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Stability and Bifurcation of Fluid Flow Model of
TCP Network versus Time Delay

Xiaolu Yan, Tiaoyang Cai, and Ranran Zhang

Abstract—In this paper, we consider the nonlinear dynamics of
the fluid model of transmission control protocol (TCP) network,
including the local stability and the Hopf bifurcation. We specify
the time delay stabilization range of the system at equilibrium and
propose an effective method to determine the direction and
stability of the bifurcation producing periodic solutions. In the
linear analysis process, the 7-decomposition technique is utilized
to deal with the local stability problem of the time delay system,
and an explicit expression for the time delay stability region is
provided. For the nonlinear analysis part, the formulas for
determining the direction of Hopf bifurcation and the stability of
the periodic solution are derived with the help of the central
manifold theorem and the canonical type theory as the basis,
which enable the bifurcation parameters to be calculated directly.
Finally, the accuracy and practicality of the theoretical analysis in
this paper are verified through a series of typical numerical
simulation cases.

Index Terms—Transmission  control
bifurcation, stability, congestion control

protocol (TCP), Hopf

I. INTRODUCTION

N recent years, network congestion [1, 2] has become a

serious and challenging problem. Network congestion

occurs when user traffic demand on the network exceeds
its carrying capacity and processing limit. This phenomenon
has received much attention within the field of network
science. Network congestion not only increases the packet
loss rate and end-to-end delay but, in severe cases, it can also
lead to the paralysis of the entire system [3—6]. In the face of a
large number of users and high information flow, how to
guarantee the efficient transmission of information and
maintain the stability of network communication has become
a common concern.

A series of control algorithms for wvarious network
characteristics have been proposed. Shen et al. analyzed fluid
flow based transmission control protocol (TCP) and active
queue management (AQM) network system model [7]. They
proposed a fixed time adaptive congestion control algorithm
for a nonlinear network system model with unknown user
datagram protocol (UDP) traffic and unmodeled uncertainty.
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In Ref. [8], Ghosh et al. studied the composite transmission
control protocol across three different topologies. They
focused on TCP with a small drop tail buffer and emphasized
the local stability and Hopf bifurcation of the system. Jin et al.
studied the nonlinear dynamics, including local stability and
periodic solutions of TCP/AQM networks [9]. Yu et al
considered the Hopf bifurcation control problem in the
second-order Westwood+ TCP flow control model [10]. A
dynamic time delay state feedback controller was proposed to
delay the occurrence of Hopf bifurcation. In Ref. [11], Cai et
al. studied a class of fast transmission control protocol
networks with delayed state feedback mechanisms in terms of
nonlinear dynamics, including local stability and periodic
bifurcation. Manjunath and Raina investigated composite TCP
queue management [12] with a proportional-integral strategy
on internet routers, considered a nonlinear fluid model for
composite TCP systems, and derived sufficient conditions for
local stability. In Ref. [13], Vardoyan et al. proposed a generic
modeling scheme consisting of a set of delay types (retarded
functional differential equation, RFDE) and a congestion
window as a function of time, which could be applied to TCP
Reno, and proved its equivalence to the previous, the well
known TCP Reno model.

As the research on wireless networks becomes increasingly
mature [14-16] and the application of TCP protocol is further
expanded, we analyze the congestion fluid model for wireless
networks and explore its dynamic behavior in the single-link
case. The main contributions of this study are categorized into
the following two aspects:

(1) With the 7-decomposition method for the linear analysis
part proposed in this paper, we are able to quickly and
accurately determine the equilibrium point of the system and
its critical time delay using the modal equations, a process that
is closely related to the static time delay feedback control. The
method not only dramatically improves computational
efficiency and accuracy, but also makes possible the analytic
solution of the endpoints. In particular, the system exhibits
Hopf bifurcation [17-21] at the endpoint when the time delay
is used as the bifurcation parameter.

