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1LQR-Based Model Predictive Control for
Trajectory Tracking of Quadrotor UAVs

Jun Ren, Mingyuan Zhai, Yanhui Tong, Lidong He, and Yudong Wang

Abstract—The problem of trajectory tracking for quadrotor
unmanned aerial vehicles (UAVs) is investigated in this paper. An
iterative linear quadratic regulator (iLQR) based model predic-
tive control (MPC) strategy is proposed. The proposed iLQR-
MPC