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   Abstract—Disturbance compensation methods are  widely  used
to  design  the  robust  controller.  In  order  to  achieve  the  robust
parallel control, how to implement the disturbance compensation
in  parallel  control  laws  is  studied  in  this  paper.  First,  the  key
points  are  the  estimations  of  the  total  inputs  via  inverse  systems
and the application of system state derivatives. Then, the inverse
system based parallel  control  (ISPC) method is  proposed for the
optimal  control  of  nonlinear  systems.  The  basic  structure  of  the
inverse  system  based  parallel  control  method  is  explained  and
compared  with  the  traditional  parallel  control  methods.  The
adaptive  dynamic  programming  (ADP)  method  based  on  an
approximate  value  function  is  used  to  solve  the  parallel  control
law. Finally,  numerical  simulations demonstrate the feasibility of
the inverse system based parallel control method.
    Index Terms—Parallel  control, inverse  system, adaptive  dynamic
programming, robust control
  

I.  Introduction

PARALLEL  control  is  a  new  dynamic  optimal  control
method  for  complex  systems [1].  Compared  with  the
classical  control  methods,  the  parallel  control  method

takes  the  optimization  of  the  dynamic  performance  of
controllers  into  account.  This  point  brings  the  advantage  of
continuous  and  smooth  controller  output,  although  it  will
sacrifice  some  rapidity.  As  a  result,  parallel  control  is  a
practical  control  method,  especially  in  cascade  control
systems,  which  require  that  the  output  signals  of  upper-level
controllers  are  continuous  and  executable.  Recently,  some
researchers  have  studied  the  applications  of  the  parallel
control  method  in  intelligent  vehicle  systems [2].  Wei  et  al.
[3] developed a novel linear parallel control method for output
regulation  problems  with  disturbances,  in  which  the  time
variation of the control was constructed instead of the control
value itself, to stabilize the output of the system. Jiao et al. [4]
investigated  the  robust  parallel  control  theory  and  revealed
that  optimal  control  of  the  nominal  system  with  sufficient
feedback gain led to robust optimal control, and developed an
adaptive  dynamic  programming (ADP)  based  event-triggered
robust optimal parallel control method for nonlinear uncertain
systems.

It is difficult to get the analytic parallel control law via the

Hamilton-Jacobi-Bellman  (HJB)  equation  for  nonlinear
systems [5]. Therefore, the adaptive dynamic programming is
widely  used  to  solve  the  optimal  control  problem  in  parallel
control.  ADP-based  optimal  control  methods  adopt  the
approximate  functions,  such  as  neural  networks,  to  address
this  challenge  and  have  shown  the  great  potential  of  solving
the dynamic programming problem forward-in-time [6–9].  In
iterative ADP [6], value iteration and policy iteration are two
commonly  used  techniques  for  discrete-time  (DT)  systems.
For  continuous-time  (CT)  systems  with  unknown  dynamics,
the  time-based  ADP  scheme  has  been  proposed  to  solve  the
optimal  control  problem [10].  By  applying  a  robust  item  to
suppress  the  unknown  disturbances,  a  data-driven  robust
adaptive  dynamic  programming  algorithm  is  proposed  for
wastewater  treatment  process  to  balance  the  control
performance and energy consumption [11]. In Ref. [12], ADP
is also applied in the prescribed-time dynamic event-triggered
control  method  for  the  unknown  multi-player  nonzero-sum
game.  For  applications,  Ref. [13] presents  a  hybrid  ADP
approach  for  solving  the  optimal  tracking  control  policy  of
unmanned  surface  vehicles  (USVs),  Ref. [14] develops  an
ADP-based  optimal  speed  regulator  for  permanent  magnet
synchronous  motors  (PMSMs)  with  both  disturbances  and
actuator  faults.  Reference [15] proposes  a  safe  adaptive
dynamic  programming  approach  to  solve  the  optimal
avoidance control problem.