(2) In nonlinear part study of the system, we introduce the
canonical type theory and the central manifold theorem
[22-24] to explore the properties of the bifurcation solutions
and reveal the direction of Hopf bifurcation and the stability
of its periodic solutions. Different from the complex nonlinear
methods (e.g., Lindstedt method [25]) commonly used in
previous studies, our method greatly simplifies the algorithmic
process, which not only improves the computational
efficiency, but also makes the whole analytical process more
concise and clearer.
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The rest of the paper is organized as follows. In Section II,
we provide a preliminary analysis of the system and briefly
introduce the 7-decomposition method. Section III is then
divided into two main parts. First, in the linear analysis part,
we analyze the characteristic equations related to the model by
the 7-decomposition method and establish the existence
conditions of the local Hopf bifurcation. Second, in the
nonlinear analysis part, with the help of the central manifold
theorem, we determine the direction of the Hopf bifurcation
and the stability of the periodic solution. In Section IV, we
provide several computational examples to verify the accuracy
of the above theoretical results. Finally, in Section V, we
summarize and discuss this study.

II. LOCAL STABILITY AND EXISTENCE OF HOPF BIFURCATION

A fluid flow model for TCP networks for congestion control
in wireless networks was developed in Ref. [7], which also
took into account packet loss due to transmission fading of the
wireless channel. Its expression is

W) = A — (1 = pyy WOV =T(0)

() 2—ry 20T
W —
Pa(V() = 1) D plt = (1) (1)
. Wi
0 = N1~ Pu) O

where ¢ represents time. W(¢) denotes the size of the average
TCP window. Q(¢) is the average queue length. p(¢) is the
packet identification probability function. N(¢) is the number
of TCP connections. C is the queue bandwidth.
() = Q()/C()+T, is the round-trip time consisting of
transmission delay and queuing delay, where T, represents
the propagation delay of each stream and the subscript p is the
packet identification probability function. 7,,(7) is the current
time difference with the time when the latest identification
probability is successfully received. When the queue delay is
much smaller than the transmission delay, it can be assumed
that N(r)=N and 74,(f) = 7(t) =7 are constants [5]. The
probabilistic identity function is proportional to the queue
length, yielding p(f) = KQ(#), where K is a constant of
proportionality, ignoring the window transmission delay. For
wireless communication networks, some transmission packets
may lose due to channel fading, Pgq and P, represent the
downlink and uplink channel packet loss probabilities,
respectively, and are assumed to be constants [5]. We simplify
the above equation to

1 (A +Pa)W() =2PgW(1)
T 27

) N
Q) =N -Pu)—WH-C

W() =

KQ(t-1),
2

In this section, we first explore the local stability problem
by considering the linear part of Eq. (2), where the unique
equilibrium point (Wy, Qp) is
_ C

N(1=Py)’

2

= :K .
PO T PayW2 = 2P W, Q

Wo

Substituting two new variables y((f)=W()—-Wy and
y2(f) = Q(t) — Qq into the original Eq. (2) and linearizing it at
the equilibrium point, we get

. 1 Py
Yi() = [—;(1 + Pa)Wopo + TPO])’IU)"‘

1 P
[—5(1 +Pa)W3 + %WO} Ky (t—1), 3)

N
Y2() = — (1= Pu)y1(9)

Obviously, Eq. (3) is modeled on Eq. (2) with the
equilibrium point as the origin. We can rewrite the linear part
of Eq. (3) in a matrix form as

i =Au(t)+ Bu(t—1) 4
with
1 Py
--(1+Pa)Wopo+—po O
A=l Ty T ,
—{1=Pu) 0
T
0 |——1+Py)W2+-—=Wy|K
B [ 27_( a Wy - Vol ki
0 0
o yi(0)
u(t) = .
y2(1)
From this we obtain the characteristic equation
corresponding to Eq. (4) as
P(A,7) = det(A] —A— Be ™) =
1 Py
A+ | =1+ Pa)Wopo - —Po]ﬂ—
T T
N 1 ®)
—(1 —Pul)K[——(l + Pa) W+
T 27
P
ﬂWO e_T/l
T
where [ stands for unit matrix and A represents the
eigenvalue.
Defining that
ar = —(1+Pa)Wopo — — po,
T T
N 1 Py
ay=-—(1 —Pul)K[——(l +Pa)Wg + —=Wo,
T 27 T
then Eq. (4) becomes
A radl+ae™=0 (6)

In order to ensure the stability of the above linear system, a
necessary and sufficient condition must be satisfied: all
eigenvalues lie in the left half-plane of the complex plane,
which at the same time defines the stability interval of the
time delay system (TDS). The t-decomposition strategy is
commonly used as an effective method for defining this
stabilization region.
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The t-decomposition strategy covers two key task,
computing pure imaginary roots (PIRs) and determining the
direction in which these roots cross the imaginary axis. When
dealing with the first task, given the symmetric nature of the
conjugate complex roots about the real axis, we only need to
focus on finding pure imaginary roots with positive values.

