  with  parameter  model
uncertainty and time-varying communication delay, the author
in  Ref. [32] proposed  a  delayed  distributed  proportional
integral  derivative  controller  to  handle  the  effects  of
uncertainty  and  communication  delay.  Although  these
literatures  address  the  issue  of  parameter  uncertainty,  they
only consider the cooperative relationship between agents, and
this has certain limitations. Hence, it is necessary to study the
bipartite  consensus  of  MASs  with  parameter  uncertainty  and
non-autonomous  leader  under  cooperative  and  competitive
relationships.  This  is  also  the  research  motivation  of  this
article.

To  sum up,  this  article  investigates  the  bipartite  consensus
of  MASs  with  parameter  uncertainty  and  leader  of  nonzero
input  under  a  signed  digraph.  The  main  contributions  are  as
follows:

(1)  For  consensus  control  problems  of  MASs  with
parameter  uncertainty,  most  literatures  focus  on  unsigned
graphs [29–32].  In  comparison,  this  article  further  extends  it
to signed graph networks with positive and negative weights.

(2)  Considering  the  existence  of  unknown  input  signals  in
the  leader,  the  follower  agents  are  unable  to  obtain  accurate
information  about  the  leader.  Compared  to  using  the  bounds
of  unknown  input  signals  for  analysis,  this  article  designs  a
distributed  leader  state  observer  based  on  parameterization
theory, enabling the follower agent to track the leader’s signal.

(3) An auxiliary function is designed, and then an adaptive
controller  is  designed  based  on  the  observer  and  auxiliary
function  to  reduce  the  influence  of  unknown  inputs  and
parameter uncertainties of the leader. Ultimately, the bipartite
consensus of MASs with parameter uncertainty and leader of
nonzero input is achieved.

The structure of this article is as follows. Section II provides
the  problem statement  and  some preliminaries.  The  designed
adaptive observer and controller are introduced in Section III.
Then, Section IV shows the numerical simulation. Finally, the
conclusion is provided in Section V.

M
λmax(M) 1N = [1,1, ...,1]

|| ∗ || ∗
diag{·} ∗̇

∗ I
IN In

⊗

Notation　The maximal eigenvalue of matrix  is defined
as . ,  where N represents  the  number
of  follower  agents.  represents  the  2-norm  of .  The
symbol  indicates  a  diagonal  matrix.  represents  the
derivative  of .  represents  an  appropriate  dimensional
identity  matrix,  and  and  are N-dimensional  and n-
dimensional  identity  matrices,  respectively.  represents
Kronecker product.  

II.  Preliminary and Problem Statement
  

A.  Graph Theory
G(Ug,Kg,Ag) N

Ug = {v1,v2, . . . ,vN} Kg =
{
(vi,v j)|i , j,vi,

v j ∈ Ug
}

Ag = [ai j] ∈ RN×N

ai j , 0 (vi,v j) ∈ Ug ai j = 0
ai j > 0 ai j < 0

Dg = diag {di}

di =
N∑

j=1
|ai j| Lg = [li j] ∈ RN×N = Dg−

 is  a  signed  digraph  with  nodes,  where
 is  the  node  set, 

 is  the  edge  set,  and  is  the
adjacency  matrix,  where ,  if ,  and ,
otherwise.  In  addition,  and  mean  cooperative
and  competitive  relationships  between  agents. 

is  a  degree  matrix  with . 

Ag
G Ḡ(Ūg, K̄g)

Ūg = Ug
∪{v0} K̄g = Kg

∪{bi,0} bi,0 > 0

bi,0 = 0
Bg = diag

{
b1,0,b2,0, . . . ,bN,0

}
∈ RN×N

 is  the  Laplacian  matrix.  If  there  exists  a  leader  agent
labeled  as  0,  the  graph  is  converted  to ,  where

 and .  when the agent i

is  connected  to  the leader,  otherwise .  Next,  the
pinning  matrix  is  defined  as 

.
Ug U1

g U2
g

U1
g ∪U2

g = Ug U1
g ∩U2

g = ∅

ai j ⩾ 0 ∀ vi,v j ∈ Uh
g vi,v j ∈ Um

g ai j ⩽ 0
∀ vi ∈ Uh

g and v j ∈ Um
g h , m (h,m ∈ {1,2})

S = diag{si} si = 1 ∀ vi ∈ Uh
g

si = −1 ∀ vi ∈ Um
g h , m

Definition  1　 If  can  be  divided  into  and ,  it  is
structurally balanced,  where  and .
Thus, ,  or ,  and ,

,  where .  Define  a
symbol  matrix ,  where , ,  and

, , where  [33].
  