In  practical  applications,  accurate  models  are  commonly
difficult  to  obtain  and  measurement  noise  widely  exists  in
sensors.  These  challenges  make  it  impossible  to  derive  the
optimal control law of the real system, thus the robust control
law is  selected  as  a  substitute.  To deal  with  such challenges,
incremental nonlinear dynamic inversion (INDI) is developed
by  utilizing  direct  measurements  of  the  state  variable
derivatives,  and  reduces  the  dependency  on  detailed  and
accurate  mathematical  models [16–18].  Currently,  the
majority  of  control  laws  in  industry  belong  to  the  class  of
gain-scheduled proportional-integral-derivative (PID) control.
Reference [19] analyzes  the  commonalities  between  robust
hybrid  incremental  nonlinear  dynamic  inversion  and
proportional-integral-derivative  flight  control  law  design.
Inspired  by  the  improvement  from  nonlinear  dynamic
inversion control  to  incremental  nonlinear  dynamic  inversion
control,  we  apply  inverse  systems  to  the  parallel  control
method.  Inverse  systems  are  considered  as  valuable  artificial
systems  necessary  for  implementing  robust  parallel  control.
Thus, inverse system based parallel control (ISPC) method is
developed in this paper. Finally, the control law is obtained by
solving the optimal control problem of the augmented system
that integrates the original system with inverse systems.
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The remaining sections are organized as follows. Section II
introduces  the  basic  framework  and  the  implementation  via
ADP. In Section III, simulation results are given to verify the
feasibility  of  our  proposed  method.  Finally,  Section  IV
concludes this paper.  

II.  Framework and Implementation
  

A.  Basic Framework
The  inverse  system  based  parallel  control  method  is

presented for the following nonlinear system
 

ẋ = F(x,u+d) (1)
x ∈ Rn

u ∈ Rk d ∈ Rk

xm ẋm
um

where  represents  the  state  vector  of  the  real  system,
 is  the  control  input  vector,  and  represents  the

unknown  disturbances.  Assume  that  the  system  in  Eq.  (1)  is
controllable.  The  state  vector  of  the  virtual  system  model  is
represented by the symbol  and its dynamics is . Define
the  control  vector  of  the  system  model  as ,  and  we  can
yield the dynamics of the system model as
 

ẋm = F(xm,um) (2)
F(·)Based  on  the  function ,  one  inverse  system  model  of

Eq. (2) is defined as
 

um =G(xm, ẋm) (3)

ûm u+d
ẋ xm = x ẋm ẋ

The  inverse  system  in  Eq.  (3)  can  be  used  to  compute  the
posteriori  estimate  of  total  inputs  based on the  data
of . In other words, we set  and replace  by , then
we can obtain
 

ûm =G(x, ẋ) (4)
ẋ

ẋ
Ideally,  is  expected  to  be  measured  through  sensors.

When  cannot  be  measured  directly,  it  can  be  calculated
through  historical  data,  which  will  cause  delays.  The  inverse
systems  can  be  derived  from  the  equations  of  the  system
model or established through data and neural networks.

ud=G(0,0)

u̇

Let .  The  inverse  system  based  parallel  control
method developed  in  this  paper  aims  at  designing  a  negative
feedback controller  as
 

u̇ = K(x, ûm−ud) (5)
K(·)where the function  is continuous and differentiable. As in

Ref. [4],  the  traditional  parallel  control  law  depends  on  the
output of the controller and has the following form
 

u̇ = Kt(x,u) (6)
The  basic  structure  of  traditional  parallel  controllers  is

shown  in Fig.  1.  For  comparisons,  the  basic  structure  of  the
inverse system based parallel controllers is shown in Fig. 2.

The  difference  between  ISPC  method  and  the  traditional
parallel  control  methods  lies  in  the  application  of  inverse
systems. We use Eq. (2) to obtain the control law with regard
to the total input of the real system. At the same time, inverse
systems are used to estimate the total input based on real-time
data and historical data. Then, the inputs of the proposed ISPC
law include state measurement values and virtual estimates of
control inputs.  

B.  Implementation via ADP
zm = [xm,um−ud]TLet  the  augmented  state .  The  parallel

control  law  is  designed  based  on  an  augmented  system  in
Eq. (1) as
 

żm =

[
F(xm,um)

0k×1

]
+

[
0n×k
Ik×k

]
u̇m =

f (zm)+Bu̇m

(7)

Iwhere  is  the  identity  matrix.  The  objective  of  the  parallel
control is to minimize the augmented performance index
 

J(zm, u̇m) =
w ∞

0
(zT

mQzm+ u̇T
mRu̇m)dτ (8)

Q ⩾ 0 R > 0where  and .
u̇∗m

V∗(zm)
Based on ADP methods, the optimal control law  and the

optimal value function  satisfy
 

u̇∗m = −
1
2

R−1BT∇V∗(zm) (9)

V∗(zm)
The  polynomial  function  is  commonly  applied  to  express

the approximation of the optimal value function , and is
listed as
 

V̂(zm,w) = wTσ(zm) (10)
σ(·)where  is  the  activation  function  vector.  Thus,  the

approximate optimal control law is formulated as
 

ˆ̇u∗m = −
1
2

R−1BT∇Tσ(zm)w (11)

