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Cluster Synchronization of Fractional-Order
Complex Community Networks in
Quaternion-Valued Field

Bibo Zheng and Zhanshan Wang

Abstract—In this paper, cluster synchronization of fractional-
order complex community networks (FOCCNs) in quaternion-
valued filed is addressed based on the non-separation approach.
To carry out tasks with different requirements, quaternion-
valued FOCCNs are divided into several clusters, each of which
owns different dynamic behaviors. Considering the interaction of
nodes in the cluster and the influence of external driving, a hybrid
controller is designed, in which the coupling strength and
feedback control gains are simultaneously regulated with the
evolution of states. To establish the cluster synchronization
criteria for the quaternion-valued FOCCNs, some analytical
approaches, such as the mean value theorem and the proof by
contradiction are utilized. Furthermore, for the asymptotical
synchronization of fractional-order complex networks, the case
with identical nodes is also considered as a special case. Finally,
two quaternion-valued FOCCN:s are divided to synchronize to the
desired trajectory, and a numerical simulation shows the validity
of the proposed approach.

Index Terms—Fractional-order, community complex network,
synchronization, adaptive strategy, quaternion-valued

I. INTRODUCTION

The 21st century is represented by complexity, and the
complex system has gradually developed into a hot
interdisciplinary topic with the vigorous development of
scientific research. Complex network is made up of numerous
interconnected nodes and edges, and it is a network model
connected by different dynamic nodes based on a certain
topological relationship. In the real world, the power grid
system, biological network, and social network can be
characterized by complex network [1-3]. Currently, the
theoretical study of complex network has raised a research
fever in the fields of mathematics, physics, computer science,
neuroscience, and other research fields.

With the advancement of fractional calculus, it shows many
advantages over integral calculus. Because fractional
differential equation has the characteristics of heredity,
memory, and more degrees of freedom, its mathematical
model is more complete and adequate [4]. Currently,
fractional-order differential equation has been used for
modeling in viscoelastic systems, biomedical and material
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sciences, and so on [5-7]. Considering all the aspects
mentioned above, numerous studies have attempted to
incorporate fractional calculus into complex networks, i.e.,
fractional-order complex networks (FOCNs) [8]. As an
interesting collective behavior, synchronization has a lot of
applications in many fields, such as secure communication,
neuroscience, and biological ecosystems [9, 10]. Nowadays,
many outstanding results about synchronization of FOCNs
have been reported, such as adaptive synchronization [11],
pinning synchronization [12, 13], quasi-synchronization [14],
and finite-time synchronization [15, 16].

It is worth noticing that topological structures of all nodes
are identical in papers mentioned above. In practice, since the
distribution of edges in the network is not always uniform, it
is theoretically inevitable that nodes will exhibit different
characteristics, which implies the existence of network
community structure. A community is defined as a sub-
collection of nodes of FOCNSs, and the nodes within the same
community share a coincident dynamic attribute. In contrast,
nodes belonging to different communities exhibit significant
differences in their dynamics [17, 18]. Currently, a number of
phenomena have indicated the universality of community
network mechanisms, such as cellular metabolic network,
protein interaction network, and gene regulatory network.
Hence, cluster synchronization is recognized as a critical part
of synchronization problems of fractional-order complex
community networks (FOCCNs). To date, several studies
about cluster synchronization of FOCNs have been published
[16, 19-22]. By updating feedback control gains, some cluster
synchronization criteria for FOCNs with different nodes have
been derived in Refs. [20, 21]. In Ref. [16], by designing
effective control strategies, finite-time cluster synchronization
of FOCNs with nonlinear coupling has been addressed. In
Ref. [22], asymptotic and finite-time cluster synchronization
for FOCCNs has been investigated by applying external
controller, and three community structures have been divided.

However, previous research has mainly focused on the case
that parameters of the network are all constants, often
overlooking the changes presented in different environments.
In reality, the suitable adaptive laws for time-varying coupling
strength can be considered, so that the system has the ability
to resist to this change [23, 24]. It is worth emphasizing, that
although adaptive coupling may ensure the synchronization of
the network, orbits of the nodes are sensitive to initial values.
Furthermore, adaptive strategies for coupling strength are
implemented by acquiring the local dynamic information of
nodes, which has little effect on the whole network dynamics.
Hence, with the help of external information, feedback control
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also can be applied to FOCCNs to regulate the dynamics of
the whole network.

