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Analyzing the Stochastic Stability of Neural
Networks with Semi-Markov
Jump Parameters

Lulu Zhang, Jiayue Sun, and Huaguang Zhang

Abstract—This paper addresses the issue of stochastic stability
for continuous-time semi-Markovian jump neural networks.
Initially, according to the characteristics of the time-delay
interval, the Lyapunov-Krasovskii functional (LKF) with the
semi-Markov process is constructed to ensure the stability of the
switching networks. Next, the promoted double integral inequality
lemma is utilized to estimate the weak infinitesimal operator of
the designed LKF, and this paper establishes a time-delay
correlation criterion. Moreover, the criterion is combined with the
Lyapunov stability theory to make the system reach stability in
the mean-square sense. Finally, the paper provides an example to
demonstrate the effectiveness of the proposed approach.

Index Terms—Neural networks (NNs), semi-Markov jump systems
(sMJS:s), sojourn-time (ST), stochastic stability analysis

I. INTRODUCTION

The operational stability of neural networks (NNs) is often
compromised by various external factors such as component
damage, subsystem connection failure, and external
interference, leading to abrupt changes in their structural and
system parameters. Such sudden changes often exhibit random
characteristics and follow certain statistical properties,
including the Markov and semi-Markov properties. Therefore,
these properties are essential for investigating the stability of
stochastic neural networks [1, 2].

The Markov jump system (MJS) [3] is a specific kind of
stochastic switching system that has been extensively studied
in Refs. [4-8]. The sojourn-time (ST) of the MJS is a random
variable that follows an exponential distribution function
(EDF) [9, 10]. In this line, Wang et al. [11] analyzed the H_,
control problem of continuous-time hidden Markov jump
systems. In Ref. [12], the stability of continuous-time Markov
jump piecewise-affine systems is analyzed. However, the EDF
has certain limitations, such as the system being connected
only with the last mode and the transition rate matrix of the
MJS being time-invariant, which restrict its practical
applications.

In contrast, the semi-Markov jump system (sMJS) follows a
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non-EDF for the ST, and the transition probability between
different modes depends on not only the last mode but also the
previous historical modes [13]. The sMJS relaxes the
restrictions of the EDF and is useful for modeling more
complex systems. Several studies have explored the use of
sMJS in complex system modeling [14-16]. Recently,
researchers have proposed ST-based stability criteria for the
sliding-mode control (SMC) problem of nonlinear sMJS via
the weak infinitesimal operator theory [17]. The adaptive
SMC problem for sMJS has also been investigated in Ref.
[18]. Therefore, sMJS has garnered widespread attention
among scientists and researchers (see Refs. [19-21]). In terms
of application, sMJS can be used to model complex and
various stochastic systems, and its properties can be employed
to analyze fault-tolerant control systems [22]. A specific
practical application of sMJS can be seen in the cognitive
radio network in Ref. [23], where it is precisely designed to
model the stochastic behavior of each channel.

In view of the above consideration, this paper addressed the
stability problem of semi-Markov jump system NNs that
possesses time-delay. Specifically, utilizing the Lyapunov
stability theory, an appropriate Lyapunov-Krasovskii
functional (LKF) is designed. Then, we utilized inverted
convex combination technology and generalized double
integral inequality to derive the stability condition with time-
delay and semi-Markov jump process by applying the weak
infinitesimal operator approach. In the end, the obtained
results are illustrated through the application of the numerical
examples. Furthermore, Table 1 describes the symbols and
meanings employed in this paper. If not declared beforehand,
the matrices in this paper have appropriate dimensions.

II. PROBLEM DESCRIPTION
In this paper, the considered sMJS model is designed as

follows
(1) = =D(m())x(1) + A(m(1)k(x(1))+
B(m(1))k(x(1 — w(1))) + u(t),
x(t) = 6(t), t € [~wa, 0], m(0) = my

M

where x(f) = [x1(2), x2(2),. .. ,x,z(t)]T denotes the n-dimensional
neuron state vector of Eq. (1). m(¢), ¢t > 0, means the semi-
Markov  process  (sMP). k(x(1)) = [k (x1(1)), k2 (xa ()., ...
k, (xn(D) T signifies the activation function of the neuron.

w(t) represents the bounded delay function. u(f) denotes the
control input. A(m(¢)), B(m(t)), and D(m(t)) denote neuron
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Table 1 Symbol description.

