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Neural Network Based Inverse Optimal Control for
Uncertain Nonlinear System with
Unmatched Disturbance

Jianan Liu, Zhongxin Fan, Shihua Li, and Rongjie Liu

Abstract—This paper addresses the problem of composite
inverse optimal control for a class of uncertain nonlinear systems
affected by unmatched disturbances. A control framework is
proposed by integrating a generalized proportional integral
observer (GPIO) with a neural network based scheme to
simultaneously estimate both matched and mismatched
disturbances and to approximate unknown system nonlinearities.
To overcome the computational challenges associated with solving
the nonlinear Hamilton-Jacobi-Bellman (HJB) equation in high-
order systems, a composite adaptive inverse optimal control
(I0C) strategy is developed. This approach combines GPIOs with
the TOC framework, effectively utilizing the available system
information while providing adaptive capability in dynamically
changing environments. A rigorous theoretical analysis is
presented to guarantee both stability and optimality of closed-loop
system. The effectiveness and robustness of the proposed method
are demonstrated through simulation studies.

network
generalized

Index Terms—Inverse  optimal  control, neural
approximation, composite anti-disturbance control,
proportional integral observer

I. INTRODUCTION

NVERSE optimal control provides a powerful theoretical

framework for addressing inverse problems across the

control systems, machine learning (ML), robotics, and
optimization by leveraging optimality-based principles [1].
Since inverse optimal control [2] was introduced, it has
undergone extensive research and development due to its
ability to simultaneously ensure system stability and optimize
control performance [3, 4]. However, practical engineering
systems are frequently affected by unmodeled dynamics,
unknown nonlinearities, and both matched and unmatched
disturbances, making it challenging for conventional control
approaches to achieve satisfactory performance [5]. Moreover,
solving the Hamilton-Jacobi-Bellman (HJB) equation for
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high-dimensional nonlinear systems remains computationally
prohibitive due to the “curse of dimensionality”, which further
complicates the controller design [6]. Therefore, designing
robust and optimal control strategies without relying on
precise system models remains a critical and unresolved
challenge in current research.

The neural network (NN) based approximation is regarded
as an effective method for handling unknown dynamics or
system nonlinearities. To better understand how neural
networks correspond to the structures of the compositional
functions they aim to approximate, Ref. [7] introduced a
synthetic algebraic framework along with a foundational
theory of approximation. Directed acyclic graph (DAG) was
employed to depict the input-output mapping, offering an
intuitive visualization of compositional function structures.
Motivated by the idea of Ref. [7], this paper adopts a DAG-
based representation of the nonlinear system.

The presence of disturbances presents substantial challenges
for optimal control in achieving desired closed-loop
performance, including the minimization of steady-state errors
and enhancement of dynamic response characteristics. In
recent decades, various effective methods have been
developed to mitigate disturbances in control systems.

Relevant works include disturbance observer design for
nonlinear systems. Chen et al. [8] provided the first
comprehensive and systematic overview and summary of
existing disturbance/uncertainty estimation and attenuation
techniques, with a particular focus on disturbance
accommodation control (DAC) [9], disturbance observer
based control (DOBC) [10-12], active disturbance rejection
control (ADRC) [13-16], and composite hierarchical
disturbance rejection control [17, 18]. Notably, the
generalized proportional integral observer (GPIO) [19-21] has
emerged as a particularly attractive solution, garnering
significant research interest and widespread practical adoption
owing to its unique capability of actively estimating and
compensating for disturbances in real time. A composite
sensorless control scheme was proposed for permanent
magnet synchronous motors (PMSMs) based on generalized
proportional integral observers and a Kalman filter, enabling
high-precision back electromotive force estimation and robust
position and speed estimation under disturbances [19]. A
GPIO incorporated with a feedback domination approach was
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designed to compensate for disturbance and suppress
nonlinear uncertainty for nonlinear uncertain systems with
time-varying disturbances [20]. Yuan et al. [21] presented a
GPIO-based sliding mode control approach for regulating the
high-pressure common rail system in diesel engines.

This paper proposes a novel composite adaptive inverse
optimal control framework that integrates a GPIO with a
neural network based estimation scheme. The GPIO is
employed to estimate both matched and unmatched
disturbances in real time, while the neural network is utilized
to approximate unknown nonlinear dynamics, thereby
reducing dependence on accurate system models. Compared
to existing works, the contributions of this paper can be
summarized as follows:

(1) A unified control structure is designed to integrate
disturbance observation with inverse optimal control, thereby
achieving both robustness and performance optimization.

