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Convex and Nonconvex Optimization Based on
Neurodynamic Method with Zero-Sum
Initial Constraint

Yiyang Ge, Zhanshan Wang, and Bibo Zheng

Abstract—A neurodynamic method (NdM) for convex
optimization is proposed in this paper with an equality constraint.
The method utilizes a neurodynamic system (NdS) that converges
to the optimal solution of a convex optimization problem in a
fixed time. Due to its mathematical simplicity, it can also be
combined with reinforcement learning (RL) to solve a class of
nonconvex optimization problems. To maintain the mathematical
simplicity of NdS, zero-sum initial constraints are introduced to
reduce the number of auxiliary multipliers. First, the initial sum
of the state variables must satisfy the equality constraint. Second,
the sum of their derivatives is designed to remain zero. In order to
apply the proposed convex optimization algorithm to nonconvex
optimization with mixed constraints, the virtual actions in RL are
redefined to avoid the use of NdS inequality constrained
multipliers. The proposed NdM plays an effective search tool in
constrained nonconvex optimization algorithms. Numerical
examples demonstrate the effectiveness of the proposed
algorithm.

Index Terms—Neurodynamic method (NdM), zero-sum initial
constraint, distribued optimization, convex and nonconvex
optimization, reinforcement learning (RL)

I. INTRODUCTION

Convex and nonconvex optimization has been widely
applied in various fields, such as economic dispatch (ED),
signal processing, resource allocation, and energy
management [1-4]. Among the optimization algorithms, the
neurodynamic method (NdM) based on the ordinary
differential equation (ODE) theory has demonstrated unique
advantages. It not only has better generalization performance
and robustness, but also can control dynamic characteristics
during the optimal solution search. This method has different
names [5—7], which are unified here as the NdM. The essence
of this method is to use ordinary differential equations to
correspond to optimal solutions. Based on the simplicity
and completeness of the ODE theory, NdM exhibits
flexibility and adaptability in handling complex engineering
problems.

Combined with distributed methods, NdM utilizes parallel
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computing to handle optimization problems faster. Therefore,
some scholars have designed distributed neurodynamic system
(NdS) that converges to the optimal solution of convex
optimization problems [8-11]. In these systems, the
convergence efficiency is an important factor to measure the
optimization performance. The general result of distributed
NdS is asymptotic convergence to the optimal solution in
current research. In addition, NdM for solving constrained
optimization problems has been proposed [10-13]. While the
convergence time of these algorithms is only controlled by
adjusting the parameters, the effect is limited. In the industrial,
achieving the optimal solution within a finite-time is crucial
for the reliability and predictability of algorithms. To this end,
some scholars have investigated NdS with finite-time stability
for optimization [14—17]. However, the settling time 7 for
determining finite-time stability is dependent on the initial
state and system parameters. To improve the convergence and
avoid the dependence of the settling time on the initial value,
the fixed-time stability is proposed. Some results for
optimization are given in Refs. [18-20].

There are designed fixed-time stable systems that perform
well in handling unconstrained optimization problems [21, 22].
However, it is difficult to obtain a fast system for situations
with constraints. There are two reasons. On the one hand, the
designed system inevitably contains exponential terms with
optimal conditions, such as extremum conditions,
complementary relaxation conditions, constraint conditions,
etc. They play a role in proving the fixed-time stability of the
system. But as constraints increase, it means that more
exponential terms and interaction terms are added to the
system, which increases the computational burden. On the
other hand, it may be necessary to introduce additional
variables to handle multiple constraints. These terms, as
discussed in Refs. [19, 20], are designed to accelerate the
convergence process. However, auxiliary multipliers interact
exponentially in communication to satisfy the distribution
characteristics, which also imposes computational and
communication burdens. The design of systems with fixed-
time stability is more complex. It is not suitable for real-time,
large-scale, and iterative optimization.

In order to improve search efficiency, a compact NdS is
proposed, which asymptotically converges to the optimal
solution [23]. The derivative of the state variable is designed
to satisfy the equality constraint. A similar approach in Refs.
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[20, 24] introduces initial values in the system. Some scholars
have also proposed a simplified system form based on the
Newton’s unconstrained optimization method [21, 25-27], but
it requires second-order information. Gradient explosion may
lead to algorithm failure as complexity and dimensionality
increase. Alternatively, an NdS with finite/predefined-time
consensus is proposed for constraint optimization [15, 28].
The system only reaches consensus on state variables within a
finite/predefined-time, and then asymptotically reaches the
optimal solution.

