48 THE INTERNATIONAL JOURNAL OF INTELLIGENT CONTROL AND SYSTEMS, VOL. 29, NO. 1, MARCH 2024

Leader-Follower Based Online Reinforcement
Learning Algorithm in Problem with
Hierarchy Decision Makers

Xiaoqian Li, Zonglei Jing, and Peijun Ju

Abstract—This paper presents an online integral reinforcement
learning (RL) solution for problems with hierarchy decision
makers. Specifically, we reformulate this model as a leader-
follower game, in which control input and deterministic
disturbance act as decision makers at different levels of hierarchy:
The control input plays the role of the leader, while the
disturbance plays the role of the follower. The main contributions
of this paper can be summarized as follows. First, we introduce
online RL to deal with systems that have partially unknown
information, meaning that accurate dynamic information is not
required. Second, we solve the leader-follower coupled Hamilton-
Jacobi (HJ) and Riccati equations approximately online using the
derived algorithm. Third, we provide turning laws for cost
functions and controllers, which ensure closed-loop stability
simultaneously.

Index Terms—Online reinforcement learning algorithm, leader-
follower game, hierarchy decision makers

I. INTRODUCTION

Games have been widely used in complex systems
involving multiple decision-making players [1]. The behaviors
of these players depend on the information that each has
compiled about the others, and each seeks to optimize its
individual cost. Depending on their roles in practical
applications, the involved players may have cooperative or
non-cooperative  objectives in scenarios that include
economics [2, 3] and engineering [4, 5]. Multi-player games
can be classified into Nash games or Stackelberg games based
on the number of decision-making hierarchies involved. In
Nash games, different players select decisions simultaneously
without knowing those made by others [6]. Conversely,
Stackelberg games involve multi-level decision making, with
lower hierarchy players constrained by higher hierarchy
players. The mentioned players in Stackelberg game are called
the leaders and the followers [7]. Leaders, who are in the
higher hierarchy, have complete information on decisions of
others and make decisions first. Followers, who are in the
lower hierarchy, react to the decisions of leaders. Control
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methods for both Nash and Stackelberg games have been
applied to dynamical systems to study coordination, conflict,
and control among different players [8]. The Stackelberg
game has been used in various fields, including multi-input
dynamic systems and network communication [9, 10]. In
Refs. [11, 12], Stackelberg games with open-loop strategies
were introduced to handle multi-layered optimization
problems with one leader and one follower. These problems
are typically formulated as mixed H/H. control, where
incomplete system information is considered for the reason of
the complex uncertain environments.

Various approaches have been employed to address the
Stackelberg game. Xu et al. [13] presented sufficient
conditions and necessary conditions for leader-follower
games. An algorithm named off-policy reinforcement learning
(RL) was applied in Ref. [14] to derive solutions for nonzero-
sum games with multi-player. The approach established in
Ref. [14] is offline, which places greater demands on system
dynamics. However, due to the high uncertainty of the
environment, obtaining accurate information on system
dynamics poses a challenge. Moreover, players under this
control policy cannot adjust their aims in real time. These
issues highlight the challenges involved in studying the
Stackelberg game.

Reinforcement learning is a promising method for studying
multi-player games [15-17], allowing agents to gradually
improve their performances by learning new behaviors online
with little information about other players. Researchers in
control systems have been motivated by the advantages of
reinforcement learning and have applied it to find optimal
solutions for systems in differential or difference norms. In
Ref. [18], online policy was introduced to handle optimization
problem with unknown information. Adaptive feedback form
controllers were derived by using natural decision methods in
Refs. [19, 20]. An optimal control policy for constrained
input systems with unknown information was established
using policy iteration methods in Ref. [21]. Integral RL was
also applied to address tracking problems with constrained
inputs [22].

Motivated by previous research on the advantages and
outcomes of reinforcement learning, we introduce an online
integral RL method to find optimal solutions for mixed
H;/Ho problems. In this type of control problem, both
control input and deterministic disturbance shape the
Stackelberg game, with the control input serving as leader and
the disturbance as follower. This paper presents several
contributions. First, online RL is introduced to address
systems with partially unknown information, eliminating the
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need for accurate dynamic information. Second, the leader-
follower coupled Hamilton-Jacobi (HJ) and Riccati equations
are solved approximately using our derived algorithm. Third,
turning laws for cost functions and controllers are provided,
ensuring the closed-loop stability.

The rest of this paper is organized as follows. In Section II,
we formulate the Stackelberg game for mixed H/Ho control
problems. Section III presents policy iteration methods for
Stackelberg games, and Section IV provides value function
approximations for these games. We then introduce an online
solution for Stackelberg games using RL in Section V. In
Section VI, the simulation results verify the validity and
feasibility of the proposed method. Finally, we conclude this
paper in Section VII.

II. PROBLEM STATEMENT
In this section, we discuss a two-player differential game.

Xx(1) = Ax(?) + Biu(t) + Bow(t) (1)
where x(#) € R" is the state and x(t9) = xp, £, is the initial time
and x, is the state at initial time; u(#) € R’ is the control input;
w(t) € R™ is the deterministic noise; and ¢ indicates time. R” is
the family of n-dimensional column vectors, which is the
same as R* and R™, n, s, and m are finite positive integers. 4,
B, and B, are constant matrices with appropriate dimensions.

Consider the cost functions

Ji(x,u) = fom(xT Ox+u'Ru)dr =

Jy i@, ua @)
Jor(xg,u,w) = IOOO(XTQX +u ' Ru- 72||w||2)dt =
Jo ratxto e wionar 3

where Q is the weighting matrix of state variables, Q > 0, and
R is the weighting matrix of control variables, R = RT > 0. y
is the perturbation factor and y* means perturbation factor
when the optimal control law u(¢) is invoked, and satisfy
v 2v* > 0. ||w|]> means H2-norm. For the sake of simplicity, x
is equal to x(¢), u is equal to u(?), similar treatment is provided
elsewhere below.

