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Event-Based Cooperative Control for Uncertain
Multiagent System Using Parallel Adaptive
Dynamic Programming

Shanshan Jiao, Qinglai Wei, Fei Dai, Jianchao Wu, Miaosheng Qiu, Bin Zhang,

Yongjin Luo, Kunxin Huang, and Genpo Ma

Abstract—This study explores a new robust consensus control
strategy for uncertain multiagent systems and provides an event-
based solution to adaptive dynamic programming (ADP) based
optimal control. Rather than the control function, the feedback
system established symmetrical to the physical system allows the
optimal consensus control issue to be handled by the optimal
control protocol of an augmented affine system. The feedback
system focuses on an auxiliary variable formed in light of the
optimality principle and the virtual control input built on a critic
neural network (NN). Analysis reveals that the auxiliary variable
benefits from decreasing the influence of uncertainty on control
performance, while the proposed approach is implemented with
fewer communication resources since the critic NN is updated as
events occur. Finally, evidence from simulation findings validates
the theoretical results.

Index Terms—Optimal consensus control, event-based control,
robust control, parallel control, adaptive dynamic programming

I. INTRODUCTION

Human comprehension of the world is constantly advancing
due to the rapid development of computer networks, virtual
reality, and other techniques. Processing systems
progressively evolve from single mechanical equipment to
high-tech fields, such as aerospace systems composed of
several subsystems. As a result, the cooperative control of
subsystems to perform tasks has become a topic of interest
[1]. Research on consensus control, a classic cooperative
control approach, has likewise sprouted up [2, 3].

In Ref. [4], to clarify the settling time, the fixed-time and
prescribed-time consensus controls of multiagent systems
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(MASSs) were discussed, and their properties were provided. In
Ref. [5], the consensus issue was settled as the stability
problem of a single system, and the uncertain parameters were
compensated by the dynamic gain, such that the control
protocol enabled agents to achieve the full-state consensus. A
hybrid system approach was developed for data-based MASs
in Ref. [6], and its characteristics laid in an extra reset control
part for better transient consensus performance.

However, the impact of uncertainty on system performance
cannot be underestimated, further stimulating the development
of robust consensus control. In Ref. [7], a quadratic objective
function was developed for consensus control of linear MASs,
and the condition and weighting matrices were specified to
design a distributed consensus controller to settle the
coupling. In Ref. [8], a terminal sliding mode control scheme
was identified for the consensus of MASs with inherent
disturbances, in which the feedback gain was determined by
the settling time. A performance-oriented protocol was
investigated in Ref. [9] for the desirable system steady state
and tunable transient performance in consensus control.
Moreover, some finite-time Ho., consensus criteria generated
from the proposed state feedback controller and the adaptive
controller were identified in Ref. [10].

The ongoing advancement in emerging fields has also led to
the quality requirements for control systems being updated in
practical applications, and the trend toward developing a
stable consensus control rule that is capable of optimizing the
specific index is inevitable [11, 12]. In Ref. [13], the optimal
consensus control challenge of MASs was treated as a
nonzero-sum game with players denoting agents, and a data-
based algorithm was proposed using offline system interaction
datasets to ensure the performance of learning algorithms. In
Ref. [14], the solution to the optimal consensus control of
strict feedback MAS was built on the virtual and actual
control rules, and the negative gradient of simple positive
function allowed the control rule to be updated. In addition,
the parallel control technique [15], as a powerful platform,
was employed in Ref. [16], which enabled the consensus
control challenge to be settled in virtual space, thereby
attaching the consensus of all agents by a unique feedback
system.

Subsequently, new insights into the solution of optimal
consensus control for uncertain MASs are also inspired. In
Ref. [17], a compensator for the dynamic uncertainties was
formed using the Lyapunov redesign technique, resulting in a
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fully distributed algorithm for optimal consensus control with
partial information. The global information of the graph and
parameter uncertainty is necessary for the distributed robust
optimal control strategy involved in Ref. [18]. In Ref. [19], a
distributed optimal cooperative control rule was established
with the robustness of MASs guaranteed by the integral
sliding mode control method. In Ref. [20], an optimal
consensus control approach was analyzed using reinforcement
learning to mitigate uncertainty and external disturbances,
thereby balancing the control resources and system
performance.