Recently, the coordinated Q-learning (CQL) method in Ref.
[29] has gained widely attention. It decomposes complex
nonconvex optimization problems into a large number of
simple convex optimization problems within the
reinforcement learning (RL) framework. The reward value of
Q-function is accumulated by the convex optimization
algorithm. In this way, it not only alleviates the overall
communication burden in nonconvex optimization algorithms,
but also reduces the memory pressure associated with
maintaining Q-value tables. Inspired by this, a fast response
NdS with a few variables is proposed to solve convex
optimization problems, which can improve the overall
computational efficiency of nonconvex optimization
algorithms.

To provide an effective search tool for RL, a single variable
NdS is constructed to handle constrained optimization
problems. The contributions are as follows:

(1) The proposed single variable NdS converges within a
fixed time. Compared with recent fixed-time distributed
optimization [21, 25, 30], our algorithm introduces
equality constraints. Furthermore, in contrast to methods
proposed in Refs. [18, 19], our proposed NdM with zero-
sum initial constraints reduces the number of auxiliary
multipliers.

(2) The algorithm achieves the optimal solution within a
fixed time instead of asymptotically converging to the optimal
solution after reaching consensus within a fixed time. This is
different from Refs. [28, 31].

(3) By integrating inequality constraints into the box
constraints of nonconvex ED, the feasible domain of the
action space within the RL framework is redefined. This
reduces the inequality constraint auxiliary multiplier in
convex optimization algorithms. Therefore, the proposed
convex constraint optimization algorithm combined with CQL
can effectively solve a class of nonconvex problems.

II. PRELIMINARY

A. Algebraic Graph Theory

Consider a multi-agent system consisting of n agents with
an undirected communication graph G = (V,&,A). The set of
nodes is represented by V ={vy,v2,...,v,}, and each node
corresponds to an agent. The symbol & C V XV denotes the
set of edges. The adjacency matrix is represented by
A= [a,-j]an. Note that ajj=aj > 0, if and only if (Vi,Vj) e&.
An undirected graph is called connected, for any two nodes v;

and v;, if there exists a path (v;,vy,,...,v,,v;) that connects
n

them. The degree of graph G is d; = Zaij. L = [ljj]uxn is the
j=1

Laplace matrix, where /;; = —a;; and [;; = d;. The Ly-norm of a

vector x(f) € R" is denoted by |[lx(?)||. sig”(x(z)) = col{sig®

(x1(0), sig¥(xa(@)),...,sig¥(x, (1))}, i=1,2,..,n, in which
sig?(-) = sign(-)|-|*. The symbol Pqo(y) represents the
projection of point y on set £.
B. Fixed-Time Stability
Consider the nonlinear system
x(1) = g(x(1)), x(0) = xo (1)

Definition 1 [32] The equilibrium of Eq. (1) is finite-time
stable, if there exists the settle time 7'(xp), such that the Eq.
(1) converges to equilibrium point in finite-time.

Definition 2 [33] The equilibrium of Eq. (1) is said to
be fixed-time stable if it is finite-time stable and there
exists a constant 7. such that the settling time 7 (xop)
satisfies T(xg) < T, for any initial state xo, ensuring that Eq.
(1) converges to the equilibrium point within a fixed time
T..

Lemma 1 [34] The C-regular function V(x(¢)): R" - R,
satisfies the conditions involving positive constants a and b, as
well as non-negative constants @ > 1 and 0 < < 1, such that

V(x(1) = —aV(x(1)" = bV(x(D)), x(t) € R"\{0}.

The origin of Eq. (1) is fixed-time stable within time 7', in
which  T(x(1)) < Te = (n/(@ —B)")(b/a)csc(en), e=(1-B)/
(@-p).

C. Useful Lemma

Lemma 2 [35] Assuming p; >0, for 0<B<1 and @ > 1,
the following conclusion can be drawn

N N
S s S n,
n=1 n=1

N N
DTN P
n=1 n=1

Lemma 3 [36] For undirected connected graph G, the
eigenvalues of Laplace matrix L are nonnegative real numbers
and can be arranged in order as 0=A;(L) < (L)< - <

Ay(L). The second smallest eigenvalue  satisfies
AL)= min (xTLx)/(xTx).
x;&ON,llTvxz()( ) ( )

Lemma 4 [27] The function f:R" =R is m-strongly
convex, if exists m > 0, such that f(y)— f(x) = Vf(x)T(y—x)+
mlly — x|[>/2, Vx,y e R".

Lemma 5 [37] Let Q be a nonempty closed convex set.
The squared distance function from a point x to Q is defined
as  Og(x)=|lx—Po(x)|?/2, which is continuously
differentiable in x. Furthermore, its gradient VOgo(x) is given
by x— Pgo(x).
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D. Assumption
Assumption 1 The graph G is connected and undirected.