(2) System uncertainties are adaptively learned using neural
networks, which eliminates the need for analytically solving
the HIB equation.

(3) A composite controller is developed to simultaneously
handle both matched and unmatched disturbances, thereby
enhancing the disturbance rejection capability of the closed-
loop system.

A rigorous proof is provided to demonstrate the asymptotic
stability and inverse optimality of the proposed control
system. Symbols and their meanings are given in Table 1. In
contrast to traditional sliding mode control [22] and adaptive
backstepping method [23], the proposed strategy offers a more
favorable trade-off between computational complexity and
control accuracy. Simulation results in Section IV demonstrate
that the proposed method maintains superior performance
under multiple disturbance sources and parameter
uncertainties.

The paper is organized as follows. Section II introduces the
problem formulation and necessary preliminaries. Section III
presents the GPIO design and the neural network based
composite control strategy. Section IV demonstrates the
effectiveness of the proposed approach through numerical
simulations. Finally, Section V concludes the paper with the
main works.

II. PROBLEM FORMULATION

In this work, the following nonlinear control system
confronted by uncertainty/disturbance is considered.

Xi=xip + fi(x)+di(0), i=1,2,...,n—1;
Xn = u+ f,(%n) +dy(1), (1)
y=x1

where x=[x1,x2,...,x,]T €R", ueR, and yeR are the
system state, the control input, and the output, respectively.
Initial condition is x(0) = xo. For i =1,2,...,n—1, fi(x;) is the
unknown continuous function defined on a compact set Q to
represent nonlinearities of Eq. (1), X =(x1,x2,...,%;).
di, i=1,2,...,n—1, denotes the mismatched disturbance and
d,, 1s a matched disturbance.

Table 1 Notation and physical meaning.

Symbol Meaning
x=[x1,%2,..., %] State vector
u Control input
y=x System output

fi(x) Unknown nonlinearity, % = [x1,x2,...,x]"
di(t) Mismatched disturbance, i = 1,2,...,n—1
dy(1) Matched disturbance
fitx) NN approximation of f;
07 and 0; Ideal and estimated NN weights
o; Estimation error, 6} — ;
o7 Approximation error of NN
@i(x) NN basis function vector
Zi,j GPIO state for x; and d,(j)
Aij GPIO gain parameter
€ Tracking error at step i
@; Virtual control law
P; and Q; Lyapunov-related matrices
I Adaptation gain
Tij Leakage coefficient
V;*, %;»and Yi NN gain and its estimate/error
E; Observer error vector
A; and B; Observer system matrices
Bi Bound on GPIO input term

Assumption 1  The disturbance d(r) in Eq. (1) is
differentiable and its higher derivative d(¢), j=1,2,...,m
satisfies f]g?o dP(1) =0,

Remark 1 To illustrate the rationality of the hypothesis,
we take PMSM system as an example. All the parameters of
the PMSM system are bounded and typically vary smoothly in
practical applications. Moreover, the loading and unloading
processes of the PMSM system are not instantaneous but
occur gradually over time, i.e., these considerations
collectively support the validity of Assumption 1.

Lemma 1  The globally input-to-state stable (ISS)
nonlinear system j = G(x,y) ensures that if the control signal
¥(t) converges to zero (i.c., }l)r?o v(f) = 0), then the system state
x(r) will also asymptotically approach the origin (i.e.,
Jim 5 =0)

Consider Eq. (1) depicted by a network that involves
multiple compositional functions. See Fig. 1 for details. By
definition in Ref. [24], ho;, i=1,2,...,n is the input node,
hi;, i=1,2,...,n is the hidden node, and hy;, i=1,2,...,n is
the ouput node. The hidden nodes involve unknown function
fi» i=1,2,...,n, making it impossible to accurately represent
the functional relationship utilizing DAG based on algebraic
theory. Hence, neural network approximation method is
introduced as

fi(x)=6T¢i(x)+6; 2)
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Figure 1 Function f;, i = 1,2,...,n defined in Eq. (1).

with |¢;| < 7; and |67 < d;. 607 and ¢; represent the ideal weight
vector and the approximation error, respectively. ¢;(x) is a
vector-valued function composed of basic functions
pi(x), i=1,2,...,n. Figure 2 gives a further description.
Figure 3 illustrates the modified graph after substituting the
nodes.

