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   Abstract—In  this  paper,  cluster  synchronization  of  fractional-
order  complex  community  networks  (FOCCNs)  in  quaternion-
valued  filed  is  addressed  based  on  the  non-separation  approach.
To  carry  out  tasks  with  different  requirements,  quaternion-
valued FOCCNs are  divided into  several  clusters,  each of  which
owns different dynamic behaviors. Considering the interaction of
nodes in the cluster and the influence of external driving, a hybrid
controller  is  designed,  in  which  the  coupling  strength  and
feedback  control  gains  are  simultaneously  regulated  with  the
evolution  of  states.  To  establish  the  cluster  synchronization
criteria  for  the  quaternion-valued  FOCCNs,  some  analytical
approaches,  such  as  the  mean  value  theorem  and  the  proof  by
contradiction  are  utilized.  Furthermore,  for  the  asymptotical
synchronization  of  fractional-order  complex  networks,  the  case
with  identical  nodes  is  also  considered  as  a  special  case.  Finally,
two quaternion-valued FOCCNs are divided to synchronize to the
desired trajectory, and a numerical simulation shows the validity
of the proposed approach.
    Index Terms—Fractional-order, community  complex  network,
synchronization, adaptive strategy, quaternion-valued
  

I.  Introduction

The  21st  century  is  represented  by  complexity,  and  the
complex  system  has  gradually  developed  into  a  hot
interdisciplinary  topic  with  the  vigorous  development  of
scientific research. Complex network is made up of numerous
interconnected  nodes  and  edges,  and  it  is  a  network  model
connected  by  different  dynamic  nodes  based  on  a  certain
topological  relationship.  In  the  real  world,  the  power  grid
system,  biological  network,  and  social  network  can  be
characterized  by  complex  network [1–3].  Currently,  the
theoretical  study  of  complex  network  has  raised  a  research
fever in the fields of mathematics, physics, computer science,
neuroscience, and other research fields.

With the advancement of fractional calculus, it shows many
advantages  over  integral  calculus.  Because  fractional
differential  equation  has  the  characteristics  of  heredity,
memory,  and  more  degrees  of  freedom,  its  mathematical
model  is  more  complete  and  adequate [4].  Currently,
fractional-order  differential  equation  has  been  used  for
modeling  in  viscoelastic  systems,  biomedical  and  material

sciences,  and  so  on [5–7].  Considering  all  the  aspects
mentioned  above,  numerous  studies  have  attempted  to
incorporate  fractional  calculus  into  complex  networks,  i.e.,
fractional-order  complex  networks  (FOCNs) [8].  As  an
interesting  collective  behavior,  synchronization  has  a  lot  of
applications  in  many  fields,  such  as  secure  communication,
neuroscience,  and  biological  ecosystems [9, 10].  Nowadays,
many  outstanding  results  about  synchronization  of  FOCNs
have  been  reported,  such  as  adaptive  synchronization [11],
pinning synchronization [12, 13],  quasi-synchronization [14],
and finite-time synchronization [15, 16].

It  is  worth  noticing  that  topological  structures  of  all  nodes
are identical in papers mentioned above. In practice, since the
distribution of edges in the network is not always uniform, it
is  theoretically  inevitable  that  nodes  will  exhibit  different
characteristics,  which  implies  the  existence  of  network
community  structure.  A  community  is  defined  as  a  sub-
collection of nodes of FOCNs, and the nodes within the same
community  share  a  coincident  dynamic  attribute.  In  contrast,
nodes  belonging  to  different  communities  exhibit  significant
differences in their dynamics [17, 18]. Currently, a number of
phenomena  have  indicated  the  universality  of  community
network  mechanisms,  such  as  cellular  metabolic  network,
protein  interaction  network,  and  gene  regulatory  network.
Hence, cluster synchronization is recognized as a critical part
of  synchronization  problems  of  fractional-order  complex
community  networks  (FOCCNs).  To  date,  several  studies
about cluster synchronization of FOCNs have been published
[16, 19–22]. By updating feedback control gains, some cluster
synchronization criteria for FOCNs with different nodes have
been  derived  in  Refs. [20, 21].  In  Ref. [16],  by  designing
effective control strategies, finite-time cluster synchronization
of  FOCNs  with  nonlinear  coupling  has  been  addressed.  In
Ref. [22],  asymptotic  and  finite-time  cluster  synchronization
for  FOCCNs  has  been  investigated  by  applying  external
controller, and three community structures have been divided.