Based on the approximate value function, the residual of the
HJB equation is constructed as
 

εH(zm,w) = wT∇σ(zm)( f (zm)+Bu̇m)+ zT
mQzm+

1
4

wT∇σ(zm)BR−1BT∇Tσ(zm)w
(12)

εH(zm,w) = 0

w

According to the principle of the optimality, Eq. (12) is the
optimal  control  law  when  the  residual .
Therefore, the residual of the HJB equation can be selected to
construct the loss function to train the weight vector . Thus,
the optimization problem is given as

 

x

x

u

u

u = Kt (x, u)· u·

x··x = F(x, u + d) ∫

∫

 
Figure 1 Structure of parallel controller.
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∫

∫

 
Figure 2 Structure of inverse system based parallel controller.
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min
w

L(zm) =
1
2
ε2H (13)

L(·)where  represents the loss function.
w

L(zm)
The  weight  vector  is  trained  based  on  the  gradient  of

 as
 

ẇ = −αεH
∂εH

∂w
(14)

α > 0
w

w

where  is the learning rate. Equation (14) can be used to
improve  the  weight  vector .  After  a  sufficient  amount  of
time, the appropriate weight parameters can be obtained. The
process  of  optimizing  the  weight  vector  using  ADP
methods is summarized in Algorithm 1.

z = [x, ûm−ud]T zm
z

Define the augmented state  and replace 
of  the  virtual  system  by  measurements  of  the  real  system.
Then, we can obtain the parallel control law as
 

u̇ = −1
2

R−1BT∇Tσ(z)w (15)
  

 
Algorithm 1　Optimizing weight vector
Require:

w0　Choose the initial weight ;
α　Choose the suitable learning rate ;

ts　Choose the suitable stop time ;
wEnsure: ;

zm1: Obtain an augmented state  randomly;
εH(zm,w)2: Compute the residual of the HJB equationn  according to Eq. (12);

L(zm)3: Compute the gradient of the loss function  according to Eq. (14);
w4: Update the weight  of the value function;

t < ts5: If the time , go to step 1. Else go to step 6;
w6: Return .

   

III.  Numerical Example

The developed ISPC method is applied to the boiler-turbine
system  (BTS)  to  verify  its  effectiveness.  The  task  of  the
coordinated  control  system  (CCS)  of  the  BTS  is  to  regulate
the  output  power  and  achieve  the  stable  power  generation.
There is a significant inertia in the dynamics of the boiler. The
coupling between turbine dynamics and boiler dynamics is the
difficulty  for  coordinated  control.  The  dynamics [20–21] of
the BTS are modeled in the following differential equations
 

ẋ1 = 0.9u1−0.0018x9/8
1 u2−0.15u3,

ẋ2 = −0.016x9/8
1 −0.1x2+0.073x9/8

1 u2,

ẋ3 = (0.19x1−1.1x1u2+141u3)/85

(16)

x1 x2 x3
2

3 u1 u2 u3

xm = [x1, x2, x3]T

um = [u1,u2,u3]T

where , ,  and  represent  the  drum  pressure  (kg/cm ),
the  electric  power  (MW),  and  the  steam  water  density
(kg/cm ),  respectively. , ,  and  represent  the  control
valves  of  the  fuel  flow,  the  steam  flow,  and  the  feedwater
flow, respectively. Thus, the state vector  and
the  control  vector .  The  output  equations  of
BTS are listed as
 

y1 = x1,

y2 = x2,

y3 = 0.05(0.13073x3+100αs+qe/9−67.975)
(17)

y1 y2
2

y3
αs qe

where  and  represent the drum pressure (kg/cm ) and the
electric power (MW).  represents the drum water level (m).

 and  are intermediate variables calculated by
 

qe = (0.85u2−0.147)x1+45.59u1−2.51u3−2.096,

αs =
(1−0.001538x3)(0.8x1−25.6)

x3(1.0394−0.0012304x1)
(18)

u1 u2 u3The  input  variables , ,  and  must  satisfy  the
following incremental and amplitude constraints
 

−0.007 ⩽ u̇1 ⩽ 0.007, 0 ⩽ u1 ⩽ 1;
−2 ⩽ u̇2 ⩽ 0.02, 0 ⩽ u2 ⩽ 1;
−0.05 ⩽ u̇3 ⩽ 0.05, 0 ⩽ u3 ⩽ 1