B.  Problem Statement

ẋi(t)
Considering  the  following  MASs,  the  dynamics  of  the

follower  is
 

ẋi(t) = (A+∆A(t))xi(t)+Bui(t) (1)

xi(t) ∈ Rn i = 1,2, . . . ,N A B
ui(t) ∈ Rr

(A,B)
∆A(t)

where ,  is  the  system  state.  and 
are  constant  matrices  with  appropriate  dimensions. 
is  control  input  of  the  system.  Moreover,  the  pair  is
stabilizable.  is the parameter uncertainty of the system.

ẋ0(t)The dynamics of the leader  is as follows
 

ẋ0(t) = Ax0(t)+Br0(t) (2)

x0(t) ∈ Rn r0(t)

t

where  is  the  state  of  leader  and  is  the
unknown input of leader. Note that only partial followers can
receive leader’s signal. For the convenience of expression,  is
omitted in the subsequent symbol representation.

Definition  2　 For  MASs  in  Eqs.  (1)  and  (2),  if  the
following condition is satisfied
 

lim
t→∞
∥xi− six0∥ = 0, i = 1,2, . . . ,N (3)

sithe  MASs  achieve  bipartite  consensus,  where  is  shown  in
Definition 1 [34].

Furthermore,  to  solve  the  bipartite  consensus  of  the  MASs
with  parameter  uncertainty  and  leader  of  nonzero  input,
Assumptions 1–3 and Lemmas 1 and 2 are given.

GAssumption  1　 The  signed  digraph  is  structurally
balanced,  and has  a  directed spanning tree with the leader  as
its root [33].

∆AAssumption  2　  satisfies  the  following  matching
condition
 

∆A = BMi(t) (4)

Mi(t) ||Mi(t)|| ⩽ σ σwhere  is  an  unknown  matrix  with .  is  a
positive constant [30].

r0Assumption  3　 The  unknown  input  of  the  leader  is
parameterized with a set of base functions as follows
 

r0 = θ
T
0ϕ0 (5)

ϕ0 θ0where  denotes  the  base  function  and  is  a  constant
parameter vector [34].

GLemma 1　For a signed digraph  satisfying Assumption
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H = Lg+Bg H > 0 Lg

Bg

1, , then , where  is the Laplacian matrix
and  is the pinning matrix between the leader and follower,
respectively [35].

∀ x,y ∈ Rm x y
M Q

Λ > 0

Lemma  2　 ,  where  and  are  vectors,  there
exist two matrices of compatible dimensions  and , and a
positive-definite  matrix  that  satisfy  the  following
inequality [36]
 

2xTMQy ⩽ xTMΛMTx+ yTQTΛ−1Qy (6)
  

III.  Main Result

Due to the presence of parameter uncertainty and unknown
input signals of the leader, it poses challenges to the research
of bipartive consensus problems. Therefore, we need to design
a control scheme to solve this problem.

ϱi

According  to  MASs  in  Eqs.  (1)  and  (2),  a  bipartite
consensus error  is defined as follows
 

ϱi = xi− six0 (7)

ηi

Due  to  the  presence  of  unknown  input  in  the  leader,  the
followers  are  unable  to  accurately  obtain  the  leader’s
information.  Therefore,  a leader state observer  is  designed
to enable the followers to obtain the leader’s state.

ξiFirst, a distributed leader’s relative output error  is defined
as follows
 

ξi =
∑
j∈Ni

|ai j|(ηi− sign(ai j)η j)+bi,0(ηi− x0) =

∑
j∈Ni

|ai j|(µi− sign(ai j)µ j)+bi,0µi

(8)

µi = ηi− x0
Ni

where  is  the  error  between  the  observer  and  the
leader agent, and  is the neighbor of the agent i.