However, previous research has mainly focused on the case
that  parameters  of  the  network  are  all  constants,  often
overlooking the changes presented in  different  environments.
In reality, the suitable adaptive laws for time-varying coupling
strength can be considered,  so that  the system has the ability
to resist to this change [23, 24]. It is worth emphasizing, that
although adaptive coupling may ensure the synchronization of
the network, orbits of the nodes are sensitive to initial values.
Furthermore,  adaptive  strategies  for  coupling  strength  are
implemented  by  acquiring  the  local  dynamic  information  of
nodes, which has little effect on the whole network dynamics.
Hence, with the help of external information, feedback control
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also  can  be  applied  to  FOCCNs  to  regulate  the  dynamics  of
the whole network.

Note  that  real-valued  or  complex-valued  FOCCNs  have
found  successful  applications  across  various  domains,
including  associative  memory,  parallel  computing,  and
quantum  communication.  However,  they  encounter  certain
limitations  when  addressing  three-dimensional  affine
transformations [25].  It  has  been  revealed  that  quaternion
offers  a  direct  method  for  encoding  and  processing  high-
dimensional  data,  significantly  enhancing  processing
efficiency.  This  is  particularly  evident  in  the  realm  of  three-
dimensional  space  transformations.  Recently,  many  domains
such  as  color  image  compression,  computer  graphics,  color
low-light  night  vision,  and  robot  motion  control  can  be
expressed by quaternion-valued networks [25–27]. Hence, it is
an  interesting  problem  to  investigate  synchronization  of
quaternion-valued FOCCNs.

Inspired  by  the  aforementioned  analysis,  cluster
synchronization  is  investigated  for  quaternion-valued
FOCCNs  via  hybrid  control  approach.  In  other  words,  the
coupling  strength  and  feedback  control  gains  are  adjusted
together  to  coordinate  the  whole  networks  to  realize
synchronization.  The  contributions  in  this  paper  are
summarized as follows:

(1)  The  cluster  synchronization  of  quaternion-valued
FOCCNs  is  directly  analyzed  without  splitting  the  networks
into four real-valued systems, thereby reducing the complexity
of analysis.

(2)  Considering  the  interaction  of  nodes  in  the  cluster  and
the  influence  of  external  control  on  the  quaternion-valued
FOCCNs, the hybrid adaptive strategies consisting of coupling
strength  and  feedback  control  gains  are  simultaneously
applied to the FOCCNs.

R Rn

n Q Hn

n
Rn×n Hn×n n×n

In
n Q Q̄ QT
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Hi j = H ji = 0 Hii = −
N∑
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Hi j N = {1,2, . . . ,
N}

Notation　Let  and  be the set of real numbers and the
space of  real -dimensional  vectors.  and  represent  the
set  of  quaternion numbers  and a  space  of  real -dimensional
quaternion-valued  vectors.  and  are  the  real-
valued matrix and quaternion-valued matrix.  represents the

-dimensional  identity  matrix.  For  matrix ,  and 
denote the conjugate and transpose.  denotes the conjugate
transpose.  and  represent  the  largest  and  the
smallest  eigenvalues.  For  a  quaternion  number ,

,  in  which ,
imaginary units ,  and  obey Hamilton rules: ,

, ,  and . 
 is  the  conjugate  of .  The  undirected  graph  is

denoted  by ,  in  which  the  vertex  set  numbered  by
 is represented by , and the undirected edges are

presented  by .  If  there  exists  an  edge
between nodes  and , then coupling matrix ;

otherwise,  and . 

.  

II.  Preliminary and Model Description
  

A.  Problem Formulation
NThe model of quaternion-valued FOCNs involving  nodes

is depicted as

 

C
0 Dβt zi(t) = f (zi(t))+σ(t)

N∑
j=1

Hi jΓz j(t)+ui(t), i ∈ N (1)

β ∈ (0,1)
σ(t) zi(t) = (zi1(t),zi2(t), . . . ,zin(t))T ∈ Hn

i f (zi(t)) ∈ Hn

ui(t)
Hi j ∈ RN×N Γ

where ,  the  time-varying  coupling  strength  is
represented  by , 
denotes the state of the -th node,  is a nonlinear
vector  function,  is  the  controller  to  be  designed,

 is  the  coupling  matrix,  and  denotes  an  inner
coupling matrix, respectively.