Introduce A to denote the expressions A and C for the
characteristic polynomial

PO =AM +CQ)e™=0.
Let A = +jw, then we have

A(jw)+C(jw)e ™ =0,
A(—jw)+C(—jw)e™ = 0.
This leads to the expression e™/¢

_C(=jw)
ACjw)’

Tjw _

Therefore, we have

A () =1C (jw).

This shows that the two modal values are identical.

The second part of task determines the stability of the
endpoint intersections, which depends on the direction of
traversal on each pure imaginary root. The positive roots
w1,w,...,w, are assumed to be unique and ordered from the
largest to the smallest as w; > wy > --- > w, > 0. Therefore,
the largest root w; is always traversed to the right, wy is
always traversed to the left, and so on. If there is only one
positive root wy, all directions are to the right. If there are two
positive roots, w; is to the right and w is to the left.

Lemma 1 The transcendental Eq. (6) has only one pure
imaginary root and

1
Vai* +4ay? —a% 2
wy=|—————F——"

2

@)
with
ay = =1+ Pa)Wopo— — po,
T T

N 1 P
ay=—-—(1 —Pul)K[——(l +Pa)W2 + ﬂwo].
T 2T T

Proof 1 Proof of Lemma 1 Based on the above analysis,
we can derive a characteristic equation for the system P(4,7).
This equation is obtained by introducing the characteristic
polynomials, denoted by A and C, associated with 7 through
the A-decomposition strategy.

A =2 +aA,
C() =a.
Considering the positive pure imaginary roots and setting
A= jwp, we get
A(jwo) = ~wo” +ay jwo,
C(jwo) = az.
From the equality of modulus values, it follows that

w04 +a 2w02 — 6122 =0.

Then, we have
1
I Var* +4as? —a%r
ahl I

and obtain the result from Eq. (7). [ ]

Remark 1 Lemma 1 tells us that the TCP network fluid
model has only one pure imaginary root, so it corresponds to a
critical delay with uncertain traversal direction. Thus,
according to the Laws criterion, we only need to consider the
stability of the system at 7 =0, i.e., a; > 0 and a > 0.

In the previous discussion of the 7-decomposition method,
we established that the traversal direction in the neighborhood
of jwg is always to the right. Therefore, when we perform a
local stability analysis of the linearized system in Eq. (3), the
situation is described as follows.

Theorem 1 The equilibrium point (wg,pg) of Eq. (2) is
exponentially stable when 7€ [0,79) and becomes unstable
when 7 € (19, +00). And 7 is a Hopf bifurcation point.

T = arctan(ﬂ) 8)

wo
Proof 2 Proof of Theorem 1 By Lemma 1, only one set
of equations in the characteristic polynomial has roots of jwy.
Based on the characteristic equations, we can conclude that

_0.)02 + jwoay +aze” 10T =,
Then, we obtain
efwoto — a—2'
—wo? + jwoay

From this, the following result is obtained

ap
To = arctan| — |.
wo

Finally, we obtain the result of Eq. (8). [ ]

Remark 2 Since wy is an explicit expression for a; and
ap, 1o is also an explicit expression for a; and a. The
simulation of 7( with respect to a; and a; is plotted in Fig. 1.

Figure 1 Simulation of 7o with respect to a; and a.

Based on the above analysis, the Hopf bifurcation exists as
follows.

Remark 3 When 7 <19, Eq. (2) is locally stable, and all
roots of the characteristic Eq. (6) are negative in real part.
When 7 > 79, Eq. (2) is unstable, and at least one of the roots
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of the characteristic Eq. (6) is strictly positive in real part. If
T =10, the roots of the characteristic Eq. (6) have negative
real parts, at which point the system undergoes a Hopf
bifurcation.

