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Q-Learning for Linear Quadratic Optimal Control
with Terminal State Constraint

Juanjuan Xu, Jingmei Liu, Zhaorong Zhang, and Wei Wang

Abstract—In this paper, we study the linear quadratic (LQ)
optimal control of time-varying difference system with terminal
state constraints. The main contribution is to provide the Q-
learning algorithm for the optimal controller under the case that
the time-varying system matrices and input matrices are both
unknown, which consists of learning the solution of the Riccati
equation and calculating the specific Lagrange multiplier from
the data-driven matrix equation. Different from the existing Q-
learning algorithms that mainly focus on unconstrained optimal
control problems, the novelty of the proposed algorithm can be
applied to handle situations with terminal state constraints. The
effectiveness of the proposed Q-learning algorithm is
demonstrated through a numerical example.

Index Terms—Linear quadratic optimal control, terminal state
constraint, Q-learning, reachability

I. INTRODUCTION

Linear quadratic (LQ) optimal control has wide applications
in fields including aerospace engineering [1], economics [2],
and so on, the research of which began in the 1950s [3]. From
then on, many important progresses have been made [4, 5]. In
Ref. [6], the optimal state feedback solution was provided in
terms of the Riccati equation. Ignaciuk and Bartoszewicz [7]
gave a closed-form optimal solution for the LQ optimal
control with periodic-review perishable inventory systems.
Yong [8] proved the existence of equilibrium control for the
deterministic LQ time-inconsistent optimal control. Zhang and
Xu [9] obtained the necessary and sufficient conditions for the
solvability of the LQ optimal control with irregular
performance. These results are mainly focused on
unconstrained optimal control problems.

Considering the practical demands in production and daily
life, such as spacecraft launch and mean-variance portfolio
selection, the state/input must satisfy specific constraints, e.g.,
the terminal state is fixed [10], the control input is bounded
[11], etc. This stimulates the study of the LQ optimal control
with constraints. Mitze and Monnigmann [12] derived the
optimal controller of an LQ regulator problem with constraint
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by using dynamic programming. A constraint-compliant
feedforward-feedback control update was derived in Ref. [13]
for the equality constrained iterative LQ optimal control.
Sideris and Rodriguez [14] solved the LQ optimal control
with state-only constraints and mixed state-control based on
the Riccati equation. Ferrante and Ntogramatzidis [15]
provided a closed-form expression that parameterizes all
solutions of the Hamiltonian system using a strong non-mixed
solution of a continuous algebraic Riccati equation and a
solution of the algebraic Lyapunov equation. Sun [16] studied
the LQ optimal control with terminal states and integral
quadratic constraints. Park et al. [17] gave the optimal
controller of LQ tracking control with fixed terminal states in
a recursive form. As a brief summary, we note that most
results of the constrained LQ optimal control are model-based,
that is, the deriving of the optimal controller strongly depends
on the exact knowledge of system matrices and input matrices.
However, in industrial processes, there are many uncertainties
and external disturbances, making it difficult to obtain
accurate models [18]. Therefore, studying the constrained LQ
optimal control with unknown system matrices and input
matrices is of great significance.

As is well known, Q-learning algorithm is one of the
methods of reinforcement learning and is very effective for
dealing with the optimal control problem with unknown
model. Calafiore and Possieri [19] presented a Q-learning
algorithm under finite-horizon and provided state-feedback
and output-feedback solutions of the standard LQ optimal
control problem. Zhang et al. [18] proposed a Q-learning
algorithm for the Nash strategy of the nonzero-sum game.
Rizvi and Lin [20] provided the Q-learning output-feedback
algorithm to give the optimal control of infinite-horizon LQ
zero-sum game. In Ref. [21], the Q-learning algorithm was
used to solve the consensusability problem of multi-agent
systems. It is noted that although the Q-learning algorithm has
been widely studied in various problems and many important
progresses have been made, the Q-learning algorithm for LQ
optimal control problem under terminal state constraints
remains to be solved. The main difficulty lies in the learning
of a specific Lagrange multiplier in view of the fact that the
optimal controller is in the feedback of the state and the
specific Lagrange multiplier.