Symbol Meaning
0! Matrix inverse
or Transpose of a matrix
0>0(<0) Positive (negative) definite symmetric matrix
Oy Oy, and I, n—dimensional zero matrig(, mx n—di_mensiopal Zero
’ ’ matrix, and n-dimensional identity matrix
T Q(x) and @ Q(x)T T Qa and @Qa™
sym{Z} Z+Z"
diag{-} Diagonal matrix or block diagonal matrix
A B A B
[ x C ] [ BT C }
Given probability space, 2 denotes the sample space,
(Q,F,P) F means a subset of the sample space, and P is the
probability
e{} Mathematical expectation for probability
II-11 Euclidean norm of a vector
X Derivative of x

weight matrix, and they are all matrix functions about sMP.
5(r) denotes the initial continuous function, where
t € [~wy, 0] and w, is a positive constant. mo denotes model
initial value.
The conclusions of this paper rely on Assumptions 1 and 2.
Assumption 1  The bounded delay function w(f) satisfies
the following conditions

0<w; <w(t) <Lws,

9 <w(1) <0, 2
where w1, wy, d1, and 9, > 0 are known constants.
Assumption 2 It is assumed that f(x(s)) is bounded and

satisfies
0< (l,l‘ < M < ¢,1+ ?3)
S1— 82
where sy #s2, i=1,2,...,n, ¢;, and ¢ mean known

constants.

Definitions 1 and 2, and Lemmas 1-3 are required.

Definition 1 Random processes {my} take values on
S={1,2,..., N}, m denotes state that when the mode
changes at the k-th transition. And both random processes {#x}
and {h;} have positive integer values, where #; denotes time
that when the mode changes at the k-th transition, f9 = 0. 7y
denotes ST that when the mode changes from the (k—1)-th
transition to the k-th transition, hig =0 and by =ty —t;_;. k isa
positive integer [24, 25].

In (Q,7,P), the sMP {m(t), h}0:= {mg, g} with
continuous-time on finite state spaces S={1, 2, ..., N}, in
which the state transition rate (TR) matrix is as follows

Piimpr =l Sh+o |mg =,y > h) =
rp(W)o+o(o), n#4; )
1 +m,(h)o+o(o), n=1

where Pr represents the probability, and m,(h) means the

transition rate at time ¢ jumping from mode ¢ to mode 7 at

time t+o0, t#n, TR matrix /7 = [ (WInxn, and m (k) =
N

- Z n(h), where o> 0 is a constant and o(o) is defined

n=Ln#
by lim[o(0)/o]=0.
o—0

This paper focuses on studying the stability of Eq. (1), and
usually assuming that its equilibrium point x* exists. Let
(1) is

X' = (x*l‘,xz,...,x:‘,) and y(t) = x(t) — x*,
transformed into

Y(t) = =D(m(0)y(t) + A(m(1))k(y(1)) + B(m(1))x
k(y(t = w(1))) + u(?), ®)
Y1) =6(1), 1 € [~w2, 0]

where k(y(?)) = lz(y(t) +x)—k(x*) and 68(f) is the initial
function, therefore, the main purpose of this paper is changed
from studying the stability of Eq. (1) to studying the stability
of Eq. (5). According to Formula (3) and ;(0) = 0, one has
0<gy < MOVZHGD s ©)
S1—952
Definition 2 For any initial condition d(¢), t € [-wa, 0]
and mg € S, which satisfy

lim s{fot le(s)IPds | 6. mo>} <o )

Equation (1) is stochastic stable at the equilibrium point.
Lemma 1 Inverted convex combination technology For

any vectors 51 and >, symmetric matrix 7, arbitrary matrix

T S
S, and constant @, 0<a <1, if satisfying [ « T }20,

so Eq.