Most of the existing robust optimal consensus control
methods require compensation for uncertainty or to achieve
robust control with the modified performance indicators. The
former complicates the robust optimal consensus control, and
the latter fails to balance optimality and robustness. Then, the
popularity of parallel control motivates us to construct an
auxiliary variable to fill this gap, as the strategy shown in
Ref. [21].

Moreover, as another performance indicator, the occupation
of communication resources in the control field is gradually
attracting attention [22, 23]. An event-based robust optimal
consensus control strategy was explored in Ref. [24], in which
a modified cost function was invoked to guarantee the
robustness of uncertain MASs. An event-based controller was
used for the position control of the system, and a dual-loop
structure multi-rotor unmanned aerial vehicle (UAV) swarm
control model was constructed in Ref. [25].

For this reason, we attempt to implement the event-triggered
robust optimal consensus control via parallel control. The
significant contributions of this paper, in terms of the practical
work, are as follows:

(1) An auxiliary variable and a virtual control law are
applied to establish the feedback system. This allows the
robust optimal consensus control issue of the uncertain MAS
to be addressed through an affine augmented system, which
takes the virtual control law as the control input and the
physical system is treated as its internal dynamic.

(2) The coupled Hamilton-Jacobi (HJ) equations are built
for the augmented system of the uncertain and nominal
systems, so that a certain unique condition can be determined
in light of the equivalence between the HJ equations, thus
constituting the auxiliary variable employed in the feedback
system.

(3) Different from the common triggered control strategies,
invoking a nonzero function enables the update frequency of
the control law and the estimation weights of critic neural
network (NN) to be further decreased, resulting in robust
optimal consensus control online in a more communication
resource-efficient way.

The rest of this paper is organized as follows. Section II
describes the problem involved in this paper. Event-triggered
robust optimal control is detailed in Section III. In Section IV,
the proposed method is examined by a numerical example.
Section V concludes this study.

Notation |||| is the norm. Amin(-) signifies the minimal
eigenvalue of the matrix. n-dimensional vectors and nXxm-
dimensional matrices are denoted as R" and R"™™. 0,, and 1,

represent n-dimensional vectors with 0 and 1, respectively.
(-)* denotes the optimal value of (-). V., =adV/a(:).

II. PROBLEM FORMULATION

This section provides an overview of graph theory and
introduces the robust optimal parallel consensus control issue.

A. Algebraic Graph Theory

G 2 (V,E6,A) draws a graph that covers the interaction
between agents in MASs, where V = {v;,i = 1,2,..., N} shows
a set with N agents, the set of edges is EC VXYV, the
neighbor set of agent i is N;={jeV:(j,i) €&}, and (j,i)
demonstrates that the information is transmitted from agent j
to agent i. (j,i) € & yields the adjacency matrix A = [a,- j] with
di = £ _aij forms the in-degree
matrix D = diag{d;,ds,...,dy} toj caiculate the Laplace matrix
L=D-A= [lij], where [;j = —a;; and [;; = d;. Furthermore,
b; =1 indicates that there exists an interaction between the
leader and the i-th follower, and B = diag{b1,b>,...,bn}.

ajj=1 and a; =0. Next,

B. Problem Description
The nonlinear MAS with N followers is given as

xi= ) +g(x)u; & F (xiuy) (1
where x; = [xi,l,x,‘,z,...,x,‘,h]T eR” h=1,2,...,n, and u; €R.
f(x;) and g(x;) denote system functions, and u; represents the
control input, f(0)=0, and f()+g(-)u; is Lipschitz
continuous on the compact set ¥'.

Adding uncertainty yields the following uncertain system

&= fO)+g (W) ute; (0 2 F () +oi @) (2)
where ¢; (¢) is the uncertainty associated with time #, which is
bounded by the function S1(#).