III. DIRECTIONALITY AND STABILITY OF BIFURCATION CYCLE
SOLUTION

The central manifold theorem and canonical type theory
have a wide range of applications in dynamical system
analysis. In this section, we combine these two theories to
explore the direction of Hopf bifurcation and the stability of
the periodic solutions generated by the bifurcation in the TCP
network fluid model for congestion control in wireless
networks.

First, we analyze the higher order terms of Eq. (2), which
lead to the Taylor expansion of Eq. (2) at the equilibrium
point, as shown in Eq. (9).

Y1(0) = anyi (1) +any, (t—1) +ay; (O +
a1y (Dy2 (=) +arsy; (y, (1 =7),
¥2(1) = az1y: (1)
The coefficients of the Taylor expansion are

)

1
an :_;(1+Pdl)W0PO,
1 P
ap =-=—(1+Pg)W + —Lwy,
2T T
1
a;z = _;(1+Pdl)l’0,
1 Py
ayg=—=1+Py)Wo—,
T T
1
ais = —=(+ Pa),
T

N
az1 = —( = Py).
T

We can reformulate the Taylor expansion in Eq. (9) into
matrix form

¥(8) = Ay(t) + By(t —7) + F(y(1), y(t — 7))
_|A
F=[o}

fi =ayi (0 +ay 0y2(1=1) + arsy; (0, (1=1).
For the application of the Hopf bifurcation theorem, we
need to convert Eq. (10) into an abstract system of differential
equations and introduce y;(6) with time-delayed variable 6

(10)
with

and

yi(t+6)
y2(t+6)

Differential operator L can be constructed with the linear
part as a boundary condition

yi(0) = y(t+6) = an

(12)
J_ a@an@. 0=0

with eigenvector g and

dn(0) = [A6(0) + B6(6+1)]d6,
where 6(-) represents the Dirac delta function.
Thereby, the functional differential equation can be
reformulated as

Vi (0) = Ly, (0) + F(y;) (13)
with
0, -1<6<0;
F — b b
0 { FOn). 6=0,
where f(-) is a nonlinear function.

Next, in order to isolate the central manifold corresponding
to jwp, conjugate eigenvectors need to be computed to
complete the projection.

We construct the inner product, bilinear form

5 =T 0, T
00 =50 2O+ [ 5 €+ Br©)de =
7°(0)" x(0) + Te /0T Bx (0) =

" (0)" L +70e "™ B]x (0)
where x € [-7,0] is a vector-valued continuous function and &
is an integral variable.
Further, the conjugate operator L* accompanying L can be
induced which satisfies

(14)

* %N do
Lq®)=1 , .
|- dn0'q o). 6=0

,0<0<T;

(15)

with

dn(@)" = [AT6(6) + BT (6 +1)1d6.

According to the theory of eigen-decomposition, what we
need to compute is g(6), the eigenvector of the linear operator
L corresponding to jwy. For this purpose, we state Lemma 2.

Lemma 2 In Eq. (12), ¢(f) is represented as an
eigenvector of L and is related to jwy

0= e (16)
where
as
qQ=—-—-
Jwo

Proof 3 Proof of Lemma 2 In Eq. (12), when 6 lies in the
range [—T,6), the operation of the linear operator L can be
understood simply as a derivation.

Moreover, considering the linear portion of the previously
analyzed system, the differential operator corresponds to an
eigenvalue of +jwy. We denote by jwq the eigenvector of L
associated with it, leading to the following relationship

q(0) = q(0)e/".
When 6 = 0, the action of the linear operator L is equivalent
to performing the differentiation

0
Lq(0) = |__q@)dn(o).
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from that

Lq(9) = jwoq(9) = jwoq(0)e’™".
The corresponding matrix form is

Aq(0) + Bg(0)e™7“070 = juoq(0),
and

aig +ang2e 7 = jwoqi,
@|1q1 = jwoqa-

Let g1 = 1, then g3 = a1 /(jwo).

q(0) = q(0)e"" = [ 1 ]efwof’,
q2

az]
Q=
Jwo
From this, we can obtain Eq. (16). [ |

Furthermore, for the conjugate eigenvectors, similar to
previous discussion, Lemma 3 is made.