For a compositional function (h,G", L") defined in Ref.
[24], certain nodes requiring approximation can be replaced
with shallow neural networks, resulting in the construction of
a deep neural network. Proposition 1 presents an analysis of
error propagation within the resulting directed acyclic graph
structure.

Proposition 1 Let Lg’ >0 denote the Lipschitz constant
associated with the function h. Consider a collection of
compositional functions (h,G", L"), where & shares the same
domain as & and has a range suitable for composition. If the
node h approximation error satisfies |2(v) —h(v)| < &, then the
overall approximation error is bounded by

lA(x) = A(x)ll, < Lie.

Here, h s the resulting function after replacing i with its
approximation /.
The proof refers to Ref. [24], which is omitted here.

III. MAIN RESULT

A. GPIO Design Process
Combining Egs. (1) and (2), the generalized proportional
integral observer is developed as

. AT
Zio = zZi1 + Xiy1 +6; @i + Aio(x;i — Zio),
Zi1 = zip + Ain (x; = Zio),

€)
Zim = Aim(Xi — Zio)

where i=1,2,....,n, X,p1=u, and zj,Zi,...,Zim are the
estimations of x;, d;(¢), dfl)(t), ...,dlf'”)(t), respectively.
Ao, Aits- -, Aim > 0. Defining estimation errors ejo = x; — Zjo,
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Figure 2 DAG corresponding to the neural network approximation function
fi=12,....n.
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Figure 3 Compositional function formed by assigning the neural network

@

approximation fi- i = 1,2,...,n to nodes hy 1,h12,...,h1 ..

€im =

(m-1)
di

ei1 =di—2zi1, - —Zim and combining with Eq.

(3), we get
éip = ej1 — A€o,

&1 = ep—Aji€jp,

)
im = d,f’") = Aimeio
We can rewrite Eq. (4) as
Ei :AiEi+Bi (5)
with
o 1 0 -+ 0 0
-7 0 1 -0
Ai= ,Bi=|
. . . . . (m)
“Am 0 0 o 1 d;

Here E; = [0, €i1,...,eim]" € R™ X1 and A; € RO DX(m+D)
is a Hurwitz matrix. There exists a positive definite symmetric
matrix P; € RUmDX0n+1) quch that

ATPi+PiA; = —Q; (6)
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where Q; € R DXm+1) s 3 positive definite matrix. With Eq.
(6) and the fact that El.TEi > ||Ei|[> in mind, it is directly
deduced that

2ETATPE; = EJ (AT P + PA)E; <
— Anin(ODIE|I?

It is easy to find that B; is bounded. Without loss of
generality, assume ||B;]| <B;. Bi > 0 is a constant. Using the
Cauchy-Schwarz inequality, one has

O]

2ET P B; < 2BiIPIIE:| ®)

B. Adaptive Inverse Optimal Control Design

Step 1. Define € = xi ~y,, 6; =6; -0, 71 =y} -1, and
choose the Lyapunov function as

R S D ) (N PE N N T 9

V]—261+291F1191+2y1F12y1+E1P1E1 ()

where 'y >0, I'12 >0, and Py > 0. Then, the time derivative
of V| along the trajectories of Eq. (1) is

Vi=e(xa+0{¢1+z11+8 —3,) +e 0] ¢+

erer =01 710 =7y v+ (10)
2ETATPE| +2ET P B,

Define G

W?@] +v] = T1T@1 s

We can deduce that

= -y, then G| can be approximated by G| =
where [W],V]] and @1 [@1 l]T

aGi < < +eyjé,

(11)

where 71‘ = le + v% and &) = (@f@lel)/Z. From Formulas (7),
(8), and (11), one has

Vi<e(e+ar+91é +z) +ayié +e b ¢1-
- 2 . 3 1- 1
orrslo -yl + =€+ =67+ -+
11117’1127’12 701t 5

r%972+r%é%—M1||E1||2+2/31||P1||||E1||

(12)