Next,  some  useful  definitions  and  lemmas  about  cluster
synchronization are introduced.

H = (hi j) ∈

RN×N ∈ H1 hi j = h ji ⩾ 0 (i , j) hii = −
N∑

j=1, j,i
hi j, i ∈ N

Definition  1 [18]　 For  an  irreducible  matrix 

, if , .

H = (hi j) ∈ RN1×N2 ∈ H2
N2∑
j=1

hi j = 0, i = 1,2, . . . ,N1

Definition  2 [18]　 Matrix ,  if

.

m
{1,2, . . . ,N} = C1

∪C2
∪ · · ·∪Ck

∪ · · ·∪Cm C1 = {1,
2, . . . , ℓ1} C2 = {ℓ1+1, ℓ1+2, . . . , ℓ2} Ck = {ℓk−1+1, ℓk−1+

2, . . . , ℓk} Cm = {ℓm−1+1, ℓm−1+2, . . . , ℓm} ℓ0 = 0 ℓm = N
m∑

k=1

ℓk = N 1 ⩽ ℓk < N M = {1,2, . . . ,
m}

To  study  cluster  synchronization,  assume  that  the  set  of
nodes of FOCNs in Eq. (1) can be divided into  clusters, i.e.,

,  where 
, , 
, .  and ,

which satisfies that , .  Let 

.

H = (hi j) ∈ RN×NDefinition  3 [18]　 If matrix  is
symmetric,
 

H =


H11 H12 · · · H1m
H21 H22 · · · H2m
...

...
. . .

...
Hm1 Hm2 · · · Hmm

 ,
H = (Hi j) ∈ R(ℓi−ℓi−1)×(ℓ j−ℓ j−1) Hii ∈ H1 Hi j ∈ H2

i, j ∈ {1,2, . . . ,m} H ∈ H3

where , ,  and ,
, then .

Considering the relationship between nodes and clusters, the
quaternion-valued  controlled  network  in  Eq.  (1)  can  be
rewritten as
 

C
0 Dβt zi(t) = fk(zi(t))+∆

m∑
r=1

∑
j∈Cr

Hi jΓz j(t)+ui(t),

i ∈ Ck, k ∈M (2)
Hi j ∈ H3where the coupling matrix ,

 

∆ =

{
σ(t), if i, j ∈Ck;
1, if i ∈Ck, j ∈Cr, k , r;

k
fk(zi(t))

and  the  evolution  of  nodes  in  the -th  community  is
represented by .

z1,z2 ∈ Hn

L > 0
Assumption  1　 For  any  vectors ,  there  exists

constant  such that
 

(z1− z2)∗
(
f (z1)− f (z2)

)
+

(
f (z1)− f (z2)

)∗(z1− z2) ⩽
L(z1− z2)∗(z1− z2).

zℓ0 (t),zℓ0+1(t), . . . ,zℓ1 (t)→ s1(t) zℓm−1+1(t),zℓm−1+2(t), . . . ,
zℓm (t)→ sm(t) S =

(
s1(t), s2(t), . . . , sm(t)

) ∈
Then,  assume  that  the  quaternion-valued  FOCCNs  in  Eq.

(2)  synchronize  to  the  desired  trajectories  explained  as
 and 

,  which  means  that 
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Hn

sk(t)
 is  the  desired  cluster  synchronization  state  of  Eq.  (2).

Here,  can be equilibrium point, periodic orbit, or chaotic
attractor, which can be depicted by
 

C
0 Dβt sk(t) = f (sk(t)), k ∈M (3)

sk(t)

Definition 4 [22]　The quaternion-valued FOCCNs in Eq.
(2)  are  said  to  realize  cluster  synchronization  if  the  desired
orbit  satisfies
 

lim
t→+∞

∥sk(t)− sr(t)∥ > 0 (k , r ∈M),

i ∈ Ckand for any ,
 

lim
t→+∞

∥zi(t)− sk(t)∥ = 0.
  