Note that real-valued or complex-valued FOCCNs have
found successful applications across various domains,
including associative memory, parallel computing, and
quantum communication. However, they encounter certain
limitations when addressing three-dimensional affine
transformations [25]. It has been revealed that quaternion
offers a direct method for encoding and processing high-
dimensional data, significantly enhancing processing
efficiency. This is particularly evident in the realm of three-
dimensional space transformations. Recently, many domains
such as color image compression, computer graphics, color
low-light night vision, and robot motion control can be
expressed by quaternion-valued networks [25-27]. Hence, it is
an interesting problem to investigate synchronization of
quaternion-valued FOCCNs.

Inspired by the aforementioned analysis, cluster
synchronization is investigated for quaternion-valued
FOCCNs via hybrid control approach. In other words, the
coupling strength and feedback control gains are adjusted
together to coordinate the whole networks to realize
synchronization. The contributions in this paper are
summarized as follows:

(1) The cluster synchronization of quaternion-valued
FOCCN:Ss is directly analyzed without splitting the networks
into four real-valued systems, thereby reducing the complexity
of analysis.

(2) Considering the interaction of nodes in the cluster and
the influence of external control on the quaternion-valued
FOCCN:Ss, the hybrid adaptive strategies consisting of coupling
strength and feedback control gains are simultaneously
applied to the FOCCN .

Notation Let R and R” be the set of real numbers and the
space of real n-dimensional vectors. Q and H" represent the
set of quaternion numbers and a space of real n-dimensional
quaternion-valued vectors. R™" and H™" are the nXxn real-
valued matrix and quaternion-valued matrix. I, represents the
n-dimensional identity matrix. For matrix Q, Q and or
denote the conjugate and transpose. Q* denotes the conjugate
transpose. Am(Q) and Ay,(Q) represent the largest and the
smallest eigenvalues. For a quaternion number z,
z=R+Ai+7s+%, in  which & ZI, 7, andZKeR,
imaginary units z, , and k obey Hamilton rules: =k = -,
k=1=-ks, ki=s=—tk, and *=/=k>=-1. z=zR-
7Z1—7'7— 7%k is the conjugate of z. The undirected graph is
denoted by G = (V,&), in which the vertex set numbered by
{1,2,...,N} is represented by V, and the undirected edges are
presented by &=1{(,)), i,j€V}. If there exists an edge
between nodes i and j, then coupling matrix H;; = H;; (i # j);

N
otherwise, Hjj=Hj;=0 and Hy=— » Hij. N={12,...,
NI i=1,i#]

II. PRELIMINARY AND MODEL DESCRIPTION

A. Problem Formulation

The model of quaternion-valued FOCNs involving N nodes
is depicted as

N
D[t = f@)+ o) Y Hyl2j(0 +ui(t), i€ N (1)
j=1
where Be€(0,1), the time-varying coupling strength is
represented by o(1), zi(t) = (zi1 (1), 2o (D), ..., zin(D))T € H"
denotes the state of the i-th node, f(z;(r)) € H" is a nonlinear
vector function, u;(f) is the controller to be designed,
H;j € RMN s the coupling matrix, and I" denotes an inner
coupling matrix, respectively.

Next, some useful definitions and lemmas about cluster
synchronization are introduced.

Definition 1 [18] For an irreducible matrix H = (h;;) €

N

Z hij’ ieN.
j=1j#i
Definition 2 [18] Matrix H = (h;;) eRN>M e, if

N
Zhij=0, i=12,....N.

j_"i'o study cluster synchronization, assume that the set of
nodes of FOCNSs in Eq. (1) can be divided into m clusters, i.e.,
{1,2,....N}=CiUCUJ---UCrU---UCp, where Ci={1,
2,...,0}, Co={O1+1,00+2,....6}, Cr={tk—1+1,{k1+
2,0l Co =1+ L, 61 +2,...,8n}). £o=0and &, =N,

RVN e Hy if hij=hji >0 (i # j), hiy = —

m
which satisfies that ) =N, 1< <N. Let M={1,2,....

k=1
mj.
Definition 3 [18] If matrix H=(h;)eRVN s
symmetric,
Hyn Hp Hip
Hyy Hy - Hy
H = . . . . ]
Hml Hm2 Hmm

where H = (H;;) € RG=G-0%G=4-0 " By e Hy, and Hjj € Ha,
i,je{l,2,...,m}, then H € Hs.