Definition 1 The existence of the adversarial input w(f) is
measured by the perturbed operator L with its Ho norm
defined by

0 1/2
[ . (xTQx+uTRu)dt]

7w

In this paper, we define the mixed H>/Hs control problem
in infinite horizon, where the designed control input u(f)
minimizes its corresponding cost function in Eq. (2) under the
He -constraint in Eq. (3). In some practical applications, the
adversarial input w(f) maximizes energy gain.

We also provide a general definition of Stackelberg games.

Definition 2  For a Stackelberg game, the sets of
admissible strategies for leader and follower are U and W,
respectively. The objective of leader is to minimize J;, while
follower aims to maximize J;.

(1) For a fixed policy u€ U and a given initial state

ILllH,, := sup <y 4

weR™M

xo € R", the follower chooses an optimal strategy w* e W
such that Jp(xg,u, w*) = Jo(xg, u,w).

(2) Assuming an optimal controller w* exists, which
generally depends on the choice of controller # and the initial
state xp, the leader will select the optimal controller u € U to
minimize the cost function J(xp,u,w*) overall ue U.

Problem 1 We aim to find an optimal feedback strategy
pair (u*,w*) associated with Eq. (1), for that the following
relationships with admissible control pair (u,w) are satisfied.

Ji(w wh) < Ji(u,w") ®)

Jo(u,w*) = Jo(u,w) (6)

Remark 1 Formula (6) implies that the follower requests
the leader to specify its choice based on the follower’s optimal
policy. In other words, the leader selects a reaction that is
identified as the best response. The leader then chooses an
input policy from the admissible policies that minimizes its
function index, given the follower’s designed policy.

III. POLICY ITERATION FOR STACKELBERG GAME

Different hierarchical levels exist in the system due to the
denotations of leader and follower. The discussion will begin
with the follower.

The optimal cost function of the follower is defined as

V3 (x0,u,w) = max Jo(xo,u,w) =
w
max Im(xT Ox+ u'Ru— )/2||W||2)d7' =
w t
max Lw ra (x(8), u(t), w(t))dr 7

The Hamiltonian of the follower is
H, =xTQx+ u'Ru— 72||w||2+

T
% (Ax+ Biu+ Boyw) ®)

%)
where B denotes the partial derivative of the value function

V> with respect to x. To enhance visualization, we introduce

the alternative operator notation VV; € R", i = 1, 2 to replace

ov; .

E, 1= 1, 2.
The optimal controller and costate state Ve satisfy the

following relations

Lo
w=S07) T BV ©)

b =-ATVV, -20x (10)

The focus now shifts to the leaders. The leader’s objective is
to minimize Eq. (2) subject to the constraints in Egs. (1) and
(10), which means that the leader should consider the costate
of the follower. Then, we have

Vi(x,u,w") = min Lm(xTQx +uRu+y  )dr =
u

min Lm(rl (), (1)) +yT Ao)dr (11)

where V| means the optimal cost function of the leader and y
is the costate.
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The Hamiltonian of the leader is

Hi = x"Qx+u"Ru+(VV)T(Ax+Biu+Bow)+y 1 (12)
Similarly, the equilibrium equation and leader’s costate
equation are derived by Hamilton-Jacobi equation

. 1
ut = —ER-‘vavl (13)
A =-ATVV, —20x+20y (14)
The following Bellman equations are presented in terms of
VV1 and VV; to provide differential equivalents of the value
functions for the leader in Eq. (11) and the follower in Eq. (7),
where the optimal control policies are inserted into the
Hamiltonian.

0=ri(xu*,w)+(VVD)T(Ax+Biu* + Bow" ) +y A (15)

0=ro(x,u’,w*)+(VV2) (Ax+Biu* + Bow*)  (16)

By using the infinite integrals in Eqs. (7) and (11), values

evaluated along the system trajectories are solutions to Egs.
(15) and (16). The leader’s costate is given by

¥ = -2y BBIVV; + Ay (17)
Substituting Eqs. (9) and (13) into Eqgs. (15) and (16) yields

1
0=x"0Ox+ Z(VV1)TB1R"B1TVV1—

1 _
Z(VVz)TBz()’z) 'BIVV, +(VVa) (Ax—

1. 1
§B1R 'BIVV, +2—y23235vv2) (18)
1
0=x"0Ox+ Z(Vvl Y BIRT'BIVV +(VV) T (Ax—
1 1
SBIR 'BTVV, + 2—yszB§VV2)—
yIATVY, +20x) (19)

The following denotations are introduced to rewrite costate
variables

VVl = Plx, VV2 = sz, y= P3x (20)
where P, P,, and P; are positive definite symmetric matrices
with compatible dimensions. Equations (17)—(19) are
rewritten as the following forms

1 . 1 .
0=0+ ZP?BIR 'BIP - Zprz(yz) 'B] Py+

Pl(A- %BlR—leP, + 2—;3235102) 21)
0=0+ %PITBlR‘l B{Pi+P(A- %BlR_lBlTPH
2%2323;132) - PY(ATP,+20Q) (22)
T 1 -1 pT 1 T
0=—P3(A=5BIR"'B{P1+ 2—y23232P2)—
iBngpl +AP3 (23)

2y2
However, solving the Hamilton-Jacobi equations shown in
Egs. (18) and (19) for the leader and follower can be a

significant challenge, and in some cases, obtaining solutions
may be impossible. To address this issue, a policy iteration
algorithm is introduced to approximate the HJ solution by
using iteration algorithm on Bellman Egs. (15) and (16).