B.  Basic Knowledge
u(t)

t ⩾ 0
Definition  5 [4]　 For  an  integrable  function ,  the

fractional-order integral with  is defined as
 

0Iβt u(t) =
1
Γ(β)

w t

0
(t− s)β−1u(s)ds,

β > 0where the order  and
 

Γ(β) =
w ∞

0
e−ttβ−1dt.

u(t)
0 < β < 1

Definition  6 [4]　 For  a  differentiable  function ,  the
Caputo fractional-order derivative with  is defined as
 

C
0 Dβt u(t) =

1
Γ(1−β)

w t

0

u′(s)
(t− s)β

ds, t ⩾ 0.

u(t) ∈ Hn
Lemma  1 [28]　 For  the  differentiable  vector-valued

function , one has
 

C
0 Dβt

(
u∗(t)u(t)

)
⩽

(
C
0 Dβt u∗(t)

)
u(t)+u∗(t)C

0 Dβt u(t),

0 < β < 1in which .
z1,z2 ∈ H

ε > 0
Lemma  2 [28]　For  any ,  and  any  real  constant

, the following inequality is true
 

z̄1z2+ z̄2z1 ⩽ εz̄1z1+
1
ε

z̄2z2.

H ∈ H1
H−A A = diag(a1,a2, . . . ,aN) ai

a1+a2+ · · ·+aN > 0

Lemma  3 [29]　 If ,  then  all  eigenvalues  of  the
 are  negative,  in  which ,  is

nonnegative constant satisfying .  

III.  Main Result

To realize the cluster synchronization for quaternion-valued
FOCCNs, a hybrid control strategy is designed.

ui(t)First  of  all,  the  control  scheme  in  Eq.  (2)  is  designed
by
 

ui(t) = −diδi(t)Γ(zi(t)− sk(t)), i ∈ Ck (4)

i di = 1 di = 0
δi(t)
where  if  node  is  controlled,  then ,  otherwise .

 is a time-varying feedback gain which satisfies
 

C
0 Dβt δi(t) = diωi(zi(t)− sk(t))∗Γ(zi(t)− sk(t)) (5)

δi(0) ⩾ 0 ωi > 0 i ∈ Ckwhere  and constant  for .
k i = ℓk−1+1, ℓk−1+2, . . . , ℓk

ek
i (t) = zi(t)− sk(t) i ∈ Ck, k ∈M

m∑
r=1

∑
j∈Cr

Hi jsr(t) = 0

In  the -th  cluster,  for  node ,  let
error  function  for .  From

Definition 3, it follows that , which derives

 

m∑
r=1

∑
j∈Cr

Hi jz j(t)−
m∑

r=1

∑
j∈Cr

Hi jsr(t) =
m∑

r=1

∑
j∈Cr

Hi jer
j(t).

According to FOCCNs in Eqs. (2) and (3), the error system
can be depicted as
 

C
0 Dβt ek

i (t) = f̃ (ek
i (t))+∆

m∑
r=1

∑
j∈Cr

Hi jΓer
j(t)−diδi(t)Γek

i (t),

i ∈ Ck, k ∈M (6)
f̃ (ek

i (t)) = fk(zi(t))− f (sk(t))where .
For convenience, define

 

Ek(t) =
(
eT
ℓk−1+1(t),eT

ℓk−1+2(t), . . . ,eT
ℓk

(t)
)T,

H̄ = max
i∈Ck , j∈Cr ,r,k

{|Hi j|},

γ̄ = max
1⩽l⩽n
{γl},

γ = min
1⩽l⩽n
{γl},

µ =max
k∈M
{N − (ℓk − ℓk−1)}.

H ∈ H3

Theorem 1　Assume Assumption 1 holds and the coupling
matrix , the cluster synchronization of the quaternion-
valued FOCCNs in Eq. (2) under controller in Eqs. (4) and (5)
can be achieved with adaptive coupling.
 

C
0 Dβt σ(t) = λi jHi j(zi(t)− z j(t))∗Γ(zi(t)− z j(t)),

i, j ∈ Ck (7)
σ(0) > 0 λi j > 0where  and constant .

Proof　Construct the Lyapunov function
 

V(t) =W1(t)+W2(t),
where
 

W1(t) =
1
2

m∑
k=1

∑
i∈Ck

ek
i
∗
(t)ek

i (t),

 

W2(t) =
m∑

k=1

∑
i∈Ck

∑
j∈Ck

1
4λi j

(
σ(t)−η)2

+

m∑
k=1

∑
i∈Ck

1
2ωi

(
δi(t)−η

)2,

ηwhere  is a positive constant.