Assumption 2 There exists x; € R, such that Z xi=d
i=1

Assumption 3  There exists x; € Q;, where ;= {xj[x; <
N

xf.{}, such that in =d
i=1

Assumption 4 The local function f(x;) is m-strongly
convex and differentiable.

Assumptions 1, 2, and 4 are prepared for convex
optimization, while Assumptions 1 and 3 are prepared for
nonconvex optimization.

Remark 1 Assumption 1 is a relatively common
assumption. It is suitable for multi-agent communication
networks [10, 15, 18]. Under this assumption, the Laplacian
matrix satisfies l%LzO, which is important for subsequent
analysis. Assumptions 2 and 3 are Slater conditions.
Specifically, Assumption 2 is utilized for optimization
problems involving equality constraints. For ED, ramp rate
and box constraints are introduced, necessitating the use of
Assumption 3. Assumption 4 relates to the convex
optimization problem proposed in this paper. In nonconvex
optimization, the form of the ED objective function is
predefined, and no additional requirements are imposed.

Xi <X, |Xip — Xstate,i] <

III. DISTRIBUTED OPTIMIZATION MODEL

In this section, an NdS is designed to approximate the
optimal solution for convex optimization problems with
equality constraints. Furthermore, application in RL
framework to realize nonconvex ED is also discussed.

A. Fixed-Time Distributed Optimization with An Equality
Constraint

An optimization problem with equality constraints is
considered

N
min ()= ) fiCu(0),
N =1 (2)
s.t., in(r)=d
i=1

The above optimization problem is common in resource
allocation and ED. The purpose of equality constraints is
usually to maintain supply-demand balance. Neurodynamic
methods are efficient in complex optimization problems with
constraints. Initially, Hopfield and Tank [38] used Hopfield
neural networks to solve the traveling salesman problem
(TSP), demonstrating its potential in solving complex
optimization problems. They proposed converting the
objective function into a network energy function, with
variables corresponding to the network state, and obtaining
the optimal solution when the energy function converged.
Subsequently, scholars have followed this method to study
various neurodynamic models for solving optimization
problems [8, 11, 39]. Therefore, to solve the optimization

problem in Eq. (2) in this paper, the NdS is designed as

N
- Z Iijsig®(Vfi(x(0)))—-

J=1

N
D lsig? (V£ 0)), (3)
J=1

xi(1) =

N
Z x(0)=d

i=1

where @>1 and 0<pB< 1. Each neuron interacts with its
neighbors to collaboratively search for the optimal solution.
To reduce the auxiliary multipliers in the system and ensure
that the trajectories of subsequent state variables remain
within the feasible domain, it is necessary to satisfy zero-sum
initial constraints. That is

N
> xi0)=d
i=1
N
Z %) = 0.
i=1
It can be designed by x(0) = [d/N,d/N,...,d/N]. In this way,
we define  VFx@)=[Vfixi(), VhHM@®), ..,
V fv(xn()]T. Additionally, it is always guaranteed by Eq. (3)
N

that the equality constraint Z xi(t) = d holds. This is because
i=1

N
>, D usig" (Vi (0)-

J=1
N

Lsigf (Vfi(xj(1) =

=TLs1g (VF(x(1)) - 1TLsig? (VF(x(1))) = 0
N

Therefore, Z xi(t) = Z xi(0) =

Remark Zl : Currenftl}ll, several distributed optimization
algorithms with equality constraints converge to the optimal
solution within a fixed time [19, 20]. However, because of the
use of multipliers and auxiliary variables, they involve
excessive interactive calculations. Inspired by Ref. [23], a
distributed algorithm achieves high efficiency by designing
the derivative sum of state variables to always be zero. As
long as the initial values satisfy the constraint conditions,
these state variables remain in the feasible domain.

Remark 3 Another form of NdS can also be designed for
fixed-time optimization. Similarly to Ref. [27], the system can
be modified as

AMz

“)

IMZEMZ

N
55(0) = = LV G @IV £ G =
i=1

N
DIV £V £GP, )
i=1

N

D xi0)=d

i=1

This section proposes two forms of distributed neural
dynamic system approximations for convex constraint
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optimization. The exponential form can help the system to
converge quickly. Combined with optimization conditions, the
system can find the optimal solution along the equality
constraint conditions.

B. Fixed-Time Nonconvex ED Based on CQL

This section mainly studies a class of nonconvex ED
optimization problems, which are characterized by the
unknown mathematical form of the objective function and the
lack of gradient information. Adopting RL methods, a Q-value
table generation learning strategy is established based on the
fast search experience of distributed convex optimization to
achieve cost minimization.