The strategy iteration steps of the Stackelberg game are as
follows:

(i) Give initial policies u%(x) and wO(x).

(ii) Given uf(x) and w*(x), where k represents the k-th step
after discretization means, solve for the costs V{‘(x) and Vé‘(x)
by using

0 = r1(x,u () + (VVH) (Ax + Byt +

1
Z—ﬁBngvvg) +yT(-ATVVE -20x) (24)

0 = ra(x, u* (x), WE(x))+
(Vo) (Ax + By + Bowh) (25)

(iii) Update the control policies using

1
W l(x) = —ER"BITVV{‘ (26)
1

wtl(x) = —BIVV (27)

2y?

Remark 2 The policy iteration algorithm is an offline

algorithm that requires a significant amount of dynamic

information. This limitation motivates the development of a

new online algorithm that can update policies and value

functions online while requiring less information about the
system dynamics.

IV. VALUE FUNCTION APPROXIMATION FOR STACKELBERG
GAME
Based on previous consideration, when the dynamics are

unknown, the integral reinforcement learning Bellman
equation is presented as follows

ViG=T) = [ n G, u)de + Vi)

(28)

Vaat=T) = [ raa(o),u(®,wie)dr + Va(x(o)

(29)

where 7 > 0 and the time interval T > 0.

It should be noted that V{‘(x(t)) can be obtained with the
solution of Eq. (24) and Vé‘(x(t)) in Eq. (25) can be derived
incidentally. Let V{(x) and V}(x) be admissible feedback
control policies of V{C(x(t)) and Vé‘(x(t)), and assume that the
value functions are smooth and form a compact set. Thus,
Vx€Q, where set Q is included in R", V{(x)>0 and
Vé(x) > 0. Constant matrix weights W; and W, are introduced
here to approximate the value V;(x).

Vi(x) = Wig1(x)+e1(x) (30)

V3(x) = Wy (x) + £2(x) 31)

where ¢;(x) : R" - RN i=1, 2 is one vector of the activation
function, the number of hidden layers is N, and €;(x), i=1, 2
is the approximation error, respectively.
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Activation functions are chosen to provide a complete and
independent basis set, allowing for the uniform approximation
of both the value functions and their derivatives.

i R ICIN
—_—= V L= : —_— =
Ox Vi=( Ox ) Wit ox
VoI Wi+ Ve, i=1,2 (32)
As demonstrated by the higher-order approximation

theorem, with the number of hidden layer neurons N
increasing (e.g., N — +00), approximation error &(x) and its
gradient Ve both approach zero. Additionally, if the number
of layers is fixed, then & and Ve are bounded on a compact set
with certain constants.

Considering the value function approximation, the
Hamiltonians in Egs. (8) and (12) become

Ef, = xTQx+ u Ru— 72||w||2+

W) Vo (xX)(Ax + Biu+ Baw) (33)
em, =X Ox+u Ru+ W] Ve (x)x
(Ax+Biu+Bow)+y' 1 (34)

where &y, and £y, are the residual errors for the follower and
the leader, respectively.
Under fixed policies # and w, we have

en, = —(Ve) (Ax+Bju+Bow), i = 1,2 (35)
Substituting Eq. (32) into Eqgs. (18) and (19), one obtains
1
xTOx+ ZWITqul (X)BIR'BIVS{ (x)W;+

1
—W, Vo (x)B2(y>) ™' By Ve, (x)Wa + W, Vo (x)x

4

1 _
(Ax— EBlR 'BIVoT ()W) = eny, (36)

1
x'Qx— ZWITV¢1(x)BlR—lB{w{(x)wl+
1
WV (x)(Ax+ 2—yszB§V¢§(x)W2)—
Y (ATVS] ()W +20x) = ey, (37)

where subscripts HJ, and HJ; mean the second and the first
Hamilton-Jacobi equations, respectively. And we have

1 _ 1
&np, = — EWlTw)l(x)BlR B[ Ve - 272W§ Vo (x)x

1 1
T T T T
3232 V82 - WVSQ 3232 V82 - ngl BIX
1
R'B[Ve; - Ve TAx+ EVSZTBIR—IBTX
1
V¢1TW1 + §V82TB1R_1B}‘V81+

1
~WIVéy(x)BiR™'B] Ve,

5 (38)

1 _ 1

EH), = §W1TV¢1(X)B1R !B Ve + ZVngle
1
R_IB]TVa‘l - V81TAx — —VngBngx
2y2
1
V2 (x)" W — — Ve "B, B Ve -
2y2

1
— W[V 1(x)B2B} Ve, —y ATVe,

27 (39)

Lemma 1 For the admissible policy sets u(x(f)) and
w(x(t)), the solution to Egs. (18) and (19) with least-squares
pair exists and changes as N changes. Give the following
denotation

Vi(x) = W i(x), i=1,2 (40)

Then, as N — +co, we have
., suplex,| — 0,
(1) xeQ | | 0
.., supleny;| = U,
(11) xeQ Vi_ v 0
@ﬁ%?‘éj’o
. . sup|VV;=VV!| - 0.
(V) ep

V. ONLINE SOLUTION OF STACKELBERG
GAME USING RL

In this section, the issue of developing the approximate
optimal adaptive control algorithm is considered, which
differs from traditional adaptive control approaches. In the
latter, the first step is to design an observer for the cost
function and denote it as the value function. The observer
obtained is then used to design the feedback strategy. By
contrast, the approximate optimal adaptive approach derives
the solution of the Stackelberg game online. The outputs of
the two players game are as follows

Vi(x) = Wig1(x) (41)
V2(x) = W) ¢2(x) (42)

where Vi and V2 mean the estimated values of leaders’ cost
function and followers’ cost function, respectively. W; is the
current estimated value of the value critic constant matrix
weights W;, i=1, 2.
Considering Eqgs. (41) and (42), Hamiltonian equations in
Eqgs. (8) and (12) become
Hy(x, Wa,u,w) = xTQx +u'Ru— y2IIW||2+

WIVér(X)(Ax+Biu+Baw)=e;  (43)

Hy(x, Wy, u,w) = xTQx+ u'Ru+ W1TV¢1(x)(Ax+ Biu+
Bow)+yT (~ATVS, ()W, —20x) =€ (44)

where e, and e, represent the estimated values of ey, and £y,
respectively.