Based on Eq. (8), the leader state observer is designed in the
following form
 

η̇i = Aηi+Bθ̂Ti ϕ0−ρBBTP1ξi (9)

 

˙̂θi = τ1(−ϕ0ε
T
i P1B− κ1α(t)θ̂i) (10)

θ̂i θ0

θ̃i = θ̂i− θ0 ρ τ1 κ1
εi

P1 α(t)
e r t

t0
α(t)dτ ⩽ δ

t0 t0 ⩾ 0 δ > 0
ξi = 0 µi = 0

where  is the estimation of  by each follower agent. It has
an  estimation  error . , ,  and  are  positive
constants.  is the bipartite observer error of follower agents.

 is  a  positive-definite  matrix.  is  an  exponential
function with a natural constant  as the base and decreasing
over  time.  It  is  worth  noting  that ,  the  initial
moment  satisfying , where constant . Moreover,
if ,  then  can  be  obtained,  which  means  that  the
observer can accurately observe the leader’s state.

εiThen,  the  bipartite  observer  error  of  follower  agents  is
defined as follows
 

εi = xi− siηi (11)

lim
t→∞
ξi = 0 lim

t→∞
εi = 0

lim
t→∞
ϱi = 0

Note that if  and , it can be obtained that
,  which  means  that  the  MASs  achieve  bipartive

consensus.

Next,  the  dynamics  equations  of  the  error  system  are
described as Eqs. (12) and (13)
 

µ̇i = η̇i− ẋ0 = Aµi+Bθ̃Ti ϕ0−ρBBTP1ξi (12)
 

ε̇i = ẋi− siη̇i =

Aεi+BMi(t)xi+Bui− siBθ̂Ti ϕ0+

siρBBTP1ξi

(13)

= µ = µi ξ=col(ξi) ε= col(εi) u=col(ui)
Θ̃ = diag{θ̃i} Θ̂ = diag{θ̂i} Φ = 1Nϕ0 M =diag{Mi(t)}

Let x  col(xi),   col( ), , , ,
, , ,  and ,

then we get
 

ξ̇ = (H⊗ In)µ̇ =

(IN ⊗A)ξ+ (H⊗B)Θ̃TΦ−
ρ(H⊗BBTP1)ξ

(14)

 

ε̇ = (IN ⊗A)ε+(IN ⊗B)u− (S ⊗B)Θ̂T
i Φ+

(S ⊗B)Mx+ρ(S ⊗BBTP1)ξ
(15)

Then, the adaptive controller with a dynamic coupling gain
is designed as
 

ui = −ciBTP2εi+ siθ̂
T
i ϕ0+Γi (16)

 

ċi = τ3(εTi P2BBTP2εi) (17)

ci ci(0) > 0 τ3
P2 Γi

where  is  a  dynamic  coupling  gain  and .  is  a
positive  constant.  is  a  positive-defined  matrix.  is  an
auxiliary  function  to  compensate  the  impact  of  parameter
uncertainty in Eq. (1), and it has the following expression
 

Γi = −
q̂2

i (BTP2εi)||xi||2

q̂i||εTi P2B||||xi||+α(t)
(18)

 

˙̂qi = τ2(||εTi P2B||||xi|| − κ2α(t)q̂i) (19)
τ2 κ2 q̂i

σ q̃i = q̂i−σ
where  and  are positive constants.  is the estimation of

. Define a vector .
Next, the main result of this article will be presented.

P1 P2 β1 β2 c0

Theorem 1　Under Assumptions 2 and 3, consider Eqs. (1)
and  (2),  the  observer  in  Eqs.  (9)  and  (10),  and  the  adaptive
controller  in  Eqs.  (16)–(19).  If  there  exist  positive-definite
matrices  and  and  positive  constants , ,  and ,
which satisfy the following conditions
 

APT
1 +P1A−PT

1 BBTP1+β1I = 0 (20)
 

APT
2 +P2A− (2c0−ρ)PT

2 BBTP2+β2I = 0 (21)
the  bipartive  consensus  of  MASs  with  parameter  uncertainty
and leader of nonzero input is arrived.