For consensus control, the admissible controller u; allows
tlirgo x; = xo, and xo shows the state of leader generated by
Ref. [16]

X0 = f(x0) 3)
In light of the neighbors and leader, the local consensus
errors for Egs. (1) and (2) can be expressed as ¢ and §;,
respectively.
Taking the derivatives of 9J; and ¢;, we have

B (xiyu) = Ui+ by) (f Ceiug) + g () up) —

bl-f(xo)—Zaij(f(xj,uj)+g(xj)uj) (4)
JEN;
5 (xi,ui, i (1) =
(Ui + b)) (f (xisui) + g (xi) ui + i (1)) — bi f (x0) — )

Z aij(f(xj,uj)+g(xj)uj+<pj(t))
JEN;
According to the L, gain condition, robust optimal
consensus control can be achieved by designing u;, such that
the system state of Eq. (5) is La-bounded, thus yielding [26]

|, UiGLupdr<a? | "ligiiPdr (©)

where U, (9;,u4;) is the utility function and o > 0 is a constant.
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Therefore, the performance index function of agent i can be
further defined as

560,160 = [ (UiGLw) - Pl 0F)de ()

where ¢;(f) is abbreviated as ¢;, and
Ui (61, uis i) = Ui 8iu) — 7 gl

Similarly, the performance index corresponding to Eq. (4) is
as follows

specify

Ji(9:(0),u;) = fom Ui (9;,u;)dt (®

where U; (9,u;) denotes the utility function of Eq. (4).

Remark 1 The proposed control protocol u; should enable
Eq. (1) to achieve optimal consensus control if ¢; (f) =0, and
it not only makes the agents attain a consensus but also
ensures that Eq. (6) is satisfied when ¢; (¢) # 0.

III. IMPLEMENTATION OF EVENT-BASED ROBUST OPTIMAL
CONSENSUS CONTROL

To implement parallel control, the virtual control law is
introduced to construct the feedback system in this section,
and the event-triggering mechanism is presented to optimize
the occupation of communication resources.

A. Application of Parallel Control

For parallel control, as detailed in Refs. [27, 28], a control
system #; that parallels the physical system should be
developed. For this reason, based on the integral backstepping
technique, a virtual controller w; is built for Eq. (2)

wi = @it (xi, u;) — 6; (1) ©)
where ¢ represents a constant and 6;(f) is an auxiliary
variable. Accordingly, the feedback system of Eq. (2) can be
constructed as i; (x;,u;) = 1/¢(w; +6;(1)).
Furthermore, w; = ¢i; (x;,u;) can be designed to construct
the following control system for the nominal Eq. (1)
i (xi,u;) = 1/gpw; (10)
Considering Egs. (4) and (5) and defining the augmented
states j; = [,}T,M,T]T and §, = [5T,uiT]T, we have

;71:[ D (D, u;) ] [ s } F () +G (0:)wi

5,’ 2[ 61((2;51)’901) ]+[ lo/r;ﬁ }Wi = F((_Si)+G((_Si)Wi
(12)
where G(5:) = G(3;) = [ 0a.1/0 |-

Therefore, the optimal consensus control aims to design w;
and 6;(¢), so that agents synchronize with the leader while
minimizing the augmented performance index as

Ti @O uw) = [0

jo (U 1w +wl Pw;)di

i(Biwi)de =
(13)

Fi@ O uigiw) = 0

jo (Ui (6i, uis i) + wiTPwi)dt

where P = p'p represents a symmetric positive definite matrix
formed by the invertible matrix p, and

Ui 0i,u) =07 Qi = 9] Q9 +u; Ruy,
where O0>0 and R>0 are the weight matrices,
Qii = dlag{Q,R} eR(n+l)><(n+l).

Remark 2 It has been proved in Refs. [27, 28] that the
asymptotic stability of Egs. (11) and (12) can be guaranteed if
and only if Egs. (4) and (5) are asymptotically stable.