Formula (8) is correct [21]

1 1
e L I HT 5] @

Lemma 2 Generalized double integral inequality For
any matrices X; and X», symmetric positive definite matrix
Y, and two functions ¢i(#) and ¢»2(f), which satisfy
0<¢1 <61(t) <5(1) <2, the vector function 2(s) : [s1,

(0 ®
el =R [P0 [ opdsdo = €72, 07 [ xasae =
600, rnatrlces £y and €, € R and £1(r) and &(f) € RF,
Formulas (9) and (10) are correct [26]

£ (t)[X1€T+€1XT g‘é()x Y™ IXT}(I(t)
fgz(z) IQ( ' T (5)Ya(s)dsdo )
0 lx2€§+fzsz ‘22( oy 1XT}§20)

f”( : fe 2 (s)Yz(s)dsdd (10)
s1(0)

s1()
where ¢12(7) = 2() = 61 (2).
Lemma 3 Assume that @; and g are real vectors with

dimensions n; and ny, given real symmetric positive definite

. ) A S
matrices A; € R™*" and A, € R™*"2 if « A

for any scalar « > 0, § € R"*"_Formula (11) is correct [27]

(11)

>0,

—2011TSB < KalTﬂlal +x BT AR

III. MAIN RESULT
To obtain explicit expressions, Eq. (12) is given
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(YT @), yT (= w1),yT(t—w®),yT (1 - w),

1 T 1
_ ds, ———
w(t) t—w(t)y (s)ds wy—

L= 1 mor 7 T

SO Sy KOO,

KT (1= w1) KT (1 = (),

KT (y (1= w2)) J
Remark 1 When w(f) =0 and wy = w(f) = w;, based on

the integral median theorem, it follows that

(12)

li - _ |
() S0* (1) -l (s)ds = y(1) (13)
. 1 t—w(t)
llm _— y(S)dS = y(l‘_ w2) (14)
wh—w; W2 —w(F) Jt-w)
b  sds =y(-wn) 15
TN =v(t—
“’(’)121“)1_ w(t) —w Jt—w(t)y(s) §=yli—wi (15)
Hence define
1
o) DI =0 (16)
1 t—w(t) q .
PR = t —
wy — w(t) J‘t—wz y(S) S y( w?) ( )
1 1—wq
- o 1
w(t) —wy ft—w(;)y(s)ds y(t—wr) (18)
1 —w(?)
- o SWs = 5 (— 1
wz—w(t)f—wz y(s)ds =3 (t - wy) (19)

For simplicity, we define the following representations

I't = [-D(m(1)), Onxen, A(m(2)), B(m(1)), Opx2n] ~ (20)
1= [Onx=1yn> Ins Opxt1-pn]» 1=1,2,3,...,11  (21)
w, = leren7], r=1,2,3,4 (22)

Yy =,IL], Y2 = I,115] (23)
Ys=er—e3, Yg=e3—e4 24

I =[e] —e3,e1 +e3—2es5] (25)

I, = [e3 —ey4,e3+e4 —2e6] (26)

I3 =[ey —e3,e2 + €3 —2e7] 27

Ly = diag(¢,¢1.6763,....6, 1} (28)

Ly = diag{¢] + 1.0, +6}.....¢, + &7} (29)

The results of the stability analysis of Eq. (5) with u(r) =0
are given in the rest of this section.

Theorem 1 According to Assumption 1, for given scalars
w1 >0, wry>0,0,>0,andd, >0, if there exist matrices
P(m() >0, Ji(m(@)>0, Q;>0,i=1,2,3, 0;(m(@) >0,
0;>0,R;>0, j=1, 2, positive definite matrices G| and G,
positive diagonal matrices L; and L,, and real matrices of
appropriate dimension Uy, U, Fy, F», X, Y, and S, Formulas

(30)—(34) hold
2 Y G S

7z X

N

(T () < Op(v), p=1,2 (1)
n=1
N 3
D () Y Fulm) < 020) (32)
n=1 u=2
N
D 0 (D0u) < Ry, p1=1,2 (33)
n=1

S(w(t)’ d)(t))|w(t)=a)1 ,w(t)=01 < 0’

COREO) R (34)

B (@0, O 1) 0y, <O
I(w(0), ()| <0

W(D)=w),i(1)=0
where matrices 7, and 7, satisfy 7, = diag{@,, 30} and
Zz =diag{®,, 360,}; and

Ji(w®),e)  Inw(),w() }
* =TJ3(w(®), (1)

I (@(t), (1) = F1(w(1), (1) + Fa(w(1), w(0)+
T3(w(0), (1)) + Ta(w(1), 0x(t))

I(w(1), (1) = [ (35)

(36)