Proof 　The following Lyapunov function Ⅴ is constructed
 

V = ξT(H−1⊗P1)ξ+εT(IN ⊗P2)ε+
N∑

i=1

1
τ1
θ̃T

i θ̃i+

N∑
i=1

1
τ2

q̃T
i q̃i+

N∑
i=1

1
τ3

(ci− c0)2 (22)

VThen, the time derivation of  along Eqs. (14) and (15) is as
follows
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V̇ = ξ̇T(H−1⊗P1)ξ+ ξT(H−1⊗P1)ξ̇+ ε̇T(IN ⊗P2)ε+

εT(IN ⊗P2)ε̇+
N∑

i=1

2
τ1
θ̃T

i
˙̂θi+

N∑
i=1

2
τ2

q̃T
i

˙̂qi+

N∑
i=1

2
τ3

(ci− c0)ċi = ξ
T(H−1⊗ (ATP1+P1A))ξ+

2ξ(IN ⊗P1B)Θ̃TΦ−2ρξT(IN ⊗P1BBTP1)ξ+

εT(IN ⊗ (ATP2+P2A))ε+2εT(IN ⊗P2B)u−

2εT(S ⊗P2B)Θ̂TΦ+2ρεT(S ⊗P2BBTP1)ξ+

2εT(IN ⊗P2B)Mx+
N∑

i=1

2
τ1
θ̃T

i
˙̂θi+

N∑
i=1

2
τ2

q̃T
i

˙̂qi+

N∑
i=1

2
τ3

(ci− c0)ċi

(23)

Based  on  the  expression  of  the  controller  in  Eq.  (16)  and
auxiliary function in Eq. (18), then Eq. (23) can be converted
to the following expression
 

V̇ ⩽ ξT(H−1⊗ (ATP1+P1A))ξ−
N∑

i=1

(2ρξTi P1BBTP1ξi+

εTi (ATP2+P2A)εi−2ciε
T
i P2BBTP2εi−

2siρε
T
i P2BBTP1ξ+2εTi P2BMi(t)xi+

2q̂2
i ||εTi P2B||2||xi||2

q̂i||εTi P2B||||xi||+α(t)
)+

N∑
i=1

(
2
τ2

q̃T
i

˙̂qi−

2κ1α(t)θ̃T
i θ̂i+

2
τ3

(ci− c0)ċi)

(24)

Since we have
 

2εTi P2BMi(t)xi ⩽ 2σ||εTi P2B||||xi|| (25)

sibased  on  Lemma  2  and  the  definition  of ,  we  can  obtain
Formula (26)
 

2siρε
T
i P2BBTP1ξi ⩽

ρ(εTi P2BBTP2ε+ ξ
T
i P1Bs2

i BTP1ξi) ⩽

ρ(εTi P2BBTP2ε+ ξ
T
i P1BBTP1ξi)

(26)

ρ ⩾ λmax(H−1)After that, let ,  and based on adaptive law in
Eq. (17), one obtains
 

V̇ ⩽ ξT(H−1⊗ (ATP1+P1A−P1BBTP1))ξ+
N∑

i=1

(εTi (ATP2+P2A− (2c0−ρ)P2BBTP2)εi+

2σ||εTi P2B||||xi|| −
2q̂2

i ||εTi P2B||2||xi||2

q̂i||εTi P2B||||xi||+α(t)
)+

N∑
i=1

(
2
τ2

q̃T
i

˙̂qi−2κ1α(t)θ̃T
i θ̂i)

(27)

Then, according to Eq. (19), one further gets
 

V̇ ⩽ ξT(H−1⊗ (ATP1+P1A−P1BBTP1))ξ+
N∑

i=1

(
εTi (ATP2+P2A− (2c0−ρ)P2BBTP2)εi+

2q̂i||εTi P2B||||xi|| −
2q̂2

i ||εTi P2B||2||xi||2

q̂i||εTi P2B||||xi||+α(t)

)
−

N∑
i=1

(2κ2α(t)q̃T
i q̂i+2κ1α(t)θ̃T

i θ̂i)

(28)