Lemma 3 In Eq. (15), ¢*(6) is an eigenvector of L* and is
associated with — jwg

*

¢ =D [qll } e Jwol (17)
where
P___ @
ay + jwo’
1
D = =
(4.4

1
g5, + G2 (1 + gy az1 Toe/0™0)’
where g represents ¢* with 6 =0 and ¢, is the first term of
do-
Proof 4 Proof of Lemma 3 In Eq. (15), when 6 lies in
(0, 7], the operation of the conjugate linear operator L can be
understood as finding the opposite of the derivative. We

denote by —jwp the eigenvector of L* associated with it,
leading to the following relationship

75(6) = gy (0)e ™"
When 6 = 0, the effect of the conjugate linear operator L* is
equivalent to differentiation, as described below

L'q5(6) = ~jewog; (6) = — jwogy (0) .

Its corresponding matrix form is

AT g5 (0)+ BT ¢}, (0)e7°0™ = — jwogs (0).
Then, we have
arqy, +a214p, = —Jjwoqy, »
a]2q31ejworo = _jw0462~

Let g5, = 1, then g, = —az1/(a11 + jwo).

6]6 o = qa 0) e Jwol —

o1 | - jeod
o

However, in this case, g;(6) does not constitute a standard

orthogonal basis. Therefore, to build the manifold within the
coordinate system, we need to perform the necessary
normalization using the inner product according to Eq. (14).
The normalized eigenvector q(6) =Dq3 (6) needs to satisfy
{q", Dqy) = 1. Thus, we have

; 1
@, 45> = Go(0)" q(0) +e™°g;(0)" Bg(0) = 5

and
1
D = f—— =
(9.9
1
441 +q2(1+ g5 az1Toe0™0)”
This leads to Eq. (17). [ |

In the above procedure, we detail the solution of the
operator and its accompanying forms and equations, which
lead to ¢(6) and g*(6). From this, we are able to identify the
accompanying vectors and distinguish the solution space as
central manifolds and stable manifolds.

{z(t) ={q",y1)
w(t,0) =y (0)—z(t)q(0)—z(1) g ()

where z(f) is the center manifold representing the projection
of solution manifold y,(#) along the direction of adjoint vector
q*(0). w(r) corresponds to the stable manifold, and the sum of
w(t) and z(r) constitutes y,(6).

Lemma 4 The evolution of z with time 7 can be expressed
as

(18)

) 1 1 _ 1 _
2(1) = jwoz+ Egzoz2 +8112Z+ Egozzz + 5821 @)%z +-- (19)

and

820 = 41 foo1,

g1 = qfiin
. (20)
go2 = qyJoz1,
g1 = q1n
where f has the following specific tabular forms
foo1 = a3 +aiaqg?(-1p),
fint = 2a13 +alg® (-19)g P (-1o)l,
foa1 = ai3 +a1ag®(—19),
(21

fir = a2W)0) + Wi (0)] +ara[ W (=1o)+
1
2

W1 ¢ (o)1 + 1513 (~70) + 24> (~10)]

where the subscript (-) indicates the (-)-th term of the variable.
W11 and Wy correspond to the coefficient functions of 72 and
7z, respectively, when the stable state w(z,6) is expanded
according to the canonical type.

Proof 5 Proof of Lemma 4 Near the origin O, with g and
g as the local coordinate directions, z(t) and z(r) are the

1
Wi (=70) + 5 Wy (0)g® (=70)+
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manifolds in C. According to Egs. (18) and (19), the evolution
of the central manifolds can be derived as

z2(0) ={q",y) ={q", Ly/(0) + Fy;(0)) =
(q",Lyi(0)) +{q", Fy,(0)) =
Jjwoz()+G" (0)" Fy,(0) =