W1(t)
Based  on  Lemma  1,  calculating  the  fractional-order

derivative of , one has
 

C
0 Dβt W1(t) ⩽

1
2

m∑
k=1

∑
i∈Ck

((C
0 Dβt ek

i (t)
)∗ek

i (t)+ ek
i
∗ (C

0 Dβt ek
i (t)

))
=

m∑
k=1

∑
i∈Ck

(
−diδi(t)ek

i
∗
(t)Γek

i (t)+

1
2
(
f̃ ∗(ek

i (t))ek
i (t)+ ek

i
∗
(t) f̃ (ek

i (t))
)
+

∆

2

m∑
r=1

∑
j∈Cr

Hi j
(
er

j
∗(t)Γek

i (t)+ ek
i
∗
(t)Γer

j(t)
))

(8)

According to Assumption 1, one has
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1
2

m∑
k=1

∑
i∈Ck

(
f̃ ∗(ek

i (t))ek
i (t)+ ek

i
∗
(t) f̃ (ek

i (t))
)
⩽

L
2

m∑
k=1

∑
i∈Ck

ek
i
∗
(t)ek

i (t) (9)

Hi j = H jiApplying , it can be derived
 

∆

2

m∑
k=1

∑
i∈Ck

m∑
r=1

∑
j∈Cr

Hi j
(
er

j
∗(t)Γek

i (t)+ ek
i
∗
(t)Γer

j(t)
)
=

σ(t)
2

m∑
k=1

∑
i∈Ck

∑
j∈Ck

Hi j
(
ek

j
∗
(t)Γek

i (t)+ ek
i
∗
(t)Γek

j(t)
)
+

1
2

m∑
k=1

∑
i∈Ck

m∑
r=1,r,k

∑
j∈Cr

Hi j
(
er

j
∗(t)Γek

i (t)+ ek
i
∗
(t)Γer

j(t)
)
=

σ(t)
m∑

k=1

∑
i∈Ck

∑
j∈Ck

Hi jek
i
∗
(t)Γek

j(t)+

1
2

m∑
k=1

∑
i∈Ck

m∑
r=1,r,k

∑
j∈Cr

Hi j
(
er

j
∗(t)Γek

i (t)+ ek
i
∗
(t)Γer

j(t)
)

(10)

where
 

1
2

m∑
k=1

∑
i∈Ck

m∑
r=1,r,k

∑
j∈Cr

Hi j
(
er

j
∗(t)Γek

i (t)+ ek
i
∗
(t)Γer

j(t)
)
=

1
2

m∑
k=1

∑
i∈Ck

m∑
r=1,r,k

∑
j∈Cr

n∑
l=1

Hi jγl
(
er

jl(t)e
k
il(t)+ ek

il(t)e
r
jl(t)

)
⩽

1
2

m∑
k=1

∑
i∈Ck

m∑
r=1,r,k

∑
j∈Cr

n∑
l=1

Hi jγl
(|ek

il(t)|
2
2+ |er

jl(t)|
2
2
)
⩽

1
2

m∑
k=1

∑
i∈Ck

m∑
r=1,r,k

∑
j∈Cr

n∑
l=1

γl|Hi j|
(|ek

il(t)|
2
2+ |er

jl(t)|
2
2
)
=

H̄γ̄µ
m∑

k=1

∑
i∈Ck

n∑
l=1

|ek
il(t)|

2
2.

Hence, Eq. (10) can be rewritten as
 

∆

2

m∑
k=1

∑
i∈Ck

m∑
r=1

∑
j∈Cr

Hi j
(
er

j
∗(t)Γek

i (t)+ ek
i
∗
(t)Γer

j(t)
)
⩽

σ(t)
m∑

k=1

∑
i∈Ck

∑
j∈Ck

Hi jek
i
∗
(t)Γek

j(t)+

H̄γ̄µ
m∑

k=1

∑
i∈Ck

n∑
l=1

|ek
il(t)|

2
2 (11)

Substituting Eqs. (9)–(11) into Eq. (8), it follows
 

C
0 Dβt W1(t) ⩽

m∑
k=1

∑
i∈Ck

ek
i
∗
(t)

(L
2
+ H̄γ̄µ−diδi(t)Γ

)
Inek

i (t)+

σ(t)
m∑

k=1

∑
i∈Ck

∑
j∈Ck

Hi jek
i
∗
(t)Γek

j(t) (12)

On the other hand, we have
 

C
0 Dβt W2(t) ⩽

m∑
k=1

∑
i∈Ck

∑
j∈Ck

Hi j

2
(
σ(t)−η)(zi(t)− z j(t)