In this paper, we study the LQ optimal control problem of
discrete-time time-varying systems with terminal constraints.
When the coefficient matrices of state and control inputs in
the time-varying system are both unknown, a Q-learning
algorithm is proposed for the design of the optimal controller.
In particular, the Q-learning algorithm consists of two steps.
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The first step is to learn the solution of the Riccati equation,
which thus gives the matrices gains of a specific matrix
equation. The second step is to calculate the specific Lagrange
multiplier from the data-driven matrix equation. Accordingly,
the optimal control is obtained by running the Q-learning
algorithm. Finally, a numerical example is shown to verify the
effectiveness of the proposed algorithm.

The rest of the paper is organized as follows. Section II
states the studied problem. The model-based solution is given
in Section III. Section IV presents the specific derivation of
the algorithm. Section V shows the numerical example. Some
conclusions are given in Section VI.

Notation R” and R™ denote the families of n dimensional
and m dimensional vectors. x" means the transpose of vector
x. M>0(>0) represents that M is a positive-definite
(positive semi-definite) matrix. / is an identity matrix with
appropriate dimension.

II. PROBLEM FORMULATION
In this paper, we study the time-varying system which is
given as below

x(s+1) =A(s)x(s) + B(s)u(s) )]
where x(s) € R" and u(s) € R™ are the state and control input,
respectively. A(s) e R™" and B(s) e R™™ are time-varying
matrices. s€{0,1,...,8} is the discrete-time variable. The
initial value of the state is prescribed as x(0) = xp.
The cost function is given by

S
J= Z[x’(s)Qx(s) +u' ($Ru(s)]+x'(S + DHx(S +1)  (2)
s=0
where Q and H are positive-definite matrices, and R is a
positive semi-definite matrix.
The problem studied in this paper is presented as follows.
Problem The aim of the paper is to design a Q-learning
algorithm for the optimal solution u(s) which minimizes the
cost function in Eq. (2) subject to Eq. (1) and ensures that the
terminal state satisfies x(S +1)=¢ with unknown model
matrices A(s), B(s), and s =0,1,...,5, where ¢ is a given
constant vector.

III. MODEL-BASED SOLUTION

In this section, the model-based optimal controller of the
problem is firstly presented. To this end, we introduce the
following Riccati difference equation

P(s) = A’(s)P(s + DA(s) + Q — A’(s)P(s + 1)B(s)x

[R+ B (s)P(s+ 1)(s)] "' x A3)
B'()P(s+ 1)A(s)
with terminal condition P(S+1)=H. The following

denotations are made
I'(s)= R+ B (s)P(s+1)B(s),
K(s) = —I"fl(s)B'(s)P(s + DA(s),
Ac(s) = A(s)+ B(s)K(s),

D) = { ASALS = 1) Acls)

Ki(s)= -TI" Y (5)B' ()@ (s +1,5),
B(s)= B(s)["'(5)B'(s),

S
G(s) = Z®(j+1,S)B(j)q5’(j+1,S).

Jj=s

Lemma 1 Assuming that the following equation

P(0,5)x0-G(0)A1=¢ “)
has a solution A", where 4 is the Lagrange multiplier, then the
optimal solution of the problem is given by

u(s) = K(s)x(s) + Ki(s)4" (%)
Proof Firstly, considering the terminal state constraint

x(S +1) =€, we introduce a Lagrange multiplier A4 and define
the cost function as below

s
I = ) I ($)0x(s) +u (HRu(s)]+
©)
X (S +DHx(S +1)+22x(S +1)
By applying the maximum principle in Ref. [22], there

min J;
u(s)

subject to Eq. (1), if and only if the responded forward and
backward equations have a unique solution, where the forward
equation is Eq. (1) and the backward equation is governed by

exists a unique optimal controller to the problem

p(s=1)=A’(s)p(s) + Ox(s) @)

with p(S)=Hx(S+1)+4 and the optimal controller
satisfying

0 = Ru(s)+ B'(s)p(s) (®)