2
€t

where & =x,—a; and M| = Anin(Q1)— = 5> 0. The virtual
control law «; is designed as
3 rZ 2
a1 =—kieg— € — f) -¥1é1-z11 (13)
2 2
where k; > 0. The updating laws are chosen as
é é 9
I'i(edr - 0’11A1) (14)
I'o(aé —ony)

Note that

«2 _ 72
con 0
2
v -9
2
Substituting Formulas (13)—(15) into Formula (12) yields

O’]lé é

(15)

0'1271 <o

2 £2
1251 2 AT h ~To
€ ton0,0+ony i+

Vi <—k1612+6162—

T 1 «2 272
56 +2+719 +710—
MEP +2B1IPIIE, || < 16)
2 2 2
_k162_r12§1 2 T1T2T ., o,
1 2 1 2 1 2 1
I, 1 oon+2t o o,
561+§+T] +7’)/| +e6e—
MiE P + 281 1Py I
Step 2. Choose the following Lyapunov function
1 Lor 15 1 7 4.
Va=Vi+ §e§+§9§r21192+§y§r2;y2+E§P2E2 (17)

where I >0, 2 > 0, and P, > 0. Calculating the derivative
of Eq. (17) yields

2 A2
I8 2 J11 217 5 o2,

V2 <—k1€12— 3 €] ) 1—7’)/14'

62(63 +ap+ é§¢2 +221 + 5;—

Oay . 0y ,

Oai , .
2y — 22
e

861 8z 11

(18)
Ezég¢2 +een) — 92 F21 92
1_ 1 o1+ 2T
P+ —t
2717 2
MIE| +2B11I1Py IE 41+
2E]AYPyE2+2ET Py By

72 » Yo+

2 012 42
1t 57"

+€1e—
2

8a1
= X3—a>. Gr=€e——€é——2
where €3 = x3—a3. Define G2 = €] e 1 aznt 11, then G,
can be approximated by G, = W) @, +v, =T, 0, where T, =
[W2,12]and @, = [@; 1T, Let = Wi7+v3 and & =
61 0,6/2. Note that

1

2

6er)] < €65+ =e5,,
\22 221

2 (19)

2
0o o 0 Iy s 2 22,
< ' + 7(6151 +207,7+

2%2 | 272
§€2+T292 + 7505

It can be deduced from Formulas (17)—(19) that

629;r¢2 <
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. 0'11—2T2~ —2r2 o2
V2<—k1612— 5 10%— 212 12y%+

. - AT
(6 +az +926 +221) + ©¥26 + €6, ¢r—

3 1, 1
orr;o, - y§r2y2+2ez (252+ 62)

2
Lo, outdn o, ont2hel, o o (20)
2 2 2 1 2 1
2 O : 2 %2 72
62(8%) +756, +1'26’

(M{||E: P + Mal|Eo )+
261 11PUINE L+ B2IP2IILE D
1
where M2 = Anin(Q2) - 3> 0. Choose the virtual control law

@ and updating law of 8, and 4, as

3 I8
) = —k262— 562— 2; 2

0, = N1 (€¢2 — 02165),

Y2 =I'm(eér—on)
With the fact that

6a1
€ — 7%
091

€& —¥262— 201,

20

0'21égé’2<0'21 T
(22)

(g 2272 Y2 <02

there holds

11 —27'% o 2F
2 1 2

) o
V) < —(klel2 +k2622)— 12 72
2 2
1,6 2
2 2 aA

1., 1. 1 1\ o +272
(56%4‘565)4‘(54‘5)4‘%9?24‘

o +2lh0, der ) 50, am
5 7 +€2 99, +750," +7505—

(Mi||E1 | + Mol Eal )+
2111 IE || +B2IP2 I E2l) <

2 2
11—27‘1 ~> O’21—2T2~2
> oy + > 0 |-

2-20%,00, 2 2.0

3 7 3 '}’2
1 1 (J'11+2‘!'l 2 O’21+2T§ 2
(§+§)+( 2 0"+ > 0, |+
Ti+20h07, L,
fyl

66— & +0216; br+ 72073 Vot

(23)

— (k1€ +kr€d)— (

1, -
E(5§+5§)+

022 42
) =Y, tee&—

1"2 é‘:Z
226~ (MEP + Mal|Ex )+

2B11IP1IE [+ B2IP2IE])