Considering the relationship between nodes and clusters, the
quaternion-valued controlled network in Eq. (1) can be
rewritten as

m
S DY) =felaO)+4 ) Y Higl 20+ i),
r=1 jeC,
i€eCr,keM 2)
where the coupling matrix H;; € Hs3,
if i,je Cy;

Ao { o (),
1, ifieCy, jeCr k#r,
and the evolution of nodes in the k-th community is
represented by fi(zi(1)).
Assumption 1 For any vectors z1,22 € H", there exists
constant L > 0 such that

(21 -22)" (f@) = f22) + (fz) = f(22) (21— 22) <
L(z1 —22)"(z1 — 22).

Then, assume that the quaternion-valued FOCCNs in Eq.
(2) synchronize to the desired trajectories explained as
205D, 260+1(0), .., 20, (D)= 51(8)  and  z¢,_+1(0),2¢,_ 1420, .,
24, (1) = spu(f), which means that S = (s51(), $2(2), ..., sm(?)) €
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H" is the desired cluster synchronization state of Eq. (2).
Here, sx(f) can be equilibrium point, periodic orbit, or chaotic
attractor, which can be depicted by

EDPsi(t) = f(si(), keM &)

Definition 4 [22] The quaternion-valued FOCCNs in Eq.
(2) are said to realize cluster synchronization if the desired
orbit s () satisfies

Tim [lsi(0) = 5,0l > 0 (k% re M),
and for any i € Cy,

lim |lz;(r) = sx (@)l = 0.
t—+o00

B. Basic Knowledge

Definition 5 [4] For an integrable function u(f), the
fractional-order integral with # > 0 is defined as

olutr) = FL@ [la=spusyas,
where the order 8> 0 and
e = f e P ldr.

Definition 6 [4] For a differentiable function u(f), the
Caputo fractional-order derivative with 0 <8 < 1 is defined as

CpPu(r) = At

( -p)Jo (t—S)ﬁ
Lemma 1 [28] For the differentiable vector-valued

function u(t) € H", one has

§ D (u(u) < (§ DY @)u) + u* (0 Diuto),

in which 0 <g < 1.
Lemma 2 [28] For any z1,22 € H, and any real constant
& > 0, the following inequality is true

t>0.

1

2122+ 2221 S €121 + Zzzz

Lemma 3 [29] If He H,, then all eigenvalues of the
H—-A are negative, in which A =diag(a,an,...,ay), a; is
nonnegative constant satisfying a; +az +---+ay > 0.

III. MAIN RESULT

To realize the cluster synchronization for quaternion-valued
FOCCN:Ss, a hybrid control strategy is designed.

First of all, the control scheme u;(f) in Eq. (2) is designed
by

ui(t) = =di6i(O1 (zi(1) = sk (1)),

where if node i is controlled, then d; = 1, otherwise d; =0.
0;(?) is a time-varying feedback gain which satisfies

i€Ck )

SDPsi(1) = diwi(zi(t) — s1(0) T (zi(r) = si(1)) Q)

where 6;(0) > 0 and constant w; > 0 for i € Cy.
In the k-th cluster, for node i = €1+ 1,61 +2,...,¢, let
error function €f(r) =z;(t)— si(r) for i€Cy, k€ M. From

m
Definition 3, it follows that Z Z H;js,(t) = 0, which derives
r=1 jeC,

i Z Hiij(t)— i Z H,'jsr(l‘) = zm: Z Hije§(t).

r=1 jeCy, r=1 jeCy, r=1 jeCy

According to FOCCNs in Egs. (2) and (3), the error system
can be depicted as

§DPek(t) = flek)+4 ) 3" Hire (1) - dionI ek 1),

r=1 jeCy,
i€Cr, keM 6)
where f(ek (1)) = fu(zi(0) - f(sk(D)).

For convenience, define

T

Exn=(e;_ (e (D,..ciep (D),
H=  max H;i|),

ieCy.jeCr, r#k{l il
¥ = max{y},

1<l<n
y = min{y},
—  1I<ikn

u= keM{N—(f’k —{r-1))

Theorem 1 Assume Assumption 1 holds and the coupling
matrix H € H3, the cluster synchronization of the quaternion-
valued FOCCNs in Eq. (2) under controller in Egs. (4) and (5)
can be achieved with adaptive coupling.