It follows from Eqs. (13) and (14) that the value functions
can be identified as

u(5.0)=f;

Vi(8i(0)) = [~ 0i(3isiiowi ) (16)

The admissible control rule w; allows the optimal value
functions to be defined with the optimal control rule w; as

V; (8:(0) = min.7; (8 0),w;) = fow Oi(nw)dr (17)

6l3¢l’wl)dt_ (14)

and

T (B wi)dr (15)

V; (5:0)) = min7: (5 0)giowi) = [ O (Giorw;Jar
(18)
Taking the partial derivatives of V( ,-) and V( l-) with

respectively, Vg = [VT VT and

¥; u;

respect to §;, and g,

Vs, = [VT VT] can be obtained to construct the coupled

[

Hamiltonian for Egs. (11) and (12) as
Hi (l‘_}ia Vﬁi’wi) =
Vgl.((lii +bi) (f (xi) + i (xi) ui) = bif (x0) =
2 il (x5) + &%) “f))+
JEN;
1/¢V,;1:,W,' +U; (F;,u;) + W;rPWi

(19)

H; (55, Vi, wis i (1) =

V(i B (F (i) + 81 (0) = bif ()=
Z aij (£ (x))+ &5 (xj)uj+¢j(t)))+

i/ZVT (Wi+6; (1)) + Ui (65, i, i (1) + w; Pw;

(20)

In light of the Bellman optimality principle, we have

H; (Bi,vg_,w;‘) =0 1)

H;(5:.V; wl,%)_o (22)
Then,

(51,3 w7, 01) =

it can be deduced from Egs. (19)-(22) that

(31, V;, ;) holds if there exists
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16, (1)

v;f(awbl-)go,-(t)—Zaim(n] “ ;=0 @

JeN;
Moreover, the auxiliary variable can be formed as

Z aijp;j (t)J

00 = (Vi Vi) (v;?v:,.)[aﬁw,-)so,»(t)—
o (24)

According to 6Hi(19,~,Vli;,w,~)/(9wi=O, the optimal value

function in Eq. (17) gives the following optimal control rule

1

Wi =3P G(ﬁ) Vi (25)

The equivalence relationship between Eqs. (21) and (22)
implies that the feedback system in Eq. (5) can be formed by
substituting Egs. (24) and (25) into i} (x;,u;) = 1/¢(w;+0; (1)),
achieving the optimal consensus control of uncertain Eq. (2).

B. Event-Based Online Implementation

This section attempts to perform optimal consensus control
online based on a critic NN. It is worth noting that updating
the NN weights in light of events enables the proposed
method to be more efficient in terms of communication
resources.

The critic NN can be expressed as
Vi () = wilore (8:) + & () (26)

where w?, € R™! denotes the ideal weight, o (19;) and &, are

1

the activation function and approximate error, respectively.
The optimal value function generated from the output of
critic NNs is

V,(8:) = o e (9) 27)
For event-based control, the monotonically increasing
triggering instant sequence of agent i {t,i}:O, t, = 0 should be

determined. Therefore, the sampled state 5,-,1( éﬁi (t}() is

. S . P A
specified to identify the event-triggered error ¢, = e (ti) as

e, (1) =V =i (1), t€ [t 11, (28)
The sampled augmented consensus error system for Eq. (11)
is provided as

9:(1) = F; () + G (3 )wi (e} () + 5: (1)

Remark 3 The controller w; is updated and the triggering
error is reset to O only at the triggering instant. In the
implementation, the zero-order hold (ZOH) maintains the

[tk,tk+1) e, wi(H)=w; (&',k)»

29

updated w; as a constant in

1 1
Vte [t ,tk+1)

Taking the gradient of V' (19,-), ie., V:-;_, we have

wi 2wt (i) = —%P"GT Buvs () 6o
Referring to Eq. (27), Eq. (30) is reformulated as
W (D) = —%P—IGT(éi,k)(Vac (54) o G

To tune the NN weights, the residual error function

E.;= eg’i /2 is constructed with
eci = H; (5% Wi (3:',1«) ; @c,i) =
5?Q,’il_9i + WlT (31 k) Pw. (3, k) +

ey (Vore (3) (F (9:) + G () 9, (94))

Then, the gradient descent scheme yields the update law as

A 1 (aEc,i ]
W, =—Qp j ———— — =
T gty 00,

_ % (19,T Qi + W] (5i,k) P, (Si’k) + de)C’i)
Yy

(32)

(33)
where y = Vo (1_9,-) (F (19,-) + G(f?,-) W, (3,;()) eR!, and a.; >0
is a constant.