Secondly, we solve the forward and backward equations.
The key is to verify that

p(s) = P(s+ Dx(s+ 1) +n(s) )
where P(s+ 1) is defined by Eq. (3) and 7(s) obeys

n(s=1) = Ay(s)n(s) (10)
with n(S) = 4. In fact, at time S, Eq. (9) holds naturally since
P(S +1)=H and n(S) = A. Assuming that Eq. (9) holds with
s=w for any we{0,1,...,5}, that is, p(w) = P(w+ 1)x(w+
1)+n(w), we prove that Eq. (9) holds for s=w-1. By
substituting Eq. (9) into Eq. (8), we have

0 = Ru(w)+B" W)P(w+ D)x(w+ 1)+ B’ (w)n(w) =
[R+ B’ (W)P(w + 1)B(w)]u(w)+
B’ (W)P(w + DA(W)x(w) + B'(w)n(w).
In view of the fact that R >0 and P(w+ 1) > 0, it yields that
I'(w) > 0. This implies that

u(w) = Kw)x(w) = I~ (w)B' (w)n(w) (11)
By plugging Eq. (11) into Eq. (1), Eq. (12) is obtained
x(w+ 1) = Ac(w)x(w) — Bw)n(w) (12)

Combining with Eq. (7), we have
pw—=1)=A"W)P(w+ DAc(w)x(w)—
A’(W)P(w + D) Bw)n(w)+
A’ (win(w) + Ox(w),
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therefore, at time s =w—1, Eq. (9) follows from Egs. (3) and
(10).

Finally, we solve the Lagrange multiplier A. From Eq. (12),
it follows

S
X(S +1) = @(0,8)x(0) = Y P(s+1,8)B(s)n(s) =
s=0
®(0,5)x(0) - G(0)A

where 77(s) = @’(s+1,5)4 is used in the calculation of Eq.
(13). Since x(S +1) = ¢, Eq. (13) is reduced to Eq. (4). Thus,
if Eq. (4) has a solution A%, then the optimal controller in Eq.
(5) follows from Eq. (11). ]

From Lemma 1, one of the keys to solving the problem is to
solve Eq. (4). To further derive the solvability condition of
Eq. (4), we introduce the reachability of vector & for Eq. (1) as
below.

Definition 1 The state ¢ is said to be reachable at time
S +1 from initial value xo for Eq. (1), if there exists a
sequence of controllers {u(s),s=0,1,...,8} such that
x(0) = xp and x(S +1) =¢.

The criterion to judge the reachability is presented in
Lemma 2.

Lemma 2 ¢ is reachable at time S +1 from the initial
value xo for Eq. (1) if and only if & — @(0,S )xp € Range(G1),
that is, there exists a vector £ € R”, such that

0
]_[A(s)
s=S

(13)

&- xo=G1{ (14)

S [ s+l s+1 4 s
where G = > |[ A®|B9)B (5)|[ [ . and BEGE
5=0 Li=S i=S =S
S+1
AGSA(S = 1)---A(s) with | [AG) = 1.
i=S

Proof Sufficiency: Assuming that Eq. (14) holds, we
prove that & is reachable from initial value xo for Eq. (1). In
this case, we design the following controller

s+1 ’

HA(i)
=S

where ¢ satisfies Eq. (14). Together with Eq. (1), it has

u(s) = B'(s) e

0 S s+l
x(S+1)= ]_[A(s)xo + Z l_[A(i)B(s)u(s) =
s=S s=0 i=S

0
[ [a®xo+Giz = &
s=S

Thus, £ is reachable at time S + 1 from the initial value xo
for Eq. (1).