§ DY or(t) = AijHijai(D) = 2j(0) T (D) = 20,
i,j€Ck )
where 07(0) > 0 and constant 4;; > 0.
Proof Construct the Lyapunov function

V()= Wi(t) + Wa(0),

Wi = 5 ZZe “(0ef (o),

k=1 ieCy

Wa(r) = zm] W —(a(r) )+

k=1 ieCy jECk

i 2.5 —(6 0 -n)’,

k=1 ieCy
where 7 is a positive constant.
Based on Lemma 1, calculating the fractional-order
derivative of Wi (r), one has

SDwi(n) <
5 Z DG D@y ety + e (Dlek ) =

=1ieCy

Z Z ( —disi()ek (e (n)+

k=1 ieCy

where

1 - P
—(f*(e{f(r))ef<z>+eff () f(ek )+

5 Z Z Hij(e5 (T ek + el (0re’(n)) (8)

r=1 jeCy,
According to Assumption 1, one has
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1 m
5 2. 0, e +e wfielm) <
k=1 ieCy
L m
22 Z "0l
i€Cy

Applying H;; = Hj;, it can be derived

2 Z 2 Z D Hij(e; oref )+ ef (nrein) =

=1ieCy r=1 jeC,

‘TT DU Hi e rek@ + e nreim)+

k=1ieCy jeCy

m

% i DU D Hy(e o+ e ren) =

eCy r=1r#k j€Cr

o (f) Z Hyjel (nrek(n+
k=1 ieCy jeCy

m

=1,r#k jeCr

m m

=1 ieCy r=1r#k jeC,

%g i Z ZHU)’l(e l(t)ezl(t) + ell(t)eﬂ(t))

1ieCy r=1,r#k jeCy I=1

%zmlz Z ZHU)’I(|€,1(I)|2+|€ﬂ(f)|z)

k=1ieCy r=1,r#k jeC, I=1

r=1,r#k jeCy I=1

m
Fl'uz L O

3 i Z i > Hie] ek +f (0re;n) <

k=1 ieCy r=1 jeC,

U'(I)i Z Z Hijef*(t)Fel;(t)+

k=11€Cy jeCy

DN

k=1ieCy 1=1

Substituting Egs. (9)—(11) into Eq. (8), it follows

AAORS

Z Z 03 +Hw did (O ) Inek (1) +

k=11ieCy

o (1) Z >0 Hyel oréio

k=1 i€Cy jeCy

%Zml 201 Z Z Hij(e;-*(t)Fef(t) + ef»‘*(t)l"e;(t))

DT Hij(e reky + ek orein) =

y 71|Hi,,»|(|e§f,(r>|§ +leh03) =
i€Cy

(€))

(10)

(11)

(12)

On the other hand, we have

AORS

PN

k=11€Cy jeCy

> 2, G =nydiel Orefn =

=L (o) =)0~ 210) T (@(0) ~ 25 () +

k=1 ieCy
=220 D Hilo =)l orén)+
k=1 iECk jECk
D 2 G =mdief Orein (13)
k=1ieCy
Together with Egs. (12) and (13), one can obtain
SDPvn <
Z S (r)(( + Hyu)@ln)e 1)+
=1ieCy
nZ > Hiel orékn)-
k=11, jeCy
T]Z Z d,'ef*(t)l“e{-‘(t) <
k=1 icCy
Z Z el (r)(( +Hw)®1 ) K+
k=1ieCy

ny > Ex(0)(Hi — 1) Ex(0),
k=1

where ® represents the Kronecker product.

Based on Lemma 3, it can be derived that Hy -1, is a
negative definite matrix. Then, one can select a suitable n
satisfying

CDPV(r) < - Z EX(DE() = -2W, (1) (14)
k=1

From the definition of W;(t) and Eq. (14), one can find
constant M > 0 such that | DB Wi(H)| < M. Then, for any £ >0
and 0 <t <1y, we have

[Wi(t2) — Wi(t)l =
lol5, § D, Wi(t2)— ol § D5 Wi(ty)l <

120

r—(ﬁ) Ji = 5P == S DEW (s)ds+

F(ﬁ) ’zm—s)‘* HCDPWy (s)lds <

I"(B+ 5 ——— [t~ () +2(t -1 1 <

2M
TG+ 1)(Z2_t1)ﬂ <e,

1
where |t — 11| < 6(g) = (e['(B+1)/2M)F . As 6 is free of #; and
ty, Wi(2) is uniformly continuous.
In the following, tliin W1 (#) = 0 will be proved.