N
31 (@@, @) = sym{e[ T} +e] > my()Paer+
n=1

el (1O + T2+ T30 +w101(0) +
w1 R1 +wr02(1) + wrR2) e~
ey J1(0e2 - ey Tr(Ves — (1 - a(D)e X
T3Wes + @] Q1@ — @) Q12 + @5 X
0,2 — (1 - (1))@} Qw3 + (1 — w(1)X
’ZD';FQ3133 —’ZD':{Q3‘(D'4 +w2F|T@1F1+
(w2 —w)T{ 0T +%(w2—w1)2r1T><
(G1+Go) Ty +2ysSyi
Fa(w(0),@(1)) = Uty ((t) + y (w(E) U] +
Uy (D) + o (w(t) U + Frys (w(t)+
w3(W(O)F] + Fayy (D) + yy(w()Fy
fig(w(t),d)(t)) = sym{—egNeg + e?LzNeg - e?Ll Nej—

eF{ONelo + engxelo - 6§L1N83}

(37)

(38)

(39)

- 1 1
54(w<r>,w(r>>=—w—2ylmyf— M%Aﬂ} (40)

wo —
In(w@), (1) = [(w2 - w(®) U, (w(t) - w1) Ua,

(w2 —w() F1,(w(t) —w1) Fal 41)

I3(w(0), w(1) = 2diag{G1,G1,G2,G2} (42)
where ] (w(1) = (w2 ~w(D)(e3 = ¢€6), Y (W(1)) = (1) ~w1)
(e2=e7), y3 (WD) = (w2~ w(D)(e6 — ea), Yy (W) = (w(t) - w))
Z X Z Y
. 7 },and/\zz[ . 7
N and { represent matrices.

Then, Eq. (5) with Formula (2) is stochastic stable in mean
square at the equilibrium point.

(e7-e3),A1 = }, respectively.
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Proof To prove the stability of Eq. (5) stimulated by Ref.
[21], we design the following LKF V(y(¢), m(¢))

2 5
VO@,m0) = Y Va0o,m) + Y Vao(e,0  (43)
g=1 =3

where

Vi m(@) =y OP()y(@0)
Vao0me) = [ 5T m)y(ds+

(44)

J;t—wz YIS T2m@)y(s)ds+

Lt_wm Y T3(m(1)y(s)ds+

j—owl J;:.g Y ()01 (m()y(s)dsdo+
0 t T

f*wz fHHy ()02 (m(1))y(s)dsdo+
0 t

j—wl j”gyT(s)ERly(S)dsdGJr
0 t

j J Y ($)Ray(s)dsdd (45)
—wy Jt+0

Va0 = [T 0" @Qmeds+ [ 1) 0am(s)ds+

[ 0 o)
Vi = _sz [ 5T ®015(s)dsdo+
i __:2 l f;gyT(s)@zy'(s)dsde @7
V0.0 = f;:l L_wl f,: V)G 3(u)dud sdo+
Ji:;]JflatLiSYT(Mﬂ32y(u)dudsd9 (48)

Based on Eq. (5), the purpose is to calculate the weak
infinitesimal operator of V(y(¢),m(t)). The following will
introduce the definition of the weak infinitesimal operator £

LV(y(@),m(n) =

lim, {s{V-+0),m(i + ) |30, m(0)-

-0t O

V@), m(1)] (49)
where o >0 denotes a sufficiently small constant,
m(t) =, and m(t+0) = n. In the light of Ref. [28] utilizing
the full probability equation

LVi(y(0),m(1) =

-0t O

N
lim l{ Z Pu(t,)Vi(y(t+0),m(t+0))—
n=1
Vi (y(t),m(t))}, n#EL=
lim l{
-0t O

Pult, )y (t+ ) P(m(t))y(t + o) — yT(t)P(m(t))y(t)} (50)

N
D put, o)+ OPOn(+ )y + o)+
n=lLn#

where ¢, € S, and

Ah+a) = A (h)
=AY

1-Ah+0)

=AM

an(t’ o) = qu

pu(t,o) = (5D

where A,(h) is the cumulative distribution function (CDF) of
h when system remains in the mode ¢, and g, is probability
density function of system jumping from mode ¢ to mode 7.