)∗Γ(zi(t)− z j(t)
)
+

m∑
k=1

∑
i∈Ck

(
δi(t)−η

)
diek

i
∗
(t)Γek

i (t) =

−
m∑

k=1

∑
i∈Ck

∑
j∈Ck

Hi j
(
σ(t)−η)(ek

i
∗
(t)Γek

j(t)
)
+

m∑
k=1

∑
i∈Ck

(
δi(t)−η

)
diek

i
∗
(t)Γek

i (t) (13)

Together with Eqs. (12) and (13), one can obtain
 

C
0 Dβt V(t) ⩽

m∑
k=1

∑
i∈Ck

ek
i
∗
(t)

((L
2
+ H̄γ̄µ

)
⊗ In

)
ek

i (t)+

η

m∑
k=1

∑
i, j∈Ck

Hi j
(
ek

i
∗
(t)Γek

j(t)
)−

η

m∑
k=1

∑
i∈Ck

diek
i
∗
(t)Γek

i (t) ⩽

m∑
k=1

∑
i∈Ck

ek
i
∗
(t)

((L
2
+ H̄γ̄µ

)
⊗ In

)
ek

i (t)+

ηγ

m∑
k=1

E∗k(t)
(
Hkk − Iℓk

)
Ek(t),

⊗where  represents the Kronecker product.
Hkk − Iℓk

η

Based  on  Lemma  3,  it  can  be  derived  that  is  a
negative  definite  matrix.  Then,  one  can  select  a  suitable 
satisfying
 

C
0 Dβt V(t) ⩽ −

m∑
k=1

E∗k(t)Ek(t) = −2W1(t) (14)

W1(t)
M > 0 |Ct0 Dβt W1(t)| ⩽ M ε > 0

0 ⩽ t1 < t2

From  the  definition  of  and  Eq.  (14),  one  can  find
constant  such that . Then, for any 
and , we have
 

|W1(t2)−W1(t1)| =
|0Iβt2

C
0 Dβt2W1(t2)− 0Iβt1

C
0 Dβt1W1(t1)| ⩽

1
Γ(β)

w t1

0
[(t1− s)β−1− (t2− s)β−1]|C0 DβsW1(s)|ds+

1
Γ(β)

w t2

t1
(t1− s)β−1|C0 DβsW1(s)|ds ⩽

M
Γ(β+1)

[(t1)β− (t2)β+2(t2− t1)β] ⩽

2M
Γ(β+1)

(t2− t1)β < ε,

|t2− t1| < δ(ε) = (εΓ(β+1)/2M)
1
β δ t1

t2 W1(t)
where . As  is free of  and

,  is uniformly continuous.
lim

t→+∞
W1(t) = 0In the following,  will be proved.

T > 0 ε0 > 0 t > TAssume for all  and constant , there exists 
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W1(t) > ε0
ts t1 < t2 < · · · < ts < ts+1 < · · · ts→∞

k→∞ W1(ts) > ε0 W1(t)
η > 0 t′ t′′

|t′− t′′| < η |W1(t′)−W1(t′′)| < ε0/2
W1(t) >W1(ts)/2 > ε0/2 |t− ts| < η, s = 1,2, . . .

such that .  Then, one can find an infinite sequence
of  satisfying  and  as

 leads  to .  Since  is  uniformly
continuous,  the  constant  exists  such  that  for  and ,
one has , so , implying that

 for .

t1−η > 0 ts−η < ts+η < ts+1−
η ts+1− ts > 2η

Without loss of generality, it is assumed that these intervals
are disjoint and , which means 

 and .
0 ts+ηMaking fractional integration from  to  on both sides

of Eq. (14), and in view of Lagrange formula, Eq. (15) can be
derived
 

V(ts+η)−V(0) ⩽ − 2
Γ(β)

w ts+η

0
(ts+η− s)β−1W1(τ)dτ,

V(0)−V(ts+η) ⩾
ε0
Γ(β)

w ts+η

0
(ts+η−τ)β−1dτ ⩾

ε0
Γ(β)

s∑
i=1

w ti+η

ti−η
(ts+η−τ)β−1dτ =

ε0
Γ(β+1)

s∑
i=1

[
(ts− ti+2η)β− (ts− ti)β

]
=

ε0
Γ(β+1)

s∑
i=1

[
β (ts− ti+2θη)β−1 2η

]
=

2ε0 η
Γ(β)

s∑
i=1

(ts− ti+2θη)β−1 (15)