Note that
 

2q̂i||εTi P2B||||xi|| −
2q̂2

i ||εTi P2B||2||xi||2

q̂i||εTi P2B||||xi||+α(t)
=

2q̂2
i ||εTi P2B||||xi||α(t)

q̂i||εTi P2B||||xi||+α(t)
⩽ 2α(t)

(29)

Consequently, we can obtain
 

V̇ ⩽ ξT(H−1⊗ (ATP1+P1A−P1BBTP1+β1I))ξ+
N∑

i=1

εTi (ATP2+P2A− (2c0−ρ)P2BBTP2+β2I)εi−

N∑
i=1

(2κ2α(t)q̃T
i q̂i+2κ1α(t)θ̃T

i θ̂i+2α(t))−

β1ξ
T
i (H−1⊗ In)ξ−β2ε

Tε

(30)

Since we have
 

−θ̃T
i θ̂i = −θ̃T

i (θ̃i+ θ0) ⩽
1
4
θ20 (31)

 

−q̃iq̂i = −q̃i(q̃i+σ) ⩽
1
4
σ2 (32)

based on Eqs. (20) and (21), and combining Eqs. (31) and (32)
to Formula (30), we can obtain
 

V̇ ⩽ −β1ξ
T(H−1⊗ In)ξ−β2ε

Tε+

N∑
i=1

κ̂α(t) (33)

κ̂ = 2+
κ1
2
θ20 +
κ2
2
σ2where .

Then, the following inequality can be obtained
 

V(t) ⩽ V(t0)−
w t

t0
β1ξ

T(H−1⊗ In)ξdτ−

w t

t0
β2ε

Tεdτ+
w t

t0

N∑
i=1

κ̂α(t)dτ ⩽

V(t0)+
N∑

i=1

κ̂δ

(34)

V(t) ξi εiwhich means that  is uniformly bounded, so  and  are
also uniformly bounded.

V(t) ⩾ 0Furthermore, based on the fact that , it follows from
Formula (34) that
 w t

t0
β1ξ

T(H−1⊗ In)ξdτ ⩽ V(t0)+
N∑

i=1

κ̂δ (35)

 w t

t0
β2ε

Tεdτ ⩽ V(t0)+
N∑

i=1

κ̂δ (36)
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lim
t→∞
∥ξi∥ = 0 lim

t→∞
∥εi∥ = 0

lim
t→∞
∥ϱi∥ = 0

Applying the Barbalat lemma to Formulas (35) and (36), it
can yield  and . According to Eqs. (7)
and  (11),  we  get .  This  means  that  MASs  with
parameter  uncertainty  and  the  leader  unknown  input  achieve
the bipartite consensus.

The  proof  is  completed.　 　 　 　 　 　 　 　 　 ■
Remark  1　The  existence  of  uncertainty  seriously  affects

the  stable  operation  of  the  system,  and  more  importantly,  it
can cause irreversible losses. Therefore, this article studies the
MASs with parameter uncertainty. Not only that, but also the
cleaning  situation  with  nonzero  input  of  the  leader  is  tested.
The  author  in  Refs. [24, 30] only  considered  the  cooperative
relationship  between  agents,  but  ignored  the  competitive
relationship.  Therefore,  this  study  further  extends  the
traditional  consistency  problem  to  the  two-part  consistency
problem  in  signed  directed  graphs  with  different  weight
information. This has more practical significance.

Remark 2　In practical  systems, it  is  inevitable for leader
to  have  external  input.  However,  current  literatures  need  to
use  the  assumption  of  the  upper  bound  of  unknown  input
[24–28] and  are  conducted  in  an  unsigned  graph  without
considering  the  competitive  relationship  between  agents,
which  have  significant  limitations.  Therefore,  this  article
designs  an  adaptive  learning  rate  to  estimate  the  unknown
input  signal  of  the  leader  by  parameterization  theory.  This
does  not  require  knowing  the  upper  bound  of  the  unknown
input. Afterwards, a leader state observer is designed to enable
followers to accurately obtain the leader’s signal.