Step i (3<i<n). Assume that the updating law and the
virtual control law are well designed. The derivative of the
Lyapunov function

1
16+ zy, o9+ El PE; (24)

1 J
Vi=Vi_ 1+26 +291 I

satisfies

(25)

1 1
D MIE IR +2 " BjIPAIE
j=1 Jj=1
Obviously, Formula (25) reduces to Formula (23) when
i=2. We claim that Formula (25) also holds at step i+1.
Define €;1» = xj12 — @41 and the Lyapunov function

Vi+l—V+ €

3 Gt L) IO+

2 i+17 i
- ) (26)
55’i+1ri11,25’i+1 +E;,  Pir1Ei
Then, it follows from Formula (25) that

ol - 2‘1' i

H—l Zk € Z ) Qj—
[oF )

i—1

g — 2F 12 ) .
: 2 iT Y
J=1
e bt 48T b 4z
€i+1|€i+2 T @it + l‘+1¢z+l +Zir1,1F
. 0@, 0a;, MU
T A eyt 7
i+l 66,' ! 6z,»1 ! 8 !

AT
€+10,,10ir1 T Eiv1€i41,1—

5T A ~T 1 4%
01 z+1,19i+1 _7i+1ri+1 2Yirlt

1 _ 0'11+2‘r
Q;fﬁ Z

i-1 o
(o] +2I" ]420'.].2

@7

2 02 42
2 Vit

2 &2
Iaéi 5
2 i

i i
D IMGIEP+2 ) BIPIE|
J=1 J=1

8(1,' .
€ —

=

€i€i+]1 —

8a,~
0zi1
WL @iy +vig

i+1

Define Gir1 =€ Zit, then Gi1 can be

- —
86,‘

approximated by G = =T} i1, where
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Let =WZ +

z+1 i+1

Tiy1 = [Wis1,vim]l and @iy = [Diyg l]T-
v: +1 and &1 = @: +1©i+1€i+1/2. The following inequalities can

be deduced by utilizing the same manipulations in Formula

(19)

1 2 2
€ir1€i+1,1 S 5 €irl + 2 Ci+11
1 1,
€l+161+1 2 I+1+261+1’
€+1Git 7 +Ez+1'}’?+1§z+l,
28
0a;, o (0o ri22( 262 1 952 32 -
€1 o YViS €| o | (G 8 H20,Yit
i a)’i% i+1 a,yi 2 150 27i
2 %2
20',‘27’,' )
« 1
T 2 2 72
€10, 1Pis1 < §6i+1 l+191+1 +Tz+101+l

Substitute Formula (28) into Formula (27), and choose the
virtual control law «@;;; and updating law of ;11 and Vi1 @S

I SRS TF S
i+1 i+1€i+1 ) i+1 ) i+1
2
0a; N
W €i+1 —Vi+1&ir1 — Zix115 (29)
Biv1 = Tiv1,1 (€181 — Tin1,10i41),
Vi1 = Fiv1 2(€i1Ei1 — Tix129ix1)
With the fact that
)
91*+1 91+1
Tis1,100 1 0ir1 < T, o
(30)
Y; 12_7’”1
Tir1 271 Vist < 0’i+1,2'+T
it is easy to verify that the following inequality holds.
i+1 i+1 o —27’
jl
e fp-§, 74570
o= 2F 12 2 Tit+l2 .o
2 yj 2 yl+1+
=
i+1 i+l
15, i+l o2
526/ ) +Z 2 it G
j=1 Jj=1
2
SOpt2H0h o Thia L o
2 y] 2 i+1 +
=1
i+1 i+1
Eis1€42= ) MIEIP+2>" BIPIIE;|
j=1 J=1

In particular, at step n, we can obtain the actual control
input

2
Oay,_
—_knfn_fn_(aAn 1) €~ Yun —2n1 (32)
Yn-1
and the updating law is
On = I'n1(€ndn — O-nlén); (33)
';\)’n = I'p(€én— on2¥n)

These render the Lyapunov function

1 = 1 T
V=V, 1+26 +20nfn16 +27 I"zyn+EnPnEn,
to satisfy
27'

Zk € Z L6
nz_lo-fz 2F12 2.2 Tn2.2

: I 7’] 3 Yn
Jj=1

1 <& O'1+2T
R N ;gﬂ (34)
2 72 2

J= J—l
210—12"'2 J2 ]2 %2 % %2

: 2 ;oo
Jj=1

n n
D IMGIEIP+2 ) BIPIIE, |
J=1 J=1

To illustrate the bounded property of the system state,
Theorem 1 is developed.