Consider a static nonconvex optimization problem

N

min " fi(xi(o),
i=1
N

Z xi(f) = d, (6)

i=1
Ii < xi(t) < }i,
[x;(£) — xstate,i| < x}l

s.t.,

where x() = [x1(2), x2(2), ..., xn ()], xi(1) €R. x; and ¥; are the
lower and upper bounds on capacity, respectively. x;
represents the variable waiting for decision-making, which is
represented as an action within the RL framework. Xgate i
represents the state value. x? represents the maximum
difference between x; and the previous moment Xsate;. The
above optimization problem is a typical mathematical model
for ED of power grids. In the CQL, a Q-value table is
established with the value of the objective function as the
reward. The meaning of the third constraint in Eq. (6) is that
the decision variables need to meet the bounded range of
changes in the previous state Xgsuatei, in order to ensure
electricity safety. The other two constraints represent supply-
demand balance and capacity boundary, respectively.

To handle the nonconvex optimization problem, a fixed-
time distributed optimization RL algorithm based on the CQL
is proposed as follows:

(1) Divide the feasible domain of virtual actions. According
to the inequality constraints x; < x; <X; and |x; — Xstate,il < x?,
the feasible domain is obtained as [bmin,i,bmax,il, Where
bmini = Max(X,, Xsate,i — X1} and  Bmax,i = Min{X;, Xgtate, + X2 ).
The above can refer to Fig. 1. The action space is discretized
into M parts. M+1 virtual actions are generated as
A; = A{bmin,i»b2,is -, bt iy bmax,i}-

b b

max

min  Current feasible domain
of virtual action

X,

X

- X ~ R
state,i i state,i X; state,i Vi

PR

Feasible domain of the original virtual action
Figure 1 Schematic diagram of feasible domain for virtual action.

Remark 4 The feasible domain is redefined. Instead of
adding the ramp rate constraint [40] to the distributed

optimization algorithms, the algorithm adds it to the RL
framework. This reduces the computational complexity of
interaction variables and also reduces the search space for
feasible domains.

(2) Train Q-value table with greedy strategy. A distributed
convex optimization algorithm in Eq. (3) is established to
search for optimal values around virtual actions. Note the
reward

r= K- f(avirwal) @)

corresponding virtual action ayira is recorded and used to
generate a Q-value table. The following is abbreviated as
0= Qi(xstate,i, xaction,i), then

Qi — Qi+a(ri—0) (8

where « is the learning rate.

In a nonconvex optimization problem, the mathematical
description of searching for real action x; around virtual
action ayirpyal,; 1S as follow

N
: 1 2
min § 3" (60 - avinual)s
i=1
N

st Z xi(t) = d, )

i=1

|x;(2) — xstate,il < x?

Based on Eq. (3), the distributed algorithm for solving Eq.
) is

N
xi() = - Z lijsig” (xi(t) = Qvirtual,i)—
i=1

N
D lijsigl (6i(0) = vira, ), (10)
i=1

N

Z x(0)=d

i=1

Then update the reward function and Q-value table based on
this result. The greedy strategy gives other nonoptimal virtual
actions a chance to be selected.

Remark 5 Unlike the asymptotic convergence of NdS in
Ref. [29], the proposed system converges exponentially to the
optimal value, allowing for effective calculation of reward
values. In addition, the proposed algorithm converges to the
optimal solution in a fixed-time, which is different from the
focus of some recent distributed algorithms that achieve
consensus in a fixed/predefined-time.

(3) After the training is completed, the optimal virtual action
jirtual’i is selected in the Q-value table. Then, the distributed
convex optimization algorithm in Eq. (10) is used again to
calculate the actual actions x* searched from the surroundings.
Finally, the cost function f(x*) of the actual action x* is
obtained. The specific process is described in Algorithm 1.

a
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Algorithm 1  Fixed-time distributed optimization for nonconvex ED

Require: M, [, ke, x(0), xR, x, X, and xgqee;
Ensure: x*
Allocate feasible range intervals [hmin i, Pmax,i] for virtual action:
brin,i < Max{X;, Xstate — X1 };
brmax — Min{X;, Xstate i + XN );
Create Q-value tables with a size of 1 X (M +1);
for k=1:1do

Select the optimal virtual action:
* —kel.

Ayirtuali = avmua]z €e e
virtual,i a,EA\a

Obtain the optimal solution x* « Eq.(8);

kel
virtual i’ I-ee :

Calculate the cost function f(x*);
Reward can be calculated using Eq. (7) or other forms;

Fill the reward value into the corresponding virtual action position in
the Q-value table;

end for

Determine the optimal virtual action a’ from the Q-value table;

virtual,i

print x* < Eq.(8).