Define the weight estimation error W; = W; - W;, i = 1, 2,
then we get

er =WV (x)(Ax+ Biu+Bow) + e,

er = =W, Vo (x)(Ax+ Biu+ Bow) + &g, (45)
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For admissible control policy pair, the selection of Wi and
W,, which aims to minimize the square residual error E, is
required.

2
1 .
E:E;e?ei,zzl,z (46)
By calculating, the weights of both follower and leader are
selected, and the tuning laws of them are given in normalized
gradient descent algorithm

VAV OE
2= "M==
oW,
Ty

B—a—— [0'3;, W+ xTOx+
(I'+oyow)

u"Ru—y*|wl*] =

Oy
—py——————e¢ 47
2(1+0’$0'W)2 2 “7)
A OE
W1= - =
ow;
Tu Tw T T
—a—————[o, W1 +x Ox+u Ru+
1(1+0’Ea’,4)2[ utl Q
YI(=ATV$] ()W2 —20x)] =
- o (48)

a|l—————e
(1 +O';£O’u)2

where Wz and Wl are the estimated values of W, and Wl, s
and «@; are Levenberg-Marquardt algorithm coefficients,
0, =Vp1(x)(Ax+ Biu+ Byw), and o = Vdr(x)(Ax+ Biu+
Bow). The previous algorithm is modified for the reason that
(1+0Te,)? and (1+0lo,)? are introduced in place of

1+olo, and 1+0Yo,, respectively. The modified algorithm
Ty Oy
guarantees the bounded 77 oI, and 77 o T, dppearing in
Egs. (47) and (48), respectively.
Equations (33) and (34) can be rewritten as follows
xTQx +u Ru- )/2||w||2 =

— W, Vo (x)(Ax + Biu+ Byw) + ep,

(49)
X Ox+u'Ru =
—~ WV 1(x0)(Ax+ Biu+Bow)—y' Az +en, (50)

Substituting Egs. (49) and (50) into Egs. (47) and (48),
respectively, one has

A Ty A

Wr = —a oI (Wo—Wa) +& 51
> 2(1+0'vTuO'w)2[ w(Wo—Wo) +ep,] (51)
Wl = —(ZIL[UT(WI -Wi)+eg, -
(1+oTe)? " :
T ATy T 4
Y A Vo, () (W2 —W))] (52)

Recalling the denotation that W; = W; — W;, i =1, 2, the
weight estimation error of the dynamic can be written as

Wz =azm[—0’$ﬁ/2+8[-]2] (53)
wUw
Wi=a [~ Wi+ ep,+y ATVEE ()Wa]  (54)

! (I+ofo,)?

Assumption 1 Persistence of excitation (PE) assumption

o o
[23] Denote that &, = V; and &, = —"T are
+0,0 1+0,0,

exciting over the interval [#, t+T], T> 0 in persisten way, for
example, constants B and B/, i = 1, 2 exist such that for ¥z

W +T _T W
,8]I<SW,SW=L Fuotdr <yl (55)

" t+T_ _T "
BI<S,, Su:L FuoTdr < pUl (56)

where [/ indicates the identity matrix with appropriate
dimension.

The PE assumption is necessary when using RL to derive
system identification in adaptive control. It plays an important
role in identifying the critic parameters required to
approximate solutions for Vi(x) and Va(x).

Lemma 2 Given a set of admissible bounded feedback
policies u(x(f)) and w(x(#)), the critics’ tuning laws are
provided by Egs. (47) and (48), assuming that &, and &, are
persistently exciting. With bounded rationalities &max, and
Emax, » the residual errors in Eqgs. (33) and (34) are bounded by
llem; |l < Emax;- Therefore, the critic parameter error converges
exponentially.

_ By T

Wa(t) < ——{[1+ 26255 @2]€max, } (57)
1

- VBT

Wi < 5,42 {[1+26185a1]18max, } (58)

1
where 01 and d; are positive constants of the order of 1 [24].
Lemma 3 Based on the definition of Vi(x),i=1, 2 in Eq.
(40), the control input and adversarial input in Egs. (9) and
(13), respectively, can be written as

1
wh(x) = 2—yzB§V¢;(x)W2 (59)

. -
u'(x) = -3R 'BIVe! (W,

Then, with the number in the hidden layer tending to
sup|l’ —u|| - 0 d sup|w’ —w|| — 0
xeQ xeQ

The algorithm for updating the desired control policies is
shown in Egs. (59) and (60), with unknown matrices W; and
W, . Therefore, denoting the control policies as W(x) and fi(x),
we can write them compactly in structured form as follows

(60)

infinity, exist.

1 .
W(x) = z—yzB§V¢§<x)Ww (61)
ii(x) = —%R_IBTngf(x)Wu (62)

where Wy is the current estimated value of W, and W, is the
current estimated value of Wj. Actor estimation errors are
defined as W,, = W = W,, and W, = W; — W,,.

Definition 3 For given bounds B and T, if relationship
[[x(OIl < B for all >ty + T holds for any initial value xo € R”,
then x(7) satisfies the speciality of uniformly ultimately
bounded.