Theorem 1 Considering Eq. (1), under the controller in
Eq. (32), adaptive laws in Egs. (14), (21), (29), and (33), and
disturbance observer in Eq. (3), all signals of the closed-loop
system are ultimately uniformly bounded.

Proof Choose the Lyapunov function as V =V, and the
derivative of V is

V<-aV+b (35)

where

a=min(2k;,0j1=275,0 p=20 Lo D2 MIIE I ,072,j=1,2,...,n},

1 & - O']1+2T *
b=3 251 Z
n=lgn+2I°
R+, 2 .
>y 2+2ZB] IPIEI.
=1
In addi’tion,1 the bound <can Dbe obtained as
lim lell < (2b/ a)2 . This completes the whole proof. [

C. Optimality Analysis

Based on the results acquired previously regarding the
disturbance observer, updating law, and controller, we present
an optimality analysis of the closed-loop system.

Theorem 2 Consider the composite stabilizing controller

U = Uc—Znl (36)
where u, is a normal control input and z,; is an estimated
disturbance of d,. For any 8 > 2, the modified control law

u; =pPuc 37
solves the inverse optimal control problem.

Proof To show inverse optimality, we connect the closed-
loop dynamics with an HIB-related framework. According to

the definition of €, Eq. (1) can be rewritten as an error system

é=F(€,0,%,e)+Gu, (38)

where G =1[0,0,...,11T and F =[F1,F2,....F]T is the
aggregate nonlinear system vector field including estimation
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errors and disturbances. F; = €41 +e€;1 +2i1 + @+ fi — &1,
i=1,2,...,n—1,F,=en +ay+ fn—&,-1, and ag = y,.
Following Lemma 1 in Ref. [25], in order to illustrate
inverse optimality, two points need to be proved. (1) The
controller u. stabilizes the system. (2) The control law can be
written in the form u}=-R'LgVT with R >0. In terms of
Proposition 2 in Ref. [26], the inverse optimal cTontroller

i 1

satisfies u, = —R~'LgVT. Here, R™! = ky+ 1 +9, +

First, we construct a Lyapunov-HJB structure. A cost
function is defined as

J(ue) = Sup{tlgg {28V (e) + fot [I(€) + u; Ru.1dt}}

where [(€) is the running cost defined to match the structure of
the HJB inequality. Inspired by inverse optimal theory, select

[==2B8(LyV-LeVR  (LcV)")+
BB-DLVR™ (LgV)"

To establish that the control law u) solves the inverse
optimal control problem, it is first to demonstrate that R
remains positive definite at all times.

It is not hard to verify from the definition of &; that @,-T@i/ 2
is positive definite. In addition, ¥, is positive if we choose
7.(0) > 0. Hence, R is always positive definite.

In light of Theorem 1, the controller in Eq. (32) stabilizes
Eq. (1) with V < —aV +b. Therefore, for V||e|| > v2b/a, there
exists a positive function W satisfying

(39)

(40)

LV +LgVu. < —aV+b=-W(e).

According to the LaSalle-Yoshizawa invariant set theorem,
one has

1> 28W(e)+B(B—2)LcVR (LgV)".

With the fact that 8 > 2, W(e) is positive definite, [ is also
positive definite. As a consequence, the cost function in Eq.
(39) penalizing on € and u makes sense. Since the controller
u. stabilizes the system, it follows directly that u} also
ensures system stability, and thus a formal proof is not
required.