Jjwoz+ DI @51[F207* + Fr122+ FpZ2 Fa1 22+ -1,
F o1 - Sin
07 hoa |’ Al
F fo21 - §38
27 fom | T T 2|

where f200 = fi12 = fozz2 = f212 = 0 and the specific expressions

for f>01, fi11, fo21, and fo1; are shown in Eq. (21).
Based on the central manifold theorem, Eq. (18) shows that

and

w(t,0) = %Wzo(f))zz(t) + Wi (@)z(0z(t) + - -

According to the theorem, it can be obtained that

1
yi(0) = 2(1)g(0) +z(1)q(6) + zyzo(é’)zz(t) +y1 @Oz + -+,

where ypo and y;; are coefficient functions.
Based on Eq. (11), we can obtain

Y1) | _ |y1(t+6)
yu@] |n20@+0)]|

The system is then converted to the form y
Y10 =y1+0) = y,(0),
2(t) = y2(t+0) = y2(0),

yit=1) = yi(t+(-1) =y, (-1,

yi(0) = [

Y2t =7) = yo(t +(-7)) =y, P (7).

We specify the y used, which gives us
y(0) = 2gM(0) +27(0) + 5 W“)(t))z2 + Wi 0)2z,

7@ (1) = 2¢P (1) + 2P (-1) + 5 W<2>( ~1)+

W(Z)( T)ZZ.
By introducing the nonlinear components of the system, we
are able to obtain expressions in Eq. (21) for

Pot» fitl, foo1, and fo11, which leads to
820 = 4, o1,

g = q finn,
802 = 4y fo21,
g1 = 4, /o1

It is easy to see that the system parameters can be directly
determined for g0, g11, and gop. Nevertheless, gp; is also
related to Wyo and Wy;. |

The calculation of W5¢(6) and W1, (0) is described below.

Lemma 5 According to Ref. [22], Wjpand Wy, are
coefficients of the center manifold x(¢) with following form

Wao0) = 5227 g0)etion 4 827 g gpe-tien 1 rpgein,
w( 3a)
(22)
Wir(0) = =S gopetion + B g opetin 1
with
2 jwo f201
40)(2) +2ay11 jwy +ajpaz e2w0T
E2() = a s
2y
2jwo (23)
0
Ey = fin
ai
In summary, we obtained all expressions for g function
21
C1(0) = =— (220811 —2lg11l* - —|802|2) gz (24)

where C| is the Lyapunov coefficient.
Thus, we can generalize the following nonlinear dynamics
theorem for Eq. (2)

1y _RelCIO)
a/(0)
B2 =2Re(C1(0)} (25)
__Im{Cy(0) +0(0)
wo

where o’ and «’ represent the real part and imaginary part of
the eigenvalue, respectively.

Based on the canonical type theory and the central manifold
theorem, we can conclude the Hopf bifurcation of Eq. (2).
This approach allows us to determine specific values for all
bifurcation parameters.

oP

81’
Y
B ltrg, juo)

Theorem 2 For Eq. (2), the direction of the Hopf
bifurcation and the stability of its periodic solution are
determined by Eq. (25) and the following parameters.

(1) The direction of the Hopf bifurcation is determined by
o =—C1r(0)/a’(0), if u, >0(<0), the Hopf bifurcation is
supercritical (subcritical) and the bifurcation periodic solution
exists when 7 > 1 (T < 19).

(2) The stability of the Hopf bifurcation cycle solution is
determined by B> =2Cr(0), if B2 <0 (> 0), the bifurcation
cycle solution is stable (unstable).

(3) The period of the Hopf bifurcation period solution is
determined by 15 = —(C1;(0) + 2’ (0))/wyp, and the period is
increasing (decreasing) if 7, > 0 (< 0).

=a’(0) + jw'(0).

IV. NUMERICAL EXAMPLE

In this section, we present several typical simulations used
to verify the accuracy of the obtained results. The calculations
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are done with the help of Matlab and Mathematica. The
analyzed results show that the method is able to effectively
deal with the nonlinear dynamics of the TCP system.

We choose system parameters N =50, K=0.001, C =1000,
and Pdl = Pul =0.1.

2 p—
Wi = L - (O DV —2x01W0)

o =(1 —O.l)?W(t) —1000.

0.001x Q(t - 7),

Based on the characteristic Eq. (6), we can conclude that

A% +2.29861+11.7220e 47 = 0.
It follows from Lemma 1 that

wo = 3.0617.

Moreover, from Theorem 1 we obtain the critical time delay
as

70 = 0.3131.