Define the weight estimation error as @c; = w;;
its dynamics can be calculated as ’

-, and

2 A
Wej=—We,i =

*T 2 AT
Yla., W Vi

(1+7 )

yaeiVee (1_91)

(1+9Ty)’
e (P (3)+6(3)5(0)-
—a oy T .

('@,

“(1+9Ty) “ eCH)

where ecy = —Ve, (191-) (F (1_9,-) +G (f?,-) W, (ﬁi,k)).

The optimal control of augmented Eq. (11) achieved by Eq.
(31) indicates that the control input deduced from Eq. (31) is
capable of performing optimal consensus control of Eq. (1).
According to the integral technique, the optimal consensus
controller of uncertain Eq. (2) can also be generated from the
feedback system composed of Egs. (24) and (31) as

wi=ui(0)+1/6 ! (#,
where 7€[0,1],
triggered 6; (7).
Then, the triggering instants are determined by developing
the triggering condition based on the system stability.
Referring to Refs. [29, 30], a non-negative function 7, is
utilized to build a dynamic event-triggered mechanism that
increases the triggering interval, whose dynamics is as follows

el +

(34)

(35)
and time- trlggered @i () gives the time-

ix) +0;())dr

== =2 llplP|| P~
(1—,32) min(Qii)||19i||

where 4 and A; denote positive constants, 52 € (0,1), and

17x(0)>0
Assumption 1 (1) The gradients of the activation function

(36)

and estimation error are bounded by “VO' c (1_91)H <4s and

“Vb‘c (&)H < Ag, where A, > 0 and A, > 0. In addition, |ecq| <
A, Ao > 0 holds, there exists

[ere (@) - ore (Bis) | < L2 e

where L, > 0 is a constant.

(37)
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(2) The following Lipschitz continuity is satisfied

|6(3:) -6 (31)] < L3 el (39)

where HG(ﬂz)H S 4g, and L3 and Ag are positive constants.
Consequently, it can be concluded that Eq. (11) forced by

the event-based control rule Eq. (31) with the tuning law Eq.

(33) is asymptotically stable, which also allows the weight

estimation error of critic NN @.; to be uniformly ultimately
bounded (UUB) if there exist

o0l > Va7 9
Hei “2 3 (1 —ﬂ%)/lmin (Qii)||l_9il|2+
2P e (40)
Tlx é ér
2t ol PPl

where A = 22+ 122, 3 = 2pl?||PV|f 4222 + a2, 222,
_1112

A = (@i = 1/2) Ain (vi71) = 2plP[[ P23, 71 =7/ 1+

yTy), and u is a designable parameter.

Referring to Ref. [15], the local Lyapunov function can be
selected as

Li=Ljn+Li+La+Lia (41)
where Ly =V} (5‘,-), Lp=V} (ﬁi,k), Ly =&} @ci/2, and
Lig =15.

The analysis is usually carried out in the following two
cases:

(1) Events are not triggered, Vt € (t,’( f +1) and L =0.

L= (Vi (8:)) (F(8:)+G (8w, (9:))

. 3 5 (42)
L= _ac,iwzim (¢Twc,l~ - ecH)
It follows from Egs. (25)—(27), (30), and (31) that
Liy <97 Qidi - HPW,» (&',k)”er
2ol I12 RN~ 12 22l 12 2 (43)
202l Pl + 22 (2ol + 2))
Taking the derivative of L;3, we have
, 1 1
Lis< —(ac,l- - E)Amm (Y1) @ea + A A CD)
It can be deduced from Egs. (35), (44), and (45) that
Li <= Amin (Qit) ”ﬁinz + (ﬁ% - 1)/1min (Qii) ||l_9i||2— 45)

A= 2o ||+ s+ 2001 el
(2) An event is triggered, i.e., Vi =1 .

In this case, the Lyapunov function is formed as

AL =1, (Si,kﬂ) -1y (1_9, (t1:+1)) =ALj1 +ALp+AL3+ ALy
(46)
where 9; (’1:+1) = 1iII(1) 9 (tk o —T), f,1) indicates that the time
i

— . . . . l l
tends to LT from negative direction, i.e., t € (tk,tk +1).