Necessity: Assuming that & is reachable at time S +1 from
initial value xo for Eq. (1), we prove that there exists ¢ such

that Eq. (14) holds. Otherwise, for any ¢, it holds that
0

ﬂA(s)

s=S

é‘_

x0 # G1{. Then there exists a vector a €R",

0
]—[A(s)
s=S

such that Gy =0 and o’{¢ - xo} #0.
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On the one hand, from G;a =0, we have

s s+l 2
0=a'Gia= Z o ]_[A(i)B(s) ,
s=01l =S
s+1
which implies that o’ l_[A(i)B(s) =0fors=0,1,...,5.
i=S

On the other hand, by denoting the admissible controller
such that x(0) =xpand x(S +1)=¢ by u(s), it is obtained
from Eq. (1) that

S

0
é-[ Jasmo= )]
s=S

s=0

s+1

l_[A(i)

i=S

0
[_[A(s)

s=S
s+1

]_[A(i)

i=S

B(s)u(s).

Combining with o/{¢ -

> f

s=0

xo} # 0, it follows that

B(s)u(s)} #0,

s+1

which is a contradiction to the fact that o’ l_[A(i)B(s) =0.

Thus, there exists ¢ such that Eq. (14) holds. = [ ]

We now provide the solvability condition of Eq. (4).

Lemma 3 If £ is reachable at time S + 1 from initial value
xo for Eq. (1), then Eq. (4) has a solution.

Proof We will prove this in two steps. Firstly, a new
system where the reachability of &€ is equivalent to that in Eq.
(1) is introduced. The second step is to verify that Eq. (4) has
a solution under the condition that £ is reachable for Eq. (1).

Firstly, under the reachability of ¢ from the initial value xo
for Eq. (1), there exists an admissible controller denoted by
u(s) such that x(0) = xp and x(S +1) =¢. We now introduce
the following discrete-time system

#(s+1) = Ad()&(s) — B(s)a(s)

where the initial value is £(0) = xo and

(15)

B(s) = Bs)[R+ B (5)P(s + DB(s)] 2.
i(s) =—[R+ B (s)P(s+1)B(s)] % u(s)—

1
[R+B'(s)P(s+ 1)B(s)] 2 B'(s)P(s+ 1)x
A(5)x(s),
while x(s) is the solution of Eq. (1) responding to the control
u(s).
Rewriting Eq. (15) yields
X(s+1) = A()X(s) + B(s)u(s) + B(s)K(s)[X(s) — x(s)] (16)
It is obvious that x(s) satisfies Eq. (15). Accordingly, under
the controller fi(s), the state %(s) in Eq. (15) satisfies

X(0) = xp and (S + 1) =¢. By using Lemma 2, there exists a
vector A1 € R”, such that

&=d(0,8)x0+G0)A (17)
that is, &—@(0,5)xo = G(0)1;. Thus, Eq. (4) has a solution
A* = =A;. The proof is now completed. [ ]
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Based on Lemmas 1 and 3, we present the optimal solution
of the problem as follows.

Theorem 1 If & is reachable at time S +1 from initial
value x¢ for Eq. (1), then Eq. (4) has a solution A* and there
exists a unique solution to the problem which is given by Eq.

().
Proof The conclusion can be directly obtained by using
Lemmas 1 and 3. The proof is now completed. [ |

IV. Q-LEARNING ALGORITHM

In this section, we aim to present the Q-learning algorithm
for the problem with unknown matrices A(s) and B(s). From
Theorem 1, the optimal controller u(s) in Eq. (5) is in the
feedback of the state and a specific Lagrange multiplier 1*
which satisfies Eq. (4). To this end, the design of the Q-
learning algorithm is divided into two steps. The first step is to
learn feedback gains K(s) and K;(s), the solution P(s) of the
Riccati equation, and matrices @(s,S) and G(s). This gives a
data-driven representation of matrix gains @(0,S) and G(0) in
Eq. (4). Then, the second step is to solve the data-driven
matrix equation to derive the parameter A*.