Definition 4  Given a compact set 2 € R":

(1) The approximation errors €1 and & and their gradients
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Ve; and Ve, are bounded, and the following relationships
hold

llelll < beys IVerll < bey v, lle2ll < by, Va2l S bey . (63)
where by, , b, x, be,, and by, . are corresponding boundaries.
(2) The activation functions ¢;(x) and ¢2(x) and their
gradients V¢(x) and V¢y(x) are bounded, and the following
relationships hold

g1 (Il < by,» Vo1l

g2l < by, [IVP2()I| < by, x (64)
where by, , by, x, bs,, and by, . are corresponding boundaries.
(3) The critic weights W, and W, are bounded by known

constants W, . and W, .

”Wl” < Wl,mam
”WZ” < WZ, max (65)

The main results of this paper concern the tuning laws for
mixed Hy/Hs control based on a real-time reinforcement
learning algorithm. These tuning laws ensure convergence of
the game.

Theorem 1 Considering the dynamics given in Eq. (1)
and the Stackelberg game formulated in Section II, the outputs
of the two players game are presented in Eqgs. (41) and (42),
and the control input and disturbance input are given in Eqgs.
(61) and (62). Let tuning laws be provided by

. o

A —
(1+o)og)?

<b¢1,x’
<

A Tw T
Wr=—-a [opWa+x Ox+

a" Riv—y?|IW°] (66)
A (o T T AT pn
Wi=—a—————|o, W +x Ox+it” R+
1 l(1+0'20';,)2[ Wi 0
T, ATu+T/ i
¥y (A V¢, (x)Wr -20x)] (67)

where oy = Vg (x)(Ax+ Biit+ Bow) and o = Vo (x)(Ax+
Biit+ Bow). . )

Tuning laws W,, and W, for follower’s and leader’s actor
are designed as

W, = —a'4[(K4WW — k3575 Wa) — ZDz(x)WWmE,WZ} (68)
W, = —03[(K2Wu K15y W)= ‘—l(Dl(JC)WumyTsz+

_ R . 1
Dy (x)W,my, W) + 2—72V¢1 Bngpzy} (69)

where P, (x) = V1 (x)BIR™ BV (x), D2(x) = Ver(x)B;
23—1 T 4T W G
BV, (x), my=———77—  my=——/——#—+—,
- oW - (o} .
op = T 0a= T Trespectively. «;>0 and
l+og 00 l+o,04
a;>0,Vi=1,2,3,4 are tuning parameters, which are

detailedly presented in the proof of Theorem 1 in Appendix A.
Suppose that 6y and &5 are persistently exciting, a constant
number Np exists such that, for any N > Ny, the following
mentioned notions, such as the system state, the critic errors

W;, i = 1, 2, and the actor errors W,, and W, are uniformly
ultimately bounded.

Theorem 2 If the hypotheses proposed in Theorem 1 are
met, the following results hold

(i) Hi(x, Wi, (x),&'(x)) and  Ha(x, Wa, W' (x), ' (x)) are
uniformly ultimately bounded.

1 .
W (x) = z—yngvgbg(x)Wz (70)
o (x)= -%R—levcp{(x)Wl (71)

where W' and @’ are approximate values of W and 7,

respectively. W; and W, converge to the approximate coupled
HJ solution.

(ii)) W(x) and @(x) in Egs. (61) and (62) converge to the
approximate solution of the Stackelberg game.

The proof of Theorem 2 is presented in Appendix B.

VI. SIMULATION

The 2-degree of freedom (2-DOF) robot serves as a basic
control platform for the manipulator. The system is a planar
2-DOF with two drives and three unactuated swivel joints.
Two servomotors, mounted at a fixed distance on the rotary
motion servo platform, control a four-bar system. The goal of
2-DOF robot trajectory tracking is to regulate the x—y
position through a 4-link end-actuator. To achieve this, a
controller must be designed to regulate the plane coordinates
of the end-actuator and to drive the two arms connected to the
motor to realize the motion of the other two arms. The
trajectory is represented by the end-effector.

Based on the output angular displacements 65 and 6 of the
two servo systems detected by the encoder, the corresponding
control voltage Vp, is calculated at each moment. The power
module then controls the servo system. The principle diagram
of the control system is shown in Fig. 1.

Power
L I
module
Data acquisition
t
Computer and control card | V,,
Power
Lyl
module
0 o,
N B Power
module
4-link
manipulator
Power
||
module

Figure 1 Schematic diagram of 2-DOF robot control system.

Considering the system with the form shown in Eq. (1), we
have

(=] 0000 1000 .
=1 835210 -39.882 |*
0.000 0.000
[ ~835.210 ]”(t”[ 1ooo [M@ (2

with matrices Q = R =1,y = 0.09, and tuning gains a; =5, a,, =
lL,oy=1,and oy = 1.
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The computer provides the expected trajectory of the state.
Figure 2 compares the state obtained from the online
reinforcement learning algorithm with the ideal state. It is
clear that the estimated state can quickly follow the ideal,
demonstrating the effectiveness of the algorithm discussed in
this paper.

0.4 |
8
5 02
en
=1
£
:oof
=
.2
E 702 -
o
a
_04 -
1 1 1 1 1
0 5 10 15 20 25 30
Time (s)
Figure 2 Tracking error.
VII. CONCLUSION

This paper presents an online integral RL algorithm for
finding the optimal solution to a problem with hierarchical
decision makers. In this model, the leader is the control input
and the follower is the disturbance. Both the control input and
the deterministic disturbance shape the Stackelberg game. Full
dynamic information of the system is not required, as online
solution strategies are applied, making explicit solutions
unnecessary. The designed approximators for the leader and
follower are used to learn decision policies online for the
purpose of team decision making. This online learning
approach is suitable for varying team dynamics. As shown in
this paper, the algorithms presented here offer many
advantages in dealing with dynamic systems, particularly
mixed Hy/He, problems.