Based on the above results, we can conclude that the point
(ay,ap,7p) is in the simulation plane, as shown in Fig. 2.

Through simulation experiments, we obtain the time delay
stability range. Combined with the aforementioned theoretical
calculations, it can be seen that the range derived from the
theoretical analysis is consistent with the simulation results,
thus mutually confirming the validity of both sides.

In the root trajectory diagram (see Fig. 3), when
79 < 0.3131, all the characteristic roots have negative real

1.6
1.4+
1.2+
1.0}
s 0.8+
0.6 +
0.4+
0.2}

0
15

Figure 2 Bifurcation point in simulation plane.

3.0
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-0571
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2071
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4

5 . . . . . f .
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Figure 3 Rightmost root locus as a function of delay 7.

parts, indicating that the system remains stable under this
condition. In addition, when 7=0.3131, there is a pair of
purely imaginary roots crossing the imaginary axis, which
triggers unstable oscillations, i.e., a Hopf bifurcation occurs in
the system at this point. Therefore, for the TCP transmission
system, the stable time delay interval is [0,0.3131]. This
finding further confirms the high agreement between the
theoretical analysis and the simulation results.
Calculating the relevant parameters based on Lemmas 2 and
3 produces the following accompanying vectors
(0+3.0617 /)0 ]

90) = [(0 ~73.488585 )e0+30617)0

“@) = (0.000075 +0.010650 j)e(0—3-0617.)¢
7= 1(0.000146 +0.000108 j)e0-3.06170 |-

Combining this with Lemma 4, we get
820 = 10.876934 — 15.256044 ,
g11 = 11.322165-14.606721,
g2 = —10.661677 —15.407246.
Next, Lemma 5 describes Why and Wy

Wag(er) = | 70:422185-5.703936;
20071 = 159559984 — 198.072149 /|’

Wiier) = ~11.535952
=T =1287.990116 +20.219729 |
Then, we have

g21 = —140.646297 + 162.834436 ;.
Thereby, the bifurcation parameters are given by Eq. (25)
B2 = —114.399859,
mo =11.1365131,
T2 = —210.6100.

Theorem 3 states that the system undergoes a Hopf
bifurcation at 79 = 0.3131 and the direction of the bifurcation
is supercritical.

The simulation plots, Fig. 4 with 7 = 0.1800 and Fig. 5 with
7 =0.2000, show that the trajectory converges to a point when
T < 7o and the system is stable.

0.6
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Figure 4 Stable phase trajectory exhibiting delay within a stable interval
(7 =0.1800).
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Figure 5 Stable phase trajectory exhibiting delay within a stable interval
(7 =0.2000).

In the simulation plot, Fig. 6 with 7=0.3131, we take a
particular bifurcation point 79 =0.3131. We find that as the
time delay changes, the system no longer tends toward the
equilibrium point. As shown in Theorem 1, 79 = 0.3131 is the
bifurcation point where the Hopf bifurcation occurs and the
trajectory converges to the limit ring, i.e., there exists a phase
trajectory with periodic convergence. It is calculated that 3, is
less than 0 and the periodic trajectory is stable. When 7, > 0,
the period of the periodic solution increases with 7.

Figure 7 illustrates the simulation curves at 7 = 0.5540, and
comparing Fig. 6 and Fig. 7, it can be seen that the orbital
period at 7 = 0.5540 is longer than that at 79 = 0.3131.

V. CONCLUSION

In this study, we explore the TCP network fluid model. By
employing a T-decomposition strategy and using the nonlinear
interaction strength as the bifurcation parameter, we determine
the maximum value of the time delay stabilization boundary.
The results show that when this parameter exceeds its critical
value, the simplified model undergoes the Hopf bifurcation
and the state of the system changes from an equilibrium point
to a series of periodic solutions. Using the regular expression
theory and the central manifold theorem, we analyze the
nonlinear part and clarify the stability and direction of the
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Figure 6 Bifurcated phase path with delay (7o = 0.3131).
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Figure 7 Two phase trajectories featuring delay within unstable interval
(7 =0.5540).

bifurcation cycle solution. Experimental simulations confirm
the correctness of the theoretical analysis.
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