A. Q-Function
Firstly, to learn P(s) and feedback gains K(s) and K (s), we
introduce the Q-function by using the dynamic programming.
To this end, we first consider the optimal control problem of
minimizing J; in Eq. (6) with any parameter A and define the
Q-function for s =0,1,...,S by
s

Qw) = Z[x'(s)Qx(s) +u' (s)Ru(s)]+

S=w (1 8)
X(S+DHX(S +1)+22x(S +1)
By applying the optimality principle, it follows that
Qw) = X' (W)Ox(w) + 1/ (W)Ru(w) + Q(w + 1) (19)
where QS +1)=x(S+DHx(S +1)+2Vx(S +1).  The

representation of the Q-function can be given as below.
Lemma 4 The Q-function defined by Eq. (19) is given by
Qw) = X' (W)PW)x(w) +2x' (W) D' (w,$)A—- A'G(w)1  (20)
The optimal controller to minimize J; in Eq. (6) with any
parameter A is
u(w) = Kw)x(w) + Ky(w)a (21)
Proof The proof is provided by using induction. Firstly,
from w =S and using Eq. (1), we obtain
Q(S) = X'(S)0x(S) +u'(S)YRu(S )+
XS +DHXS +D+22x(S +1) =
X (SHA'(SHHA'(S) + Q1x(S)+
u' (SIS )Hu(S)+
2% (SHA'(SYHB(S)u(S) + 22 A(S)x(S )+
2V B(SHu(S) =
X (S)P(S)x(S)+
[/ (S) = K(S)x(S) — K1 (S)Al'x
L)' (S)— K(S)x(S) — K1 (S)Al+
2x'(S)ALS)A—= A B(S)A.

Thus, the optimal controller is given by Eq. (21) and the
corresponding Q-function is given as below

Q(S) = X' (S)P(S)x(S)+2x'(S)D'(S,8)A—- V' G(S)A.
Assuming that the following equation holds
Qw+ 1D =xw+DPw+ Dx(w+ 1)+
2X(w+ 1D’ (w+ 1,8)A-VGw+1)4,
we have
Qw) = X' (W) Ox(w) + u’ (w)Ru(w)+
Xw+DPw+ Dx(w+ 1)+
2Xw+ DD’ w+1,8)A-AUGw+ 1A =
X' (W)P(w)x(w) + [u(w) = K(w)x(w)—
Kiw)A)' T(S)[u(w)—
K(w)x(w) — Ki(w)A]+
2X W)D' (w,S)A— AU Gw)A.
This implies that the optimal controller is given by Eq. (21)
and the Q-function in Eq. (20) follows. [ ]

Based on Lemma 4, we now derive the data-driven
representation of the Q-function.

QW) = X’ W)[Q + A" (W)P(w + DAW)]x(w)+
U (W[R+ B W)P(w+ 1)Bw)Ju(w)+
2x" (WA’ (W)P(w + 1) B(w)u(w)+
25 (WA (W) (w + 1,8) A+

(22)
2’ (WB' W)@ (w+1,S)A-AGw+ 1A=
x(w) ’ x(w)
uw) | Aw)| u(w)
A A
where
App(w) Ay (w) AL (w)
Aw) 2| Aa(w)  An(w) AL, |,
Azt(w)  Azn(w)  Aszz(w)

Ap(w) = Q+A'(W)P(w+ DA(w),
Az(w) = B'(W)P(w+ 1)A(w),
Ap(w) =T'(w),

Azt(w) = d(w+1,5)A(w),
Azo(w) = Dd(w+1,S)B(w),
Azz(w) =—G(w + 1).

From Eq. (22), the feedback gains in Eq. (21) are
reformulated as

K(w) = —A5, (w)Az1 (W) (23)
Ki(w) = =A5 (W) Ay (w) (24)

The Riccati equation is formulated by
P(w) = Aj1(w) = A5 (WA (W) Az1 (W) (25)

B. O-Learning Algorithm
We are now in the position to illustrate the derivation of the

Q-learning algorithm. To this end, we take / experiments by
entering the inputs u'(s) and the state x'(s) where
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i=1,2,...,1, and derive the measurements X(s+1) of the
state for s=0,1,...,5. Moreover, we also enter a parameter
vector Ai(s), i =1,2,...,1 to obtain the data-driven Q-function
in Eq. (20) for s=0,1,....,S.