An alternative method on the basis of penalty functions
is provided below. However, the result is approximate, limited
by the penalty coefficient 8 and the number of agents N. The
detailed proof and error can be seen in Ref. [23].

Remark 6 The NdM-based distributed algorithm in Eq.
(3) is combined with RL method [29] to solve nonconvex
optimization. Among them, the original virtual action
allocation method has been redefined to meet inequality
constraints. Then, the calculation of Q-value is based on the
NdS that converges to the optimal solution in a fixed time,
rather than asymptotic convergence. It is beneficial for
shortening the accumulation time of Q-value.

Remark 7 Consider a static convex optimization problem
in Eq. (6). Two inequality constraints are denoted as

gi1 (i) = xi(1) = Min(Ts, Xegate,i + X0),
gi2(x6(0) = (1) = Max(x; sates = Xp)-
Introduce penalty functions

1 2
hiCx(0) = FOa(0) = 5 > In(gialx0).
k=1

or

1 2
hiCxi(0) = f0) = > i = P,
k=1

where h;(x;(t)) is a convex function. The distributed

optimization algorithm is designed as
N
5i(0) == ) ljsig" (Vh(xj(0)-
N
D lisig? (Vhj(xj(0)), (11)
i=1

N

Z x(0)=d

i=1
The provided penalty function method avoids increasing the

complexity of the algorithm by dealing with inequality
constraints. It is an approximate optimization method.

This section investigates the nonconvex optimization of ED.
Equation (3) is combined with reinforcement learning, and
two search methods for dealing with inequality constraints are
proposed, namely, redefining box constraints into the feasible
domain of virtual actions or introducing penalty functions in
distributed algorithms. When the latter algorithm approaches
the constraint boundary, the value of the logarithmic potential
barrier function rapidly increases. Choosing the appropriate
penalty coefficient is also a valuable topic.

IV. CONVERGENCE ANALYSIS

In this section, a Lyapunov function is used to analyze the
convergence of the proposed NdS.

Theorem 1  Under Assumptions 1, 2, and 4, the
optimization problem in Eq. (2) is solved utilizing algorithm
in Eq. (3) within the time 77, where

1-8
- ) csc(a_ﬁn )x
(#2)amasas)
o~
B (n(t)

(4m2)a/+1
Ta o)
N2 (Aa(Ly)) 2

T

T, =

Proof
f(x*), then

V(X(t)) =
Z Vi (i (z))( Z lijsig® (V£ (xi (1)) -

i=1

Zwﬂwww}

i=1
N N

Z Vi (o) lijsig® (V£ (x5 1)) -

=1

Define the Lyapunov function V(¢)= f(x(f))—

1

M=
M=5

Vi (x (o) lijsig (Vf; (x, )=

Il
—_
~

. T
~|

(12)
(la/+1||VfJ(xJ(t)) ) _

B+1

2

—_

(a)
<

M=
M=

1l
—_

1l
—_

J

2
(lfj.*' IV £ (x; <r))||2)
a+l
2

N N
ZZ!;;“HW, ()| -

i=1 j=1
B+1

N N 2
)AL
l

i=1 j=1

1_
-N72

Q

Vi (x@))IP

By Lemma 2, inequality (a) holds. L.(Lg) represents a

Laplace matrix, which is composed of a2/ (‘Hl)( 2/ (ﬁ+1)) for

2/(a+1)( Z

i=1,i#j

2B
each nondiagonal element and Z /(& ))

i=1,i#j
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for diagonal elements. Then, IELQ(IZLﬁ)z Let

VF(x(®) = (1TV£(x(2)))/n)1,, we have
(Vf(x(®) —TVf (N Lo (V f(x(1)) = VF(x(1)) =
(Vf(x(t)) - M 1n)TLa/X

1Ty
ORI

1,) =
1Ty
V F(x(t) T Lo (Y f(x(1)) Ly,
T
Mlhﬂﬂ (t) - 1,) =

1,)-
"9 £ o)) (13)
TV
V£ (D) LV £ (x(1) ~ J;( ())Vf( ) Lol
T T
LARACIO) (x(t))lTLa(Vf( (1) an )
VAT LV £ (x(0))

Note ¢(t) = Vf(x(t)) — VF(x(1)). According to Eq. (13), we
have

1,) =

V<N (V) L Vf(x(t)))Tl—
(Vf(x(f))TLﬁVf(x(f))) T -

N7 ((VfG(0) - V(1) Lo (Y f(x(1)—
COVES —((Vf(x(t)) V f(x(0)Tx
Lﬁ(Vf(x(t)) Vf(x(r)))) s bl
—N = (¢<t)TLa¢<t)> 12 —(¢(r)TLﬁ¢<t>>T <
N7 (2m42[§La))T(¢<r>;¢(r)) > -

QmAx(Lg) 2 ($(1) ¢(1)) 2
According to Lemma 3, the inequality relationship of (b)
holds. Furthermore, from Lemma 4, it can be concluded that

J&x) - f(x(®) > "
Vf(x(0)" (x* = x(0)) + EIIX* - x| =
(V) = V) (" = x(0) + 5
1 _
—%IIVf(X(t)) - VI
According to the Young’s inequality, we have
1 _
%IIX(I) - x**+ ﬁllvf(X(t)) =V x>
(Vf(x(2) =V F ()T (x(1) — x°).