APPENDIX A
PROOF OF THEOREM 1
Proof The convergence proof is presented by introducing
Lyapunov analysis.
Specifically, we consider the Lyapunov function L(x)

1 1 .
L(x) = Vi(x) + Va(x) + 5WITa;IW] + EW2Ta51W2+

1. - 1. -
§W$Q§IWW+§WMTOJZIWM (A1)
where Vi(x) and V>(x) are approximate solutions of Egs. (18)
and (19) and are given in Lemma 1.

It is easy to obtain the time derivative as follows
L(x) = Vi) + Va(x) + Wha ' Wy + Whay ' Wat

Whas' W, + Wag'W, (A2)

The key step is calculating the terms in L(x). For the first
term, differentiate Eq. (40) when i = 1, then add and subtract

11 | —
3 WID1(OW1 and 5 W) E>()Ws, we have

. | U (N
Vi(x) = W]o + EWITDl(x)Wu - EWITEz(x)WW+

&1(x) (A3)
where
o1 =Ve1(x)(Ax+ Biu' + Bow'),
Ex(x) = Vg1 (0)B(y?) ' By Ve (x),
1 .

&1(x) = Vel (0)[Ax— EBIR—IBfw{Wﬁ
1 _ .
532@2) 'ByVr Wil

S

Wio=-x"Qx- ZW1TD1W1 +y1 ATV () Wa+

ZQX) + EHJ, (A4)

Using similar method to deal with the second term, we have
. 1 _ -
Va(x) = Waorp + EWZTEI(x)WW+
| -
5 Wa D2 ()W, + £(x) (AS)
where

02 = Vo (x)(Ax+ Biu' + Bow'),
E\(x) = Vo(x)BIR ' B V] (),

1 R
&(x) = Ve, (x)[Ax— 3BIR 'BIVoTW,+
1 _ R
3B B Ve W,
11~ 1 oo
Wiop =—x"Qx— ZWlTDl Wi+ ZWQT DyWs +ens, (A6)
Adding V;(x) and V(x), thus we get
R U (I
Ly= Ly + 5 W Di(0)Wy = 5 Wi Ex(x) Wyt

o1z, loopo o
3 W2 Ex()Way + 5 W3 Do () Wi+

£1(x0) + &2(x) (A7)
for the sake of simplicity
L,=—x"0x- %WlTD1 Wi +y ATV (x)Wa+
20x) +epny, —x Qx— ;‘WITD1 Wi+
! Wy DyWs + eny, (A8)

4
Combining the tuning law in Eq. (67) and the error
definitions, we can obtain the third term

Ly= WlTO/I] Wi =
Wleu [0'; Wy +xTOx+ 0 Ra+
Y (~ATPY ()Wa - 20x)] =
- - - |
s+ WleuyTATV(ﬁg(x)Wz + 1 WleuX
(Wi Di(x)W,, +2W E2(x)W,,] (A9)

where



LI et al.: LEADER-FOLLOWER BASED ONLINE RL ALGORITHM IN PROBLEM WITH HIERARCHY DECISION MAKERS 55

Z3=W;[‘0_',1[—5',;W1+—8HJ1 ]

T

(A10)
1 +0,0%

By using the similar method, the forth term becomes

. = 1 ~ ~ — ~ ~ - ~
La=Ls+ ngmw[wv{uz(x)ww + WID ()W, +

2W, 1 (x)Wo = 2W, Dy (x)W] (AlD)
where
P T [~ 1 EHI,
Ly=W)oy| - GaWo+ v +(T£O_w] (A12)

In order to obtain the tuning laws of actors of follower and
leader, these two terms VW, and ¥, are grouped by
multiplying with estimated values. This yields

. - - - 1 _
L(x)=L,+Ly+Ls+&(x)+&(x) + EWITD, (X)X
. 1 1= ~ 1 1= -
W, — le E(x)W,, + sz E (X)W, +
1 _ - . -
5W2T Do(x)W,y + W m,y" ATV (x)Wa+
| ~ - | -
EWI E,(x)W,,m, W + EWZ E (x)W,m,,x
T U [
Wy — EWI Di(x)W,m,,W> + ZW” Di(x)x
- | g
wWim,Wy - ZWM Di(x)Wim,W; + ZWu X
_ - | -
D) Wamn Wi + 2 Wy Da(x) Wam,, Wa—
1 ~ T - 1 ~ T —_ ~
ZWWDz(x)Wzmw W, + I W, Da(x)W,,n,, X
l.r= - |
Wy + ZWM Di(x)Wym,,W; — ZWM Di(x)x
1 or = 5 7Ty —1
Wim,,W> + ZWM Di(x)W,,m,,W5 — Ww[a4 X

A

1_ o R - A
Wiy = 3 Do) Wiy, Wa] - W la3'W,~

—_—

_ n o 1 - o o
=D ()W, m, W — ZDI(X)Wumew"'

N

1 T
2—72V¢1 BB, Pyy]

Considering the last two terms, the following tuning laws for
the leader and follower can be designed to simplify the equation

(A13)

X - - 1. . -
Wi = —aul (ks Woy = k3075 W) = 2 Da(0) W Wa] (A14)

A N o 1 _ o N
Wy = —a3[(ka Wy — k153 W) — Z(Dl(x)wumﬁwﬁ
_ R “ 1
Di(x)W,mI W) + 2—y2V¢1BzB§sz] (A15)

Then, the time derivative of Lyapunov function can be
rewritten as

, 1 _
L(x)=—xTQx— ZW1TD1 Wy +y ATV (x)Wa+

1o 1
20x) + &gy, —x" Qx— ZWITD1W1 + ZW2T><
DyWo + &ny, + W]Tm,,yTATV(ﬁ;(x)VNVZ—i-