Remark 2 According to properties of CDF and Taylor’s
formula, via simple calculation, we get

o(o)

o>0, lim 22—,
-0 O
A(h+0) = A(h)
—e T 2 (b,
= ao Ay
lim A(h+o)—A(h) -0
o0t 1=Ah)
=AM+ o)
1 S, 52
on0r 1=Ah) (52)

Similarly, due to the Taylor’s formula, an approximation of
y(t+ o) can be expressed as y(t + o) = y(t) + y(t)o + o(0), then,
substituting an approximation of y(t+o0) into Eq. (50), we
have

LI, m(1) =
1 <h AG+0)-AM) o
Jim, ;n;# n oAy OPOYO-

LA+ =AD) 1 b+

o0t O 1- AL(h)
) l 1-Ah+0) 1 .
(rh—>n01+ 0_[0'—1 A Y (DPOY()+

1—Ah+0)
o LA D) o by

1-A(h) (53)

along Eq. (52), we obtain

LVi(y(0),m(1)) =
N

D qum )y POy (1)~

n=1n#t

(W)Y (P(m()y(t) + sym{yT () POn(0)3(0)} =

N
Dy (y" OPOn(e)y() + sym {y" ) Pon(1))3(0)} =

n=1

N
") {sym {el PO} +e] > my()P(per } 0] (54)

n=1
where 7, (h) = g, (h) and g, = 1. !
Inspired by Ref. [29], setting G (¢, J1(m(t))) = r_wlyT(S)X

Q1(m(1))y(s)ds, Eq. (55) is easily verified on the basis of Eq.
(49)
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LG, J1(m))) =
1
Jli_{l(f)l+ p [e{G(t+0o,TJ1(m(t+0))) | m@) =1} -

G, J1(mn))] =

N
D G Tim(t+0))+G 1T (m®) =

n=1.n#

anm)j VT GDy(s)ds+

n=1
[T OT 0y -y - Ti@ye-wp]  (55)

Therefore, we attain weak infinitesimal operator of V,(y(?),

m(t))

N
La0w.mo) = [ yT(s>Zm,,<h>m (y(s)ds+

jx o)’ (S)Z”tn(h)zju(ﬂ)y(S)dH

u=2

—w()
I T(S)Zmn(h)ﬁ(n)y(S)ds—f_wl Y ()01 @y (s)ds—
=1

t—w(t)
I @02neds - [T ()0:0ms)as

N
0
[ REE Z; 7y (N0 (y(s)dsd6—
’]:
0
jt'_ emyeds+ [T

Zﬂm(h)Oz(n)y(S)dsdH [ emay(s)ds

n=1

e (T10) + T2(0) + T3(0) + 0101 ()+
W11 +@20,(0) + R0 e — ey T1(Ver—
ey J2(Wes(1 - axt))es T()es )L (1)

Altering the order of the integral terms derives

(56)

N
0
Lul L:ey T(S)Z"m(h)ol(n)y(S)dsde =

t
Jyuy =@y (s)E;m,,(h)ol(n)y(s)dm
nm=
‘ N
L_wlyT<s)Z;wm,,(h)ol(n)y(s)ds (57)
=

Similarly, Formula (58) is also true

N
0
| R D nOs)dsdt <
n=

N
S
Jo? (S);wzﬂm(h)Oz(n)y(S)ds (58)

The LKF weak infinitesimal operator without m(f) can be
calculated by

LV3(y(n),n) =

N () Qi) =" (t — w) Ot — wi)+
L (t = w1)Qan(t — wp) — (1 = @O (1 - w(1) Q2%

1t — w(®) + (1 = ()7 (t — w() Q31 — w(1)—
N (1 - w2)Q3n(t — w2) =

T0ller,es1011+17 — [e2, 0101 [*]+
[e2,e9]1Qa[*]" — (1 — @x(t))[e3, €101 Q2l*]" +

(1-a(t)les,e10]Q31%1" — [ea, e11103[+1M 1L (1) =
JTOl@1 010!