Since Egs. (39) and (40) are satisfied, L; < 0 indicates that
the Lyapunov function is monotonically decreasing.

Thus, ALp <-K ( Dik+1 _Si’k|') can be deduced from
ALp =V? (&,k“) -Vr (1%’,;;(), where K() is a class-K

l 1
function. Furthermore, AL; <0 can be obtained to guarantee

the stability of Eq. (11).

IV. SIMULATION

This section provides a numerical example to verify the
validity of the theoretical results.

The MAS with three agents is employed as shown in Fig. 1,
and there is information transmitted between the leader and
agent 1.

Figure 1 Communication diagraph.

The uncertain system in Eq. (2) is provided as
Xi1=—Xj1+Xxi2+ 2)622,
Xip=-0.5(x1 +x2)+0.5x2 (1 + 2xl.22) sin’ (xi1)+ 47)

sin (xi,1) ui+e; (t)
and the trajectory of the leader is generated from

vh o o— 3
{ X0,1 = —X0,1 +X0,2 + 2x0’2,

X02=-0.5 (XQ,l + )C(),z) +0.5x0,2 (1 + 2x(2)’2) sin? (XO,I)

(48)
where x; = [x;1,xi2]" €R2, w;eR, i=1,2,3, and ¢;i(1)=
0.5p1x;1sin(pax;), where p; and pp € [-1,1] are unknown
parameters. The boundary function is B (f) =|lxil|. Let
xi0=[+7 02T .7 || =1-0.75,0.30,0.50,0.50,-0.25,0.50]"

and the initial state of leader be [0.25,0.10]T.

Moreover, ¢ =1, a.; =10, OQ=1I,, R=2I, and P=1 are
selected, where [, represents the n-dimensional identity
matrix. o (1_9,) = [191.21,19“19,-2,ﬂilui,ﬁé,ﬂizui,u%r, [=6, and
the initial weights are taken as wc 1 =0.10X 16, wc2 =0.15%
lg, and w3 =0.20x 1g. Over time, the weights converge to
&1 = [0.1598,0.1478,0.1495,0.1510,0.1502,0.1500], &=
[0.1807,0.1713,0.1702,0.1702,0.1701,0.1700]", and &3 =
[0.1984,0.1904,0.1895,0.1900,0.1900,0.1900] .

As depicted in Fig. 2, agents in MAS have attained a
consensus following the leader, where different colors identify
agents. Figure 3 draws the gap ||e§{||2 and the threshold
function. It is clear that the gap is always smaller than the
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threshold value, indicating that Eq. (40) is satisfied and the
stability of the system is maintained. Thus, the effectiveness
of the event-based robust optimal consensus control
developed in this study is verified.

0.5

0.4
03F

502

0.1F —— Leader
—— Follower 1
oF Follower 2
Follower 3
_01 1 1 1 1 1 1
-0.8 —06 —-04 -02 0 02 04 06

Xit

Figure 2 State trajectory (p; = 1.0 and pp =0.5).

1.0 \ 112
\ —lledll”
b
0 5 10 15 20 25 30
1.0 .
s — il

\ A
1 1 1 1

Triggering condition
o

0 5 10 15 20 25 30
1.0 >
05 —ledll

0 5 10 15 20 25 30

t(s)

Figure 3 Evolution of triggering condition.

V. CONCLUSION

This investigation identified a robust optimal consensus
control strategy via parallel control. Referring to the
optimality principle, the relationship between the optimal
control for the nominal and uncertain systems delivers an
auxiliary variable, which is capable of reducing the negative
effect of uncertainties on the system. The integral
backstepping technique motivates the construction of a virtual
control law, which is estimated by a critic NN tuned in
response to events. Then, the robust optimal consensus control
is implemented online using the feedback system built on the
virtual control law and auxiliary variable. Furthermore, the
event-triggered mechanism with a non-negative function
presents fewer triggers. Finally, simulation findings confirm
the contributions. Further research is required to determine
more intelligent event-triggered mechanisms, thus facilitating
the advancement of event-based control.
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