Firstly, = with  the  acquired
(X'(S),ul(S),A(S),x'(S + 1)), we define

YA(S) = [X(S)) QX' (S) + [ (S Ru' (S )+

data information

[X'(S + DY H[X'(S + D]+ (26)
2[x(S + DY A(S)
From Eq. (22), we get
_ HORE X(S)
Y(S)=| u'(S) | AS)| ui(S) ‘ 27)
A(S) A(S)

This gives the solvability of the matrix A(S) as follows

]
AS) =arg min )" (I ASI(S)-YS) (28)
i=1

where
. X(S) . . .
) = | W) [=] 4©S) B©) D) |-
A(S)

In fact, by denoting the vectorization of the upper triangular
part of the matrix A(S) as ¥(S), the solvability of Eq. (28) can
be further reduced to the optimization problem as below

arg min|| (S )V(S) - y(S)I* =

, e (29)
(7 (S)YS) (S )y(S)
where
1) =] T'(S) TXS) 7'($) |,
, (30)
YS)=[ 7S S - A |
while
T'(S) = [[zi I Z($)Z5(S) 2 ()24, (S)
[Z5(S)? Z5(S)Z(S) 25(8)2h,4,(S)
&, (S )]2] .
Accordingly, the feedback gains at time S are
K(S) = —A5(S)A2(S) 31)
Ki(S) = —A5, (S)A5(S) (32)
P(S) satisfying the Riccati equation is given by
P(S) = A11(S) = A, (S)A5 (S)A21(S) (33)
and matrices @(S,S) and G(S) are calculated by
D(S,S) = A31(S) = A32(S)A55 (S)A21(S) (34)
G(S) = A3(S)A5 (S)A%,(S) (35)

Secondly, by iterating backward from §, using the acquired
data information (x'(s),u'(s),A'(s),x'(s+1)) and the data-
driven matrix representations in the last step, we define

¥Y'(5) = [X'(5)) Ox'(5) + [ ()] Ru' (s)+
[X'(s+ DY P(s+ Dxi(s+ D+
20X (s+ DD (s+1,8)A(s)—
[ ()] G(s+ DA (s)
which can also be obtained from Eq. (22) that
() | x(s) ]
ul.(s) uf(s)
A'(s) A'(s)
Thus, A(s) is solved as follows

(36)

A(s) (37)

Yi(s) = {

1
A(s) = arg min ) [ ()T A ()= ()l (38)
i=1

Similar to the derivation of Eq. (29), we solve Eq. (38) by
the following optimization problem

arg min||T(s)v(s) = y(s)|I* =

. e (39)
(Y ()Y()] T (s)y(s)
Then the feedback gains K(s) and K(s) are given by
K(s) = =A% (8)A21(s) (40)
Ki(s) = —A3) (5)A,(s) (41)
matrix P(s) is provided by

P(s) = A11(s) = Ay, (5)A3 (5)A21(s) (42)

and matrices @(s,S) and G(s) are shown by
B(5,5) = A31(5) — Aza(5)A3; ()A21 (5) (43)
G(s)=G(s+ 1)+ A32(S)A521 (9)A%,(5) (44)

Finally, we give the calculation of the parameter 1*. From
Eq. (4), we have

=GN 0)[ @0, )xo - £],

where G' indicates the Moore-Penrose inverse of matrix G.
Combining with the data-driven representation in Eqgs. (43)
and (44) at time s = 0, it is further obtained that

A = [=A33(0) + A32(0)A3; (0)A%,(0)] [ [A31(0)—
A3(0)A2}(0)A21(0)]x0 - £]

The detailed algorithm is concluded in Algorithm 1.

(45)

Algorithm 1
1: Implement ] times experiments on Eq. (1), where for the j-th experiment
with j=1,2,..., 1, obtain the data samples (X(s), 4 (), A (s), X' (s + 1)) for
s=0,1,...,S.