Substituting / into Eq. (39), one has

J = sup{lim (2V(€) + fot[l +uT Ruldr)) =
sup{lim 28V (e) + fO’[—zﬁ(LTV + Lo Vie)+
BB-2)LcVR  (LeV)" +u) Ru.)dt)) =
sup(lim {25V () + jot[—Z,B(L(,tV + Lo Vig)+
BPLGVR N (LoV)T = 2BLGVue +ulRuc)dr)) =

sup{lim {28V (€) - 2 fot dv+

(41)

t
fo (e — u?) ' Rlue —u})dr}) =
2BV(O)+ [ (e =) R — u)de

It is obvious that the cost function has a minimum value
when u, = u}. As a result, « minimizes the cost function. The

value function is J*(e) =2BV(e), i.e., the inverse optimal
control problem of Eq. (1) is solvable under the controller in
Eq. (32) for all ||e]l > V2b/a. In consequence, u solves the
inverse optimal control problem. This completes the proof. W

Remark 2 The inverse optimal control problem for
nonlinear systems was first formulated in Ref. [3], providing a
means to achieve optimal control without the need to directly
solve the HIB equation. It is important to emphasize that the
design of the inverse optimal controller u#* = Bu, must satisfy
the following conditions. (1) The derivative of the Lyapunov
function V remains semi-negative definite under the control
input u,, i.e., V <0. (2) The control law u. can be expressed
in the form u. = R"'Ls VT, where R > 0. (3) The control input
is implementable and remains bounded as LgV — 0, thereby
avoiding singularity issues.

IV. SIMULATION RESULT

A numerical simulation is conducted in this section to
validate the effectiveness of the proposed control strategy.

X1 = x2+0.15sin(0.57),

%2 = u+x3 +0.7sin(t - 3m/4) + 1, (42)

y=X

The reference signal is y, = sin(0.5¢). The controller gains
for each step are chosen as k; = 8 and k, = 15. Initial values
of updating laws are set as 8;(0) = [0,0,...,0] e RN and 6,(0) =
[0,0,...,0]€ RN, N=15 is the dimension of & and &,.
?1(0) =0.01 and )A/Q(O) =0.01. F11 = 10, 1"12 = 25, F21 = 25,
1"22 =45, 011 = 1.2, o1 = 1.0, o)1 = 1.5, andO'zz =1.5. The
parameters of GPIO are selected as 119 = 80, 111 = 150, Ay =
100, and 2; = 200.

To highlight the advantages of the proposed GPIO-based
inverse optimal controller, comparative simulations are
conducted with active disturbance rejection control. The
tracking performance and control effort are depicted in Figs. 4
and 5. Figure 4 illustrates the output responses of the closed-
loop system with the proposed controller and ADRC. As
shown in Fig. 4, the proposed method, which combines the
GPIO scheme with a neural network, ensures satisfactory
tracking performance, while the ADRC approach
demonstrates poor tracking performance. Additionally, Fig. 5
depicts the control input. To further validate the efficacy of
the proposed method, Fig. 6 presents the disturbance
estimation results, highlighting the adaptive disturbance
observer’s ability to accurately estimate both matched and
mismatched disturbances.

V. CONCLUSION

A composite optimal control strategy is presented in this
paper for a class of uncertain nonlinear systems. To
circumvent the complexity of solving nonlinear HIB
equations, an inverse optimal control framework is employed.
A stabilizing controller is constructed via a modified
backstepping technique, from which the corresponding cost
function is derived using the Lyapunov-based analysis. Neural
networks are utilized to approximate the unknown system
dynamics. Furthermore, a GPIO is integrated to estimate
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disturbances, particularly those that are mismatched. The
output of GPIO is embedded into the virtual control design,
resulting in a composite controller that enhances system
robustness. The proposed method is rigorously analyzed in
terms of bounded stability and optimality, with theoretical
guarantees provided.

The proposed inverse optimal control framework can be
extended to address synchronization challenges in complex
dynamical networks, particularly for link synchronization and

Reference signal and output response
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Figure 4 Response curves of system output y and reference signal y,..
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Figure 5 Curve of control input u.
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Figure 6 Response curves of real value and estimated value of matched
disturbances d; and d; and mismatched disturbances d; and ds.

auxiliary links dynamics. Future research may explore the
integration of inverse optimal control with adaptive
synchronization strategies developed for uncertain link
subsystems (e.g., as discussed in Ref. [27]), aiming to unify
optimality and adaptability in network topology control.
Moreover, drawing inspiration from approaches where the
dynamics of link subsystems assist in the tracking control of
node subsystems (e.g., Ref. [28]), the proposed GPIO-based
disturbance estimation and composite control design could be
extended to enhance robustness in complex dynamical
networks with coupled node and link dynamics. These
directions offer promising avenues for improving
synchronization performance under unmatched disturbances
in future networked control systems.
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