Assume for all T > 0 and constant gy > 0, there exists t > T
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such that Wi(#) > 9. Then, one can find an infinite sequence
of t; satisfying #) <fp <---<ts<tg] <--- and f; — o0 as
k— oo leads to Wi(ty) >&p. Since Wi(f) is uniformly
continuous, the constant 77 > 0 exists such that for ¢ and ¢”,
one has [’ —t”’| <1, so [Wi(t")— Wi ()| < €0/2, implying that
Wi(t) > Wi(t5)/2 > g9/2 for |t—t5|<n, s=1,2,....

Without loss of generality, it is assumed that these intervals
are disjoint and #; —n > 0, which means ¢, —n <t;+n < te1—
n and fgy1 — 15 > 27.

Making fractional integration from O to #;+ 7 on both sides
of Eq. (14), and in view of Lagrange formula, Eq. (15) can be
derived

2 ts+n

V(ts+m)—V(0) < _F_(ﬁ) (

s+

F(ﬁ)
F(ﬁ)thl+n(ts+n ¥ ldr =

Z[(ts t1+277)'3 (ts_tt)ﬁ -

ts+1n— s)ﬁ_l Wi (r)dr,

V(O)-V(ts+1n) > (rs +n-1Fldr >

F(ﬁ+1)
ty—1t;+26 27]
F(B+1)Z[ﬂ(? i n)ﬁ 7]
2e0m —1
t,—1t;+26 15
6 Zl< + 201’ (15)
where 0 <6< 1.
For s =1,2,..., denote w = sup{t,.1 —1}. It is easy to obtain

that 21 < w. Then,
(1~ 1;+26m)' P <
N

D=1 ) P+ 20 P <
r=i+l1
(s= D' P+ Ow)' P <
(s—i+Dw' P,
combining with Eq. (15), it follows
g1 S 1
Ty -
(ﬂ) Z i

i=1

V) -V(@s+n) = (16)
Based on Eq. (16), as s — +co, V(t;+1n) — —oco, which
contradicts V(¢) > 0. Hence, tliin Wi(¢) = 0 holds.

It can be concluded from the above, under controller in Egs.
(4) and (5), the system in Eq. (2) is asymptotically
synchronized to si(f) with adaptive law in Eq. (7). |

Remark 1 Cluster synchronization of quaternion-valued
FOCCNs with nonidentical nodes is investigated in Theorem
1. Due to the fact that V(¢) is made up of Wi(f) and Wa(t), the
fractional-order Lyapunov direct method is not suitable for
this case. The mean value theorem and the reduction to
absurdity are used to achieve synchronization of FOCCNSs.

Next, we consider the synchronization of quaternion-valued
FOCCNSs with identical nodes.

In Eq. (2), if fi(zi(?)) = f(z;(¥)), k € M, the FOCNs in Eq.
(2) can be described as

N
§DP2i(t) = f@) + o) Y Hyl i) +ui(n), ieC (17)
j=1
then all the states of nodes in Eq. (17) can be synchronized
onto the manifold z;(¢) = z2(¢) = --- = zn(t) = s5(¥).
The dynamic of s(f) can be depicted as

CDPs(t) = f(s(1)) (18)

The cluster synchronization of FOCNSs in Eq. (2) is reduced
to the synchronization of quaternion-valued FOCNs with
identical nodes. The control scheme in Eq. (4) is designed by

ui(t) = =0;(O(z;(t) - 5(1)), ie N (19)
where 0;(¢) is a feedback gain, which is constructed by
§DJ8i(0) = wilzi(t) - sO) T @) - s(1), ieN  (20)

where w; > 0.

Corollary 1  Suppose Assumption 1 holds and H € H;,
the quaternion-valued FOCNs under controller in Egs. (19)
and (20) are asymptotically synchronized to the desired state
in Eq. (18), if the coupling strength o(f) has the following
form

§ D or(t) =i Hij(zi(0) = 2(0) @) = (1),
i,jeN (21)
where 4;; > 0.