(19)

xd = [135,100,337]T

zm = [xT
m,u

T
m]T

σ(·)

Set the desired state  and the augmented
state  vector .  The  activation  function  vector

 is selected as
 

σ(zm) = [x2
1, x1x2, x1x3, x1u1, x1u2, x1u3, x2

2,

x2x3, x2u1, x2u2, x2u3, x2
3, x3u1, x3u2,

x3u3,u2
1,u1u2,u1u3,u2

2,u2u3,u2
3]T

(20)

w0

T

x2 Q
R

α = 0.0005
w

w

T

The initial  weight  vector  is  set  to be [3.0,  1.0,  1.0,  1.0,
1.0, 1.0, 3.0, 1.0, 1.0, 1.0, 1.0, 3.0, 1.0, 1.0, 1.0, 3.0, 1.0, 1.0,
3.0, 1.0, 3.0] . The response speed of the output power is the
important  indicator  for  power  generation  systems.  Therefore,
the weight of state  is set to be larger.  = diag([0.05, 1.00,
0.05,  1.00,  1.00,  1.00])  and  =  diag([1.0,  1.0,  1.0]).  The
learning rate . Then, on the basis of implementation
method of Section II, the weight vector  is trained via ADP.
The  motion  trajectories  of  weight  parameters  are  drawn  in
Fig.  3.  It  can  be  seen  that  after  about  300  s,  the  weight
parameters converge. The weight vector  at 500 s is [0.3569,
0.0331, 0.0404, 0.4615, 0.0469, −0.0262, 0.3183, 0.0334,
0.0151, 1.9074, 0.0385, 0.2073, 0.0304, −0.0147, 0.4557,
1.3903, 0.0046, −0.0163, 5.9181, −0.0138, 1.4854] .

Moreover, based on Eq. (16) of BTS, the inverse system can
be obtained as
 

u2 = (ẋ2+0.016x9/8
1 +0.1x2)/(0.073x9/8

1 ),

u3 = (85ẋ3−0.19x1+1.1x1u2)/141,

u1 = (ẋ1+0.0018x9/8
1 u2+0.15u3)/0.9

(21)
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Figure 3 Trajectories of weight parameters.
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wBased  on  Eq.  (21)  and  the  weight  vector ,  the  parallel
control law proposed in this paper can be obtained.

To  test  the  effectiveness  of  the  ISPC method,  we  consider
that the real dynamics of BTS satisfy the following equations
 

q̇1 = 0.9u1/1.05−0.0018q9/8
1 u2−0.15u3,

q̇2 = −0.016q9/8
1 −0.1q2+0.073q9/8

1 u2/1.05,

q̇3 = (0.19q1−1.1q1u2+141u3)/90

(22)

q1 q2 q3
2

3

where , , and  represent the measurements of the drum
pressure  (kg/cm ),  the  electric  power  (MW),  and  the  steam
water density (kg/cm ), respectively. The output equations are
the same as in Eqs. (17) and (18).

Next,  we  apply  the  parallel  control  law  to  the  above  real
system. In other words, the virtual state variables are replaced
by their measured values. The simulation results are plotted in
Figs.  4–8.  The  real  state  variables  of  BTS  have  been
controlled  to  the  equilibrium point.  The mismatches  between
real  dynamics  of  BTS and  virtual  dynamics  of  the  model  do
not  result  in  steady-state  errors.  The  simulation  results
demonstrate the feasibility of the proposed ISPC method.  

IV.  Conclusion

The  inverse  system  based  parallel  control  method  for
nonlinear  systems  with  unknown disturbances  is  proposed  in
this paper. Inverse systems are used to compute the posteriori
estimate  of  total  inputs  based  on  the  real-time  data  and

historical  data.  ISPC  method  no  longer  requires  controller
output  values,  but  uses  virtual  total  inputs  as  augmented
states. Actuator faults, external disturbances, and so on can be
estimated  and  compensated  in  parallel  control  laws.  The
advantages  of  ISPC  method  stem  from  the  use  of  state
derivative measurements.  Therefore,  the ISPC method assists
in reducing the dependence on model accuracy and is easy to
implement.  The  adaptive  dynamic  programming  method
based on the  approximate  value function is  used to  solve the
parallel control law for optimal control.
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Figure 4 Trajectories of the drum pressure and its desired value.
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Figure 5 Trajectories of the electric power and its desired value.
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Figure 6 Trajectories of the steam water density and its desired value.
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Figure 7 Trajectory of the drum water level.
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