0 < θ < 1where .
s = 1,2, . . . ω = sup{ts+1− ts}

2η ⩽ ω
For , denote . It is easy to obtain

that . Then,
 

(ts− ti+2θη)1−β ⩽
s∑

r=i+1

(tr − tr−1)1−β+ (2θη)1−β ⩽

(s− i)ω1−β+ (θω)1−β ⩽
(s− i+1)ω1−β,

combining with Eq. (15), it follows
 

V(0)−V(ts+η) ⩾
2ε0 η
Γ(β)

ωβ−1
s∑

i=1

1
i

(16)

s→ +∞ V(ts+η)→−∞
V(t) ⩾ 0 lim

t→+∞
W1(t) = 0

Based  on  Eq.  (16),  as , ,  which
contradicts . Hence,  holds.

sk(t)

It can be concluded from the above, under controller in Eqs.
(4)  and  (5),  the  system  in  Eq.  (2)  is  asymptotically
synchronized to  with adaptive law in Eq. (7).　　　  ■

V(t) W1(t) W2(t)

Remark  1　Cluster  synchronization  of  quaternion-valued
FOCCNs with  nonidentical  nodes  is  investigated in  Theorem
1. Due to the fact that  is made up of  and , the
fractional-order  Lyapunov  direct  method  is  not  suitable  for
this  case.  The  mean  value  theorem  and  the  reduction  to
absurdity are used to achieve synchronization of FOCCNs.

Next, we consider the synchronization of quaternion-valued
FOCCNs with identical nodes.

fk(zi(t)) = f (zi(t)), k ∈MIn  Eq.  (2),  if ,  the  FOCNs  in  Eq.
(2) can be described as

 

C
0 Dβt zi(t) = f (zi(t))+σ(t)

N∑
j=1

Hi jΓz j(t)+ui(t), i ∈ Ck (17)

z1(t) = z2(t) = · · · = zN(t) = s(t)
then  all  the  states  of  nodes  in  Eq.  (17)  can  be  synchronized
onto the manifold .

s(t)The dynamic of  can be depicted as
 

C
0 Dβt s(t) = f (s(t)) (18)

The cluster synchronization of FOCNs in Eq. (2) is reduced
to  the  synchronization  of  quaternion-valued  FOCNs  with
identical nodes. The control scheme in Eq. (4) is designed by
 

ui(t) = −δi(t)Γ(zi(t)− s(t)), i ∈ N (19)

δi(t)where  is a feedback gain, which is constructed by
 

C
0 Dβt δi(t) = ωi(zi(t)− s(t))∗Γ(zi(t)− s(t)), i ∈ N (20)

ωi > 0where .
H ∈ H1

σ(t)

Corollary  1　 Suppose  Assumption  1  holds  and ,
the  quaternion-valued  FOCNs  under  controller  in  Eqs.  (19)
and (20)  are  asymptotically  synchronized to  the  desired  state
in  Eq.  (18),  if  the  coupling  strength  has  the  following
form
 

C
0 Dβt σ(t) =λi jHi j(zi(t)− z j(t))∗Γ(zi(t)− z j(t)),

i, j ∈ N (21)

λi j > 0where .
Remark  2　 In  Refs. [11, 16, 19–22, 30],  synchronization

of network systems with identical nodes has been studied. As
a  matter  of  fact,  it  is  unpracticable  that  all  nodes  share  the
common  dynamical  behavior,  such  as  grouping  of  opinion
dynamics  in  social  network  and  grouping  of  colony  in
biological  network.  To  further  explain  these  interesting
phenomena, cluster synchronization is proposed for FOCCNs,
in  which  the  nodes  within  the  same  community  own
consistent  behaviors,  otherwise,  they  exhibit  different
dynamic behaviors.

Remark 3　In Ref. [11], by using the local information of
the  network  and  adjusting  the  coupling  weights,
synchronization  for  FOCNs  is  realized  without  external
forces. In Refs. [16, 22], by adding feedback controller on the
network  with  constant  coupling  strength,  synchronization  of
FOCNs  is  achieved.  Different  from  these,  time-varying
coupling strength and feedback control gain are automatically
adjusted  with  the  evolution  of  states  to  guarantee
synchronization of FOCCNs. It is of great significance to not
only study the synchronization of FOCNs, but also understand
the  dynamic  contract  and  collaboration  in  neural  network
interactions.  