Remark 2 In Refs. [11, 16, 19-22, 30], synchronization
of network systems with identical nodes has been studied. As
a matter of fact, it is unpracticable that all nodes share the
common dynamical behavior, such as grouping of opinion
dynamics in social network and grouping of colony in
biological network. To further explain these interesting
phenomena, cluster synchronization is proposed for FOCCNs,
in which the nodes within the same community own
consistent behaviors, otherwise, they exhibit different
dynamic behaviors.

Remark 3 In Ref. [11], by using the local information of
the network and adjusting the coupling weights,
synchronization for FOCNs is realized without external
forces. In Refs. [16, 22], by adding feedback controller on the
network with constant coupling strength, synchronization of
FOCNs is achieved. Different from these, time-varying
coupling strength and feedback control gain are automatically
adjusted with the evolution of states to guarantee
synchronization of FOCCNs. It is of great significance to not
only study the synchronization of FOCNSs, but also understand
the dynamic contract and collaboration in neural network
interactions.

IV. ILLUSTRATIVE EXAMPLE

Consider quaternion-valued FOCCN with two clusters,
which is depicted by

N
§D72i(t) = fiz®) +o(0) Y Hyjl2j(0) + (@),
J=1

i=1,2,...,7 (22)
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where 8= 0.97, z(t) = (zi1 (1), z2(D) ", C1 = {1,2,3}, C2 = {4,5,
6,7}, k=1,2, ' = I, and

f1@i(0) = Czi(t) + Ag1(zi(1)),
Hzi() = Czi(t) + Bga(zi(1)),

where

g1(zi(1) = tanh(z?) + tanh(zll.)z + tanh(zl! )+ tanh(zll.()k,
1 - exp(~R (1)
1+ exp(-zR(1)

1= exp(~2)(1))
" L+exp(—Z(1)

82(zi(1) = 0.1 +tanh(z))i+

7+ tanh(z)k,
and

00 -19

2.00-2.251+1.70s+k —0.80+0.89:-0.32,-0.78k
—1.67-1.99:1-1.50,-3.27k 1.00+1.77:+0.98/+k ’

C=diag(61,62)=( -9 0.0 )

B= 2.30-2.10:+2.40,+1.50k —1.20-2.90:—-0.65/—k
T \-1.50-1.90: — s —2.60k 1.00-2.80:+0.757+0.88k |

The communication topology structure of FOCCNs in Eq.
(22) is depicted in Fig. 1. The dynamical behavior of desired
cluster synchronization states of FOCCNs in Eq. (22) is given
by

CDPsu(t) = fils(), k=1,2 (23)

with initial values s1(0) = (—0.50 +0.20: — 0.70s+ 0.50k, 0.60—
0.10:-0.50,7-0.20k)T  and  52(0) = (0.30 - 0.58:+0.50/—
0.40k,1.00 — 0.40: +0.50s + k)T .

In the following, under controller in Egs. (4) and (5), we
consider the cluster synchronization with adaptive coupling
strength in Eq. (7). Choose 0(0) =0.15, 4;; =2, and w; =0.3
for i, j € Cx. Randomly select the real and imaginary parts of
the initial value of FOCCNs in Eq. (16) from [-1,1]. In Eq.
(4), the initial values of feedback control gain are randomly
chosen from [0.00,0.25]. Based on Theorem 1, the system in
Eq. (22) with the adaptive couple strength in Eq. (7) is
synchronized to the desired orbit in Eq. (23) under controller
in Eq. (4), which is shown in Figs. 2-5. The time evolutions of
synchronization error are depicted in Figs. 6-9. The
trajectories of time-varying coupling o () and feedback gains
0;(t) are demonstrated in Figs. 10 and 11.

Cluster 2

Cluster 1

Figure 1 Communication topology structure of FOCCNs in Eq. (22).

V. CONCLUSION

In this paper, cluster synchronization of quaternion-valued
FOCCNSs with nonidentical nodes is studied. First, considering
the interaction of nodes in the cluster and the influence of
external control, the hybrid controller is applied to FOCCNS,
that is, the adaptive feedback control gains and adaptive
coupling  strength are  considered  simultaneously.
Subsequently, the mean value theorem and the proof by
contradiction are used to prove cluster synchronization of
quaternion-valued FOCCNs. Then, a case analysis approach
about synchronization of FOCNs with identical nodes is also
presented, which provides more flexibility to analyze
fractional-order systems. Finally, a numerical example is
presented to show the effectiveness of theoretical results.
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