Then, we have
(Vf(x(0) = VF(x() T (x* = x(1) + %IIX(I) x| >
1 _
—2—||Vf (x(1)) = V fx(@))I*.
m

(14)

(15)

(©)
—x()|? >

The inequality relationship of (c) holds. Thus,
2mV(t) < T (D)p(1). By substituting Eq. (13) we obtain
. +1
V() < —N'2 @t (L) T VT -

B+1 p+1
(4m2/12(L/3)) 2V 2.
By Lemma 1, the distributed fixed-time optimization in Eq.
(2) is achieved within time 77. ]
Lemma 6 Assumptions 1, 2, and 4 hold. The optimization
problem in Eq. (2) is solved by a distributed algorithm in Eq.
(5) within time

T 1-
T = i csc( — n)x
() enen(a) T
15
Bl \ap
W

1« atrl
N2 (a(Ly)) 2

Proof Define the Lyapunov function V(¢)=f(x(f))—f(x"),
then

N
v i(xi(t))(_z 1ijV [V fi (e )l =

Mz

V() =
i=1 i=1
N
DLV ANV £ o))
1;1 y (16)
DU VG fHOIY £l
i=1 j=1
N

ZZ VGOV OV £ o)
i=1 j=1

The proof process is the same as shown in Theorem 1. [ ]

V. NUMERICAL SIMULATION

In this section, Example 1 is used to verify the effectiveness
of the algorithm in a large-scale convex optimization with an
equality constraint. Example 2 corresponds to the fixed-time
optimization investigated in Ref. [20]. Example 3 compares the
different search optimal solution processes of three distributed
optimization algorithms using the example in Ref. [41].
Example 4 utilizes the proposed distributed convex
optimization algorithm as a search tool for nonconvex
optimization in Ref. [29], which implements the algorithm
acceleration.

Example 1 The undirected graph with 100 nodes for Eq.
(3) is considered.

100

D fio),
100 an
st, > xi(0) =150
i=1

where  fi(xi(t)) = (xi(£) = 0.1)?/2,i = 1,2,...,20,  fi(xi(£)) =
(xi()=0.3)2/2, i =21,22,...,60, and fi(xi(1)) = (x;() —0.5)?/2,
i=61,62,...,100. This example is used to simulate the
simplified situation of large-scale nodes, usually applicable to
problems such as resource allocation, ED, engineering
optimization, etc.

Random values between 0 and 2.5 are chosen for
x1(0), x2(0),...,x30(0). The vector Apper 1S labeled as
[x1(0), x2(0),...,x80(0)]. The value 150—sum(Ajpe1) is then
distributed equally among the remaining 20 numbers
x81(0), x82(0), ..., x100(0).

Figure 2 shows the topology relationship diagram of 100
nodes. While maintaining connectivity, the connection
relationships between nodes are randomly generated. Figure 3
displays the variation curve of the cost function. Because of

min
X
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the inclusion of exponential terms in distributed algorithms,
the cost function quickly approaches the minimum value that
satisfies the equality constraint along the gradient descent
direction. Figure 3 also shows the trajectory of the decision
variable x(¢) in the algorithm. It can be seen that the trajectory
converges quickly. The final state of the trajectory is in three
situations. This is because there are three types of objective
functions.

(a) Example 1 (b) Example 3

Figure 2 Topology diagram of examples.

problems with equality constraints, algorithms 4 and s reach
their optimal values in a short time ¢. Algorithm a reaches its
optimum after a long period of fluctuation 7. The changes in
three algorithm parameters and their corresponding displays
are shown in Table 2.

Table 1 Parameter of ED in Eq. (18).

Generator number a; b; X xi(0)
1 0.077 20 78.78 90
2 0.010 40 38.00 110
3 0.250 20 33.00 90
6 0.010 40 45.00 100
8 0.022 20 556.50 120
9 0.010 40 30.50 90
12 0.032 20 45.00 90

Table 2 Corresponding diagram for adjusting three
algorithm parameters.