Remark  3　The  parameter  uncertainty  in  the  system  can
affect  its  performance.  This  article  utilizes  bipartite  observer
error signals and the state information of the agent itself, and
designs  an  auxiliary  function  to  compensate  the  impact  of
parameter uncertainty by introducing an exponential function.
Furthermore,  an  adaptive  controller  is  designed to  enable  the
MASs  to  achieve  bipartite  consensus  with  parameter
uncertainty  and  nonzero  input  of  leader  under  a  signed
digraph.  In  addition,  the  control  scheme  designed  in  this
article has a wide range of applications. It is also applicable to
the case that there is no parameter uncertainty in the system.  

IV.  Numerical Simulation

This section will present a simulation example to verify the
effectiveness of the proposed solution. Based on Eqs. (1) and
(2), the parameters for simulation are given as follows
 

A =
[

0 2
−2 0

]
, B =

[
1
1

]
, ∆A =

[
0 sin(t)
0 sin(t)

]
.

Ag
G

The adjacency matrix  of the structurally balanced signed
digraph  is
 

Ag =


0 2 0 0
0 0 −1 0
0 0 0 2
−1 0 3 0

.
V1 = {1,2} V2 = {3,4}

r0 = 0.5sin(t)
x0(0) = [0.20 −0.10]T

The  node  sets  are  divided  into  and .
The  unknown  input  signal  of  leader  is .  The
initial  state  vector  of  leader  agent  is .

x1(0) = [1.30 0.20]T

x2(0)= [−1.20 1.10]T x3(0)= [0.80 0.55]T x4(0) = [1.30
0.30]T η1(0) =
[0.70 −0.20]T η2(0) = [−1.60 0.20]T η3(0) = [0.20 0.75]T

η4(0) = [1.80 −1.30]T

c0 = 4 ρ = 3 β1 = 4.52 β2 =2.25 κ1 = 20.0
κ2 = 1.2 κ3 = 0.5 τ1 = 200.0 τ2 = 1.5 τ3 = 0.5
α(t) = e−2t

c1(0) = 1.2 c2(0) = 0.8 c3(0) = 1.0 c4(0) = 1.5
q1(0) = 1.0 q2(0) = 0.4 q3(0) = 1.5 q4(0) = 0.8

The initial values of follower agents are ,
, , and 

.  The initial  values  of  observer  are  selected as 
, , ,

and .  Moreover,  the  other  parameters
are  as  follows , , , , ,

, , , , ,  and
. The initial values of the adaptive laws are selected

as , , , ,
, , , and .

By solving Eqs. (20) and (21), we can obtain
 

P1 =

[
3.5655 −0.7925
−0.7925 1.9544

]
,

 

P2 =

[
1.3733 −0.4662
−0.4662 0.7438

]
.

µi εi
ci q̂i

Next,  the  simulation  results  are  provided  in Figs.  1–6.
Figure 1 shows the trajectories of leader and follower agents.
The trajectories of leader and observers are drawn in Fig. 2. It
can  be  seen  that  the  followers  can  track  the  trajectory  of
leader. Figures  3 and 4 show  the  trajectories  of  the  error
signals  and ,  respectively.  The  trajectories  of  coupling
gain  and  are shown in Figs. 5 and 6, respectively. Hence,
the  bipartite  consensus  of  MASs  with  parameter  uncertainty
and leader of nonzero input is achieved.  
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V.  Conclusion

This  article  studies  the  bipartite  consensus  of  MASs  with
parameter uncertainty and leader of nonzero input on a signed
digraph.  We  design  a  leader  state  observer  to  overcome  the
issue  of  information  exchange  between  agents  caused  by
unknown input  signal  of  the  leader.  Afterwards,  an  auxiliary
function  is  designed  to  deal  with  the  impact  of  parameter
uncertainty.  Then,  an  adaptive  controller  with  dynamic
coupling gain based on bipartite observer errors and auxiliary
function is further designed to achieve the bipartite consensus
of MASs. Finally, we verify the effectiveness of the proposed
scheme  by  simulation.  The  control  scheme  designed  in  this

article  is  aimed  at  homogeneous  systems.  In  the  future,  we
will  continue  to  study  the  finite-time  consensus  of
heterogeneous MASs.  
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