T T
- 01w, +wrQrw, —

(1= (O)@3 Qa3 + (1 - w(D)@3Q3w3 ~ 4 Q3w 14(1)
(59)
LV4(0),0) =
o 0O - [ T()O3(s)ds+
—wy
(@2=0ni" 00250~ [ T (©Oa5()ds =

@ |l 011 + (w2 - w) T 020 | £(1)-

I, e[

For wi < w(f) < wy, utilizing the Wirtinger integral inequality
(see Ref. [30]) and Lemma 1 to @; and ©, dependent integral
terms, we get

t
J; —w)

=) 1
[ wenstons < £10f ——ter-eser+

Y1 (5)02y(s)ds (60)

T 05eds == [ T (©O1i(s)ds-

w(1)

e3 —2es]diag{©,30, }[>I<]T +

wr — w(t) les=

es,e3 +e4 —2e]diag{01,30), }[*]T}{(t) <

-7T() [—lelnT %szlng ]m) <
wr —w(t)
Loy (61)
w2
-0y 1 .

sz 3T(5)023(s)ds =
j M oas— [ T (02i(sds <
1—w(t)

- TOY MY (D) (62)

wy — W

Based on Eqs. (16)—(19), for t > 0, w(r) =0, and wy = wW(t) =
w1, Formulas (61) and (62) still establish Formula (63)



ZHANG et al.: ANALYZING THE STOCHASTIC STABILITY OF NEURAL NETWORKS WITH SEMI-MARKOV JUMP PARAMETERS 17

1
LV5(6:0.0) < S w2 =)’y (1)(Gr +G)3' (1)
f_ Lg 31($)G1(s)dsdo—
[

—(wz—wo 'O (G +G) ML ()~

(s)Gzy(s)dsdH =

L. G sasde-
@2-0) [ TG 5()ds-

—w] T ' i
fa)(z)fm.g ¥ ()G 1y(s)dsd6

J‘—w(t) f t+6

@n-on [

YT ()G23(s)dsdo—
T (5)Ga3(s)ds—

—wi .T .
f o me 3T(5)Gaj(5)dsd6

(63)

For G| and G, dependent integral term, there exist matrices
Uy, Uy, F1, and F, of appropriate dimensions. From Lemma

2, one gets

O pr-wd)
f“”f:w FT(5)G19(s)dsdd <

1
W] @0) +yy @)U + 5 (@2 - w(0)*x

UG UTI () (64)
f;; L:"‘ FT(5)G13(s)dsdd <
1
YU (w(0)) + () U, + S @n - )2x
UG UK () (65)
j_”(')j H T ($)Gay(5)dsdo <
s
1
CTOIF 1y () + y3((0))F + @2 - w(t))*x
F1G;'F1) () (66)
—w1 t+6 T .
f o L_wm 3T (5)Gai(s)dsdd <
1
LT OIF 2y, (D) + (WD) F] + @0 - )X
F2G5 F) () (67)
where  yT(w(1) = (w2 — w(1))(e3 — e6), Y1 (w(1)) = (W(1) — wy)

(e2—e7), Y3 (w(1)) = (w2— w(1))(e6—e4), and y/}

(w(1)) =(w(t)—

w1)(e7—e3), respectively.

In the light of Lemma 3,

G S 50
« Gy |7 for w1 < w(f) < wy, we get
—(@=0) [ ST OG1H()ds-

() ~w) L_wm )’T(S)Gzy'(s)ds <

w2 —w(t) ([ (-1 | T oy

w(t) - wi (L—w(t)y(s)ds) Gi (L—w(l) y(S)dS) B
- e ! 0

o 12 o) (]2

0 [wz —w(f) T w()—w %szg} (<

+
w(t) — w1 Vst1¥s wr — w(t)

20T (DS L) (68)
Noticing Formula (3), similar to Ref. [31], we get

[ i) = 8730 | [ i i) — g yitn)] < 0,
[ (it = w(t) = g7 yitt — ()] X

y(s)ds) =

| Gilt = w(®) = 6} yilt = w(@))] < 0 (69)
Furthermore, for any matrices N = diag{gi,qa,..., qn} and
K = diag{g1,d, ..., Gn}> Ve get

0<=2 )" gi[ki Gi0) = 67 30| [ki (i) -
i=1
7 yit)] = 20" (D)egResl (1)+
20" (] LaRes{ (1) = 24" (e LiNe1£(1) (70)
0< =2 il ki (il = (D)) = $7 yilt — (1) %
i=1

[ it = () = 67yt - ()| =
=27"(DefRe10 (1) + 2L (1)el Ly8e1ol (1) -

207 (1)e3 LiRes( (1) (71)
By combining Egs. (54) and (56)—(71), Formula (72) is true