105
~ 100
< 95
g 90r S
Z st =12
B

0 2 4 6 8 10 0 2 4 6 8 10
1(s) £(s)
(a) Cost function (b) Optimal solution

Figure 3 Trajectory of cost function and optimal solution.

Example 2 Consider a microgrid system with six
generators [20]. This example is used to compare convex
optimization algorithms with equality constraints.

6
min > (@) + bixi(t) +o)
lgl (18)
st Z x(f) = 600
i=1

The optimization problem in Eq. (18) is solved by Eq. (3),
with parameters @ = 0.8 and 8 =2.0 set to be consistent with
Ref. [20]. The term coefficients in distributed algorithms are
uniformly set to 1, because they can affect the convergence
speed. The coefficients of the objective function and the initial
values of x are shown in Table 1.

Figures 4-7 show a comparison of the convergence
trajectories of two fixed-time NdMs and a classical asymptotic
time NdM based on the Lagrange function method to the
optimal solution. Figures 4-8 show the comparison of cost
function trajectories of three methods. Among them, the
superscript a represents the NdS that asymptotically
converges to the optimal solution, the superscript s represents
the system in Eq. (3), and the superscript / represents the NdS
proposed by Ref. [20]. The cost function value after obtaining
the dispatch is 7162.04. The optimal solutions are
x] =79.9218, x5 =115.3540, xj=66.9500, x;=97.5670,
xz =109.7500, and xg=96.1166. For convex optimization

Generator k* K" k¢ Step size
Figure 4 1 [1,1,117 1 0.005,00
Figure 5 1 [40,20,1]T 1x103 0.005,00
Figure 6 1 [100,20,20]T 1x104 0.000,83

1 [40,20,1]T — 0.005,00
Figures 7 and 8 50 [40,30,11T — 0.005,00
500 [50,20,11" — 0.005,00
80 1
70 : : : .
0 10 20 30 40 50
t(s)
(a) Optimal solution
9000 : ;
-------- 1O =0 = =0
8000 |
2
S 7000 ¢
i
e RS 7200
Y 7180 b
6000 ; 7160 ¢
: 0 0.1 0203 04 0.5
5000 : . . .
0 10 20 30 40 50
1(s)
(b) Cost function

Figure 4 Comparison of three algorithms with coefficients equal to 1.
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S 4000 f 7170
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(b) Cost function

Figure 5 Comparison of our algorithm (k*=1) with two comparison
algorithms (maximum adjustable situation at step size 0.005).

Compared with algorithms with the same coefficients, it can
be seen that our algorithm converges faster. The reason is that
we directly use the gradient of the objective function to reach
the optimal solution faster. Meanwhile, the state variables are
not affected by the convergence of other auxiliary variables.

Figure 5 shows the comparison between algorithm s with
parameter 1 and other algorithms. At a step size of 0.05, the
coefficient of algorithm #/ increases to k" =140,20,1]T, and
algorithm a increases to 1x10%. For larger parameters, the
system will lose control. The results demonstrate that two
fixed-time methods converge to the optimal solution early.

Subsequently, the step size is reduced. The coefficient of
each algorithm can be further increased. The coefficient of
algorithm % is changed to " =[100,20,20], which is
consistent with the setting in Ref. [20]. The coefficient of
algorithm a increases to 1x 10*. The coefficient of algorithm
s remains at 1. The results show that the convergence speed of
algorithm a is improved, but the effect is still inferior to
algorithm 4 and algorithm s.

Finally, algorithm % and algorithm s are compared in detail.
Three sets of parameters are set for each algorithm. It is worth
noting that Table 2 does not display the maximum coefficient
of algorithm s. Under the current step size limitation, the
coefficient of algorithm s can still be further increased. But
the latter two parameters of algorithm % experience significant
fluctuations. The specific value is that when position 1
exceeds 50 or position 2 exceeds 30, the proposed system will
lose control. This demonstrates that algorithm s has greater

140
]20 —
100 fc
80 |
= 60 120 =
>< -
40 100 e
20 80 _:'
0 60
90 0 02 04 06 08 1.0
0 5 10 15
1(s)
(a) Optimal solution
8000
ooool 2%
_ i T190 ¢
< i 7180
Sa000f  TI70§
E : 7160 T
o =
& F o715 0——
2000 £ 0 0.05 0.10 0.15 0.20 0.25 0.30
"""" 1@ =L@ 10
0 5 10 15 20

t(s)
(b) Cost function

Figure 6 Comparison of our algorithm (k*=1) with two comparison
algorithms (data from Ref. [20] or maximum adjustable situation at step size
0.000,83).

flexibility and stronger robustness. Figure 8 shows the cost
function trajectories for these six scenarios, which ultimately
converge to the same optimal solution.