IV.  Illustrative Example

Consider  quaternion-valued  FOCCN  with  two  clusters,
which is depicted by
 

C
0 Dβt zi(t) = fk(zi(t))+σ(t)

N∑
j=1

Hi jΓz j(t)+ui(t),

i = 1,2, . . . ,7 (22)
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β = 0.97 zi(t) =
(
zi1(t),zi2(t)

)T C1 = {1,2,3} C2 = {4,5,
6,7} k = 1,2 Γ = I3

where , , , 
, , , and

 

f1(zi(t)) =Czi(t)+Ag1(zi(t)),
f2(zi(t)) =Czi(t)+Bg2(zi(t)),

where
 

g1(zi(t)) = tanh(zR
i )+ tanh(zI

i)ı+ tanh(zJ
i )ᴊ+ tanh(zK

i )k,
 

g2(zi(t)) = 0.1
1− exp(−zR

i (t))

1+ exp(−zR
i (t))

+ tanh(zI
i)ı+

0.1
1− exp(−zJ

i (t))

1+ exp(−zJ
i (t))

ᴊ+ tanh(zK
i )k,

and
 

C = diag(c1,c2) =
(
−1.9 0.0
0.0 −1.9

)
,

 

A =
(

2.00−2.25ı+1.70ᴊ+k −0.80+0.89ı−0.32ᴊ−0.78k
−1.67−1.99ı−1.50ᴊ−3.27k 1.00+1.77ı+0.98ᴊ+k

)
,

 

B =
(
2.30−2.10ı+2.40ᴊ+1.50k −1.20−2.90ı−0.65ᴊ− k
−1.50−1.90ı− ᴊ−2.60k 1.00−2.80ı+0.75ᴊ+0.88k

)
.

The  communication  topology  structure  of  FOCCNs  in  Eq.
(22) is depicted in Fig. 1. The dynamical behavior of desired
cluster synchronization states of FOCCNs in Eq. (22) is given
by
 

C
0 Dβt sk(t) = fk(s(t)), k = 1,2 (23)

s1(0) = (−0.50+0.20ı−0.70ᴊ+0.50k,0.60−
0.10ı−0.50ᴊ−0.20k)T s2(0) = (0.30−0.58ı+0.50ᴊ−
0.40k,1.00−0.40ı+0.50ᴊ+ k)T

with initial values 
 and 

.

σ(0) = 0.15 λi j = 2 ωi = 0.3
i, j ∈ Ck

[−1,1]

[0.00,0.25]

σ(t)
δi(t)

In  the  following,  under  controller  in  Eqs.  (4)  and  (5),  we
consider  the  cluster  synchronization  with  adaptive  coupling
strength in Eq. (7). Choose , , and 
for .  Randomly select  the real  and imaginary parts  of
the  initial  value  of  FOCCNs in  Eq.  (16)  from .  In  Eq.
(4),  the  initial  values  of  feedback  control  gain  are  randomly
chosen from . Based on Theorem 1, the system in
Eq.  (22)  with  the  adaptive  couple  strength  in  Eq.  (7)  is
synchronized to the desired orbit  in Eq. (23) under controller
in Eq. (4), which is shown in Figs. 2–5. The time evolutions of
synchronization  error  are  depicted  in Figs.  6–9.  The
trajectories of time-varying coupling  and feedback gains

 are demonstrated in Figs. 10 and 11.  

V.  Conclusion
In  this  paper,  cluster  synchronization  of  quaternion-valued

FOCCNs with nonidentical nodes is studied. First, considering
the  interaction  of  nodes  in  the  cluster  and  the  influence  of
external  control,  the hybrid controller  is  applied to FOCCNs,
that  is,  the  adaptive  feedback  control  gains  and  adaptive
coupling  strength  are  considered  simultaneously.
Subsequently,  the  mean  value  theorem  and  the  proof  by
contradiction  are  used  to  prove  cluster  synchronization  of
quaternion-valued  FOCCNs.  Then,  a  case  analysis  approach
about  synchronization of  FOCNs with identical  nodes is  also
presented,  which  provides  more  flexibility  to  analyze
fractional-order  systems.  Finally,  a  numerical  example  is
presented to show the effectiveness of theoretical results.  
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Figure 1 Communication topology structure of FOCCNs in Eq. (22).
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