~ T o~ EHJ . ~
W;FO',;[—O'QW]+—1!]+81(X)W;FX
1+0'ﬁ0',;

EHI, ) I r
— 2|+ ax)+=W'x
1+O—"£O-\7V:| 2(x) >

5’@[-5’@WZ+
_ ~ I 1= ~ 1 1=
Di(x)W, — EWI E(x)W,, + EWZ E>(x)X

N D B .
Wi+ = W) Da(x)W,, + 5 W Ex(x)Wyom, Wy +

\S)

1 _ - . 1 _ ~ -

3 W, Ey () Wym,, W — 3 Wi Dy (x)W,m,, Wo+
[ S R

ZWM Di(x)Wim,W; — ZWu Di(x)Wim,Wi+
| (R i
ZWu Dl(x)Wumqu + ZWWDz(x)WQWlWWQ—

1o oo~
1 WDy (x)Wam,, Wa + ZW$D2(x) W, Wa+

1o N R
ZWuTDl(x)Wlmez - ZWLTDl(x)WunWWz+
| N o

3 WD (X)W, Wa + WL kg Wa — WEka W,y —
W;£K3(5'3;W2 + WVP£K3O_'£WW + W;{szl -

WJKzWu—W,;FKl&gW1+WEK15'gWM (A16)

Here comes the norm bounds. Based on the definition of
uniform ultimate boundedness, Eqs. (A4) and (A6) become

1
llE1 (O < Dey <Allxll + Ebsle%bq}]xo'min(R)(”Wl||+

~ 1
IWalD) + 3 bey «B3bgs xrmin(y ) W2+

W) (A17)
1
l&2(0ll < bszxA”x” + Ebasz%bqblxo—min(R)(”Wl [+
”Wu”) + Ebeszzb(ﬁzxa'min(y )(”W2”+
Wyl (A18)

where onin means the inversion of matrix R.
Given & >0, i=1, 2, Ko(&1), and Ko(&>), where K| is the
hidden layer unit, there are supllens, | < &1 npq supllens,l <
? xeQ xeQ
&;. Then assuming N > Ky, define

_£W2 Wu Ww )’]T

e

=[x W (A19)

there is



56 THE INTERNATIONAL JOURNAL OF INTELLIGENT CONTROL AND SYSTEMS, VOL. 29, NO. 1, MARCH 2024

) 1 _ 1 _
L) = SIWIPID + ZIWaIPIDs ) + &1+
1 1
éZEbsle%bqﬁlxo—min(R)”Wl I+ Ebsle%X
1
DsxTmin(YIIWall + 5 ey Bibg, min(ROX

1
W1l + 5bgszéb@xamm(yzn|Wz||+

-20 0 0 0 0 0
0 -1 0 moy mps mog
=T 0 0 -1 m34 mas 0 ~
o s+
0 my my3 My 0
0 msy  Mms3 0 mss 0
0 me O 0 0 0
[ (Deyx+Dey)A |
EHI,
m
| e o
= M =& +&+ M+
my
ms
| ATVgI ()W, |
ETME+EM (A20)

where M is a matrix, 7 and p7 are bounded in p7,,.. and

Mpax> and

1 T
My4 = —K| + ——————— =my,,
T2 8 ma Doy 2
s = e Ex(x)Wy =ms,,
5
_ T T/ nvir _ T
mae = zmslA V¢2 ()W, = Mgy,
_ 1 -
m3y = E1(x)W, - D1(x)W1+
dmg 4mg

Di(x)W; = mL,,
mg 43
b+ D (X)W = mL.
m3s = —k3+ ——Do(x = Mg,
35 ) 3 8ty 2 2 53

1_ 1.
m44 = —Kp + ZDl(x)muWI + ZDl(x)meL

1.
mss = —K4 + ZDz(x)meZ,

—

mg = 14+0;0;,

S

mg =1+0,0,

g = koW1 — k15 Wi + %Dl(x)W1+
%Dl (x)Wim, Wy — %D] (xX)Wim, W2,

ms = kg Wy —K35’;€W2 + %Ez(x)Wl + %Ez(x)W2+
3 DaOWa = 3 Da(Wam, W,

#1= ZIWIPIDI+ JIWlPIDal + Sbe, By, X
Tnin RNl + 3oy B srmin Wl
e By ainRIWi I+

1
EbgszébWamm(yZn|W2|| (A21)

According to the bounds given in Definition 4, M and M

are bounded in p7,,,, and pp, ..., respectively.

Now, the matrix M can be compacted and rewritten as

20 0 0 0
M= 0 —h M§3 M§4
0 MéQ M§3 0
o M, 0 0
(20 0 0
0 -L Moy (A22)
0 Mz Ms
where
[ -1 0
~h= 0 -1 ]
;| moa mos
M3 | maa mss ]
’ [ mae
My, = 0 }
;| man mas
M, T | ms2 ms3 ]
, om0
Mss = | 0 mss ]
’ [ me2
My, = 0 }
M23=[ My, M, ]
M3, = %?2 ]
| Mg
[ M., 0
My=| " } (A23)

in which the following conditions should hold in order to
guarantee the negative value of M

(i) 20 <0,

(ii) =21, <0,

(iii) Shur complement for —I, is D_j, = —I—M>3 M3’3]
M3, < 0 with proper parameter «;, i = 1, 2, 3, 4,

(iv) Shur complement for M3z is Dy, = M3z + Ml
M>3 < 0 with proper matrix «;, i =1, 2, 3, 4.