Example 3 This example refers to the IEEE 57-bus
system in Ref. [41]. This example is used to compare convex
optimization algorithms with equality and inequality
constraints. The fixed-time algorithm coefficients are set to
a = 1.5 and 8 =0.5. The system consists of 7 generators. The
mathematical description of the optimization problem is

7
min Z(a,-xiz(t) +bixi(1)),
i=1

7 (19)
st ) x(r) =235.26,
i=1
0<xi(t) <x;
The cost function and initial value data are shown in Table 3.
After adding inequality constraints, the power-law term for
becomes more sensitive. Equation (11) about x;(¢) is rewritten

N N
as (1) == > lysig®(VhjCej(0) —k* > Iijsig (Vh(x;(0)).
i=1 i=1

Among them, the increase of coefficient k* is to reflect the
sensitivity of this term, with values of k} = 0.5, k5 = 0.8, and
k3 = 1.0, respectively.

Figure 9 shows the cost function value. There is still
shaking at the minimum value after convergence. The result
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Figure 7 Comparison of our algorithm (k* = 1,50, and 500) with comparison
algorithm (adjustable situation at step size 0.005).
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Figure 8 Trajectory of cost function.

has a certain error with the optimal value 6036.40 in Ref. [41].
Due to the introduction of the sign function, the optimal value
of the graph fluctuates in [6029.15, 6039.12]. As k* gradually
decreases, the fluctuation range decreases accordingly. When
ki =0.5, the value stabilizes around the optimal solution
6030. Figure 9 also shows the optimal solution. The

Table 3 Parameter of ED in Eq. (19).

Generator a; b; Ci x;(0)
1 0.096 1.22 51 90
2 0.072 3.41 31 110
3 0.105 2.53 78 90
4 0.082 4.02 42 100
5 0.078 2.90 57 120
6 0.090 2.72 49 90

fluctuation is due to the chattering phenomenon caused by the
sign function. To control accuracy, the proportion of the sign
term can be reduced, but it will also increase the convergence
time.

—k kb —kK
7500 F 6050
6045 |
@ 7000 6040 (1.103, 6039.12)
5
= 6035 f
<
3
= 6500 6030 F
6000
0 5 10 15 20
t(s)
(a) Cost function
80
60 I e ———
40
1
20 l\
0 (1) 1) (1) ——x0)
—x5(1) ——X5(1) ——25(?)
-20 . , ,
0 5 10 15 20
t(s)

(b) Optimal solution
Figure 9 Trajectory of cost function and optimal solution.

Example 4 In this example, a 120-unit case is generated,
which is three times the size of a 40-unit case [40] with valve
point loading. This example is provided to simulate large-
scale nonconvex optimization problems in real-world
scenarios. 120 units of the communication network are
randomly generated in Fig. 2.

120
min Zlﬁx,-(r)),
120
st, > x=16,000,
i=1
X; < Xip <X,
X0 = i 11 < 50

(20)

The form of the local objective function is
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120

Jilpio) = D @ijp}+ bijpia +ij+ @ijsin(ij(p, = pi)),  and
j=1

the parameters are given in Ref. [40].

Figure 10 shows the asymptotic convergence of the
optimization problem in Eq. (20) to the minimum cost, using
the estimation of the optimal cost in Ref. [29]. However, our
distributed optimization algorithm in Fig. 10 completes a
cumulative reward during the training process within less than
0.2 s. It helps to quickly accumulate rewards in RL and
reduces the time burden of accumulating rewards. This is of
great significance for the rapid response of allocation. The
solving algorithm for this example consists of the RL
framework in Ref. [29], where the distributed algorithm used
is accelerated. This can more effectively accumulate rewards
and quickly find nonconvex optimization solutions.

x10%

£ N

Total cost/24 ($)

N

0 2 4 6 8 10
£(s)

(a) Cost function

0.10 0.15

t(s)
(b) State variable

Figure 10 Trajectory of cost function and state variable x(z).

VI. CONCLUSION

An NdS is designed for convex optimization with an
equality constraint. This will significantly improve the
processing efficiency of engineering tasks. It can be integrated
with RL to solve a nonconvex ED problem. The primary
advantage lies in its ability to efficiently and repeatedly search
for feasible solutions. First, the state variables in the
differential equation need to satisfy the zero-sum initial
constraint to ensure that the equality constraint always holds.
Second, the ramp rate constraints and capacity constraints in
ED are considered in the partitioning of feasible states within
the RL framework, reducing the inequality constraint related

variables in distributed optimization algorithms. In the future,
applications in dynamic ED problems warrant further
exploration.
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