2: Calculate ¥/(S) by Eq. (26) and solve the optimization problem in Eq.
(29). Calculate the feedback gains K(S) and K (S) by Egs. (31) and (32),
P(S) by Eq. (33), and the matrices @(S,S) and G(S) by Egs. (34) and (35).
3: From s =§ — 1 to s =0, use repeated steps to calculate y"(s) by Eq. (36)

Q-Learning algorithm

and solve the optimization problem by Eq. (39). Calculate the gains
K(s) and K (s) by Egs. (40) and (41), P(s) by Eq. (42), and the matrices
@(s,5) and G(s) by Egs. (43) and (44).

4: Calculate the parameter A* by Eq. (45).

5: Derive the optimal controller u(s) by Eq. (5).
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The convergence of Algorithm 1 is given as follows.

Theorem 2 Assume that ¢ is reachable at time S + 1 from
initial value x¢ for Eq. (1). Collecting !> (2n+m)(2n+m+
1)/2 data samples (X(s),ui(s), A(s), i=1,2,...,] for s=
0,1,...,§, which are Gaussian with arbitrary mean and
arbitrarily positive-definite covariances, then the optimal
solution of Eq. (39) exists and the controller in Eq. (5)
obtained in Algorithm 1 is the optimal solution of the
problem.

Proof By collecting data x/(s), u/(s), and A'(s), i = 1,2,...,
I which are Gaussian at time s, we have that the experiments
are linearly independent. Considering that the experiment time
12 2n+m)2n+m+1)/2, it is known that the matrix 1°(s) in
Eq. (30) has full rank [23], which implies that Eq. (39) holds.
Together with Theorem 1, the derived controller in Algorithm
1 is optimal for the problem. The proof is now completed. M

V. NUMERICAL EXAMPLE
In this section, we present a numerical example to show the
effectiveness of the proposed algorithm. Consider Eq. (1) with
the following constant matrices

A0=| | i],Am:[fZ f]
A0=| 5 H,B(m:[fI],
B(1) = f],B@):[;],Q:I,

kets=ze| Les] 9]

By implementing 30 experiments, we have the solution of
the optimization problem in Eq. (39) as

21.00 14524 [ 29.63 |
6.00 162.81 67.93
~12.00 120.10 28.63
~4.00 5.4 ~0.46
2.00 8.38 ~0.74
27.00 229.95 27178
14.00 17252 67.93
v@)=| 100 |v(h=| 681 |w0)=| -1.60
5.00 13.10 ~1.40
21.00 131.24 29.63
4.00 ~5.10 ~0.46
2.00 9.95 ~0.74
0.00 ~0.76 ~0.96
0.00 ~038 0.01
| 000 | | —0.19 | | 095 |
This accordingly gives P(s) in Eq. (42) as
PG)=1,
141429 14.0000
P@=| 140000 17.6667 }
353396 4.9340
P=| 49340 3.1549 ]
19662 2.2928
POY= 22008 116.0380 }

the feedback gains in Eqgs. (40) and (41) as

K(0) = [ —0.9662 —2.2928 ]

K(1) = [ ~0.9151 -1.3146 ]

KQ2) = [ 0.5714 —0.6667 ]

Ki(0) = [ 0.0157 0.0249 ]

Ki(1) = [ 0.0388 —0.0758 ]

Ki(2) = [ ~0.1905 —0.0952 ]
and the parameter in Eq. (45) as

| 72802
~| -6.6461 |

It is easily verified that Eq. (1) under the optimal controller
in Eq. (5) achieves the specific terminal state £ = [67]".

VI. CONCLUSION

In this paper, we considered the LQ optimal control
problem with terminal state constraint. A Q-learning
algorithm was proposed for the optimal controller when the
coefficient matrices of state and control input in the time-
varying system are both unknown, consisting of learning the
solution to the Riccati equation and calculating the specific
Lagrange multiplier to a data-driven matrix equation. A
numerical example was provided to show the effectiveness of
the proposed algorithm. The LQ optimal control problem of
time-varying system with terminal constraint and the delays
will be studied in our future work.
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