Equation (A20) satisfies the following relationship

L <|IEIPomin(M) + M |E] + Minax + &1 +82 (A24)
and derives negative Lyapunov derivative by completing the

squares

”,5.” - _ Mmax 4 Mﬁm _ Mmax +E&1+& (A25)
20 min(M) 40-r2nin(M) O min(M)

which implies that L is negative if the norm IZ]l exceeds a
certain bound.

The above result is obtained using the standard Lyapunov
extension theorem, which demonstrates that both the state and
the weights are uniformly ultimately bounded.

The error dynamics for Wi and W, are given by
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2 T o~ _ EH) (3]
W]Z—Q]UEO',QW1+G’|O'Q—I+—

y ATV (x)x
mg1 m

s1

~ aq ~ T = ~ T# ~

W + —— Wi D1 ()W, + 2W{ Ex(x) W,
dm,

(A26)

2 I _ 8H]2
W, = —QZO';FT/O'WWQ + a0y +

msp

2 [T - U ~
7[W$D2(x)ww+W3D1(x)wu+
52

2Wy E\(x)Wo = 2W,) Dy (x)W | (A27)

The following gives the proof of effective bounds of
lloaWhll and [l Wal|

ATV (x)
I Wil > £max, > &1ll— ||+||y||||—f||||wz||+
S A
1 - 5 Di(x)
ZIIWull | ||+—||W1||><
S
Ez(x) -
I , [ITWy | (A28)
S
2. Da(x)
5% Wall > €max, >82|| ||+—||Ww|| | ”+Z
mgo mgp
Di(x) Ei(x)
WP I+ —||W2|||| [Ix
mgp mgp
Di(x)
AR —||W1|||| Wl (A29)
S
Thus, the proof is complete. ]
APPENDIX B

PROOF OF THEOREM 2
Proof The approximate coupled HJ equations are

Hy(x, Wa, W', 01') =
Hy(x, Wy, W) =

1. .
xTOx+ —WITVq)l (X)BIR'BIVo{ (x)W;+

1
g — W) Vo (x) B2 By Vi (x)Wa + W) x

1. _
V¢2(x)Ax—§W2T Véo(X)BIR B Vo] (x)x
Wi —émr, (A30)
Hy(x, W, W, 1) =

Hi(x, W, Wy) =
1. B .
xTQx— ZW1TV¢>1(x)BlR "BV ()W) +
R 1. R
WV (x)Ax+ s WV (x)B2B) Vi (x) Wa—

Y ATV ()W +20x) — eny, (A31)

Combining Egs. (36) and (37), Egs. (A30) and (A31) can be
rewritten as

Hy(x, W1, W) =
s 1. _ .
W) Ve (x)Ax— 3 WiV (x)BIR™ ' B] Vo] (x)W+
1 _ 1.
ZWITV¢1(x)B1R 'BIVo ()W) + EW2T Vo (x)x
1
BiR™'BI VoI ()W, - zW2T Vo (x)BiR™ '
1 - s
BVl (x)W; - s W3 Ve (x) B2 By Vs (x) Wa+
1 T T
3y 55 W,y Véa(¥)B2B, Vé (x)Wa —eny,
Hy(x, W1, W,) =

(A32)

8 1 R
WiV (x)Ax— FWITV¢1(x)B2B;V¢g(x)W2+

1 1
% — W[ V1 (x)BB) Ve (X)W — ZWTV¢1(x)x

1.
W[V (x)BIR' B x

BIR' BV ()W, + Z

Vo (W) -y ATV (x)Ws — eny, (A33)
Letting [|[W]| < Wi max and |[W2|| < W2 max, thus we have
Wil =1l - Wi + Wil <
Wl + 1W< W1+ W max (A34)
Wall =1l Wa + Wal| <
IWall + [[Wall < [[Wall + Wa max (A35)

By taking into account Egs.
suplleny, Il < &1 and sup|leny, || < &
xeQ xeQ ’

become

|| Ha(x, Wi, W)l <

(A34) and (A35) and
Egs. (A32) and (A33)

. 1 .
by AW+ 2 (IW + Wi maxl IV 1 (x)B1 %

R BTV¢<>||+ Wi naxIVe1(X)BIR ™' B X

lmaxl

Vo (ol + §(||‘7V1 + Wimax DUW2 + Wa max )%
—1 pT T 1

(IVé2(x)B1R B1 V¢1 Ol + EWI,maxWZ,maxX

1 .
IV2(x)B1R ™ BIVAT ()l + — [Wal PV (x)x
47/2

1
BzBTV¢2(x)||+ WZmdonznx

||V¢z<x>BzB§V¢2 @ll+& (A36)
|1 (x, Wi, Wo)ll =

- 1 - -
by, LAXIIW [+ ﬁmwl + Wi maxID(IWa+
1
Wa.maxIDIIV$1 (X)B2B; Vb, (1)l + =— % Wi maxX

1 -
Wa.maxlIV$1 (x)Ba B V1 (x)l| — 3 Wimaxl Wl

1 .
IV (x)B1R™ B Vo ()] + 21w 21V (x)%

BiR™'BIVoT (0|l = Wallbg, Al AVl + &1 (A37)
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The terms on the right-hand side of Egs. (A36) and (A37)

are uniformly ultimately bounded, SO both
Hy(x, Wo,W'(x),@'(x))  and  Hi(x, W;,W(x),2(x))  are

uniformly ultimately bounded. Furthermore, W, and W,
converge to an approximate coupled Hamilton-Jacobi
solution.

Based on Theorems 1 and 2 and Egs. (59)—(62), it follows
that W —w’|| and ||it—u’|| are uniformly ultimately bounded,
since ||[W,, —Wa|l and ||[W,—-W,| are uniformly ultimately
bounded.

Therefore, the policy pair (W(x), ii(x)) provides an
approximate equilibrium solution for the Stackelberg game.
This completes the proof. ]
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