LV, m(0) <

N
t
HONCOROHORY y%s)(Z T (T ()~

01<L))y(s>ds+f T(S)(Zﬂm(h)zju(n)—
u=2
Ox0sds+ [ T(S)(qu(h)[fz(n)—
n=1
Oz(t))y(s)ds'*‘J;t_wlyT(S)(Zwlﬂm(h)X
n=1
‘ N
Oy (s =Riy(s)ds+ [y (DY wrmy (W)
n=1

O2(m)y(s)ds —Ra)y(s)ds (72)
From Formulas (30)-(34) and the Schur’s complement

lemma, it can be deduced that J(w(?),w(t)) <0, similar to
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Ref. [32], define
for any t > w;, where Ay, is the least eigenvalfle

LV(0),m(t)) < = lIE@IF < —nlly @l

and owing to the Dynkin’s formula
e{V(y(®),m(1)) | (6,mo)} < &{V (6,mo)} -

vw{fot IIy(S)IIZdS}

E=3(w(), o) and v, = m/i\l/l{/lmin (-5)}

(73)

(74)

thus, based on Eq. (43) for any ¢ > 0, Formula (75) is obtained

V0, )} > vae{lly@)IP)

(75)

where v, = min{Apin(—P(t))} > 0. Also from Formulas (74)

and (75), FofrEnA{lla (76) can be acquired
e{INOIF) < 2V, me) - bie| [ IvIPds},

-1 -1
bl =Vivy, b2 =V,

Applying the Gronwell-Bellman lemma gives
£{ly@IP} < b2V (x(), m()e ™"
next
! 2 -1
o Jo INIPds | @m0)} < b7 b2V (3o, m(n)x
(e =1)
Letting t — oo, we realize
t
tim &{ iy (s)1Pds | 5, m0) ) < b7 B2V (50, m()
then, there is always a scalar ¢ > 0, we get

t
tim &{ [V Iy(s)Pds | @.mo) < sup 0GP

s€[—wy,0]

(76)

(77)

(78)

(79)

(80)

thus, in view of Definition 2, Eq. (5) is stochastic stable.

Theorem 1 is proved.

When u(f) # 0, a state-feedback control law is designed

u(t) = —K(m(1)y(r)

(81)

where K(m(t)) is the matrix to be determined, and Eq. (5) can

be revised as Eq. (82)

¥(@) = =(D(m(1)) + K(m()))y(2) + A(m(0)k(y())+
B(m(0)k(y(t = w(1)))

(82)

Similar to Theorem 1, we can get that the closed-loop sMJS
in Eq. (82) is stochastically stable, and the proof process is

simple and the same as that of Theorem 1.

IV. ILLUSTRATIVE EXAMPLE

Consider the closed-loop sMJS in Eq. (82) with following

parameters
SNt B e
Al=| (1):8 _01'(_)0 ] Azz[ (1):2(5) _01..2132 ]
Bl=| :(1)(5) _01..50 ] 32:[ :(1):;8 _()(}_2150 ]

w(f) = 1.36+0.7sin(?), ki () = ka(u) = tanh(y).

|

it is assumed that TR matrix is [—0.1280,2.6064;1.3026,

—0.0640]. Moreover, we set initial condition as y(¢) = [-4,4]T.
Figure 1 shows the system modes evolution of the semi-
Markovian jump process. It can be clearly seen from Fig. 1,
the system modes jump between mode 1 and mode 2
randomly. Figures 2 and 3 are the orbits of Eq. (82) even
though the system modes are jumping. Especially, Fig. 3
utilizes different initial values to further wvalidate the
effectiveness of the designed method. In Fig. 4, the control
law curves of Eq. (82) are drawn. Hence, from the
aforementioned analyses, Eq. (82) with semi-Markov jump
parameters is stochastically stable in mean-square sense.
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Figure 1 Mode evolution of sMJS.
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Figure 2 Trajectory of sMJS.
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Figure 3 Trajectory of sMJS with different initial values.
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Figure 4 Control input.

V. CONCLUSION
This paper analyzed the stability of sMJS neural networks.
By using the Lyapunov stability theory, the Wirtinger integral
inequality, inverted convex combination technology, and
generalized double integral inequality, a unique criterion
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based on linear matrix inequalities is designed to produce
neural network to achieve stochastic stability in mean square.
In the future, it merits further probe on the issue of other
control schemes, such as event-triggered control, event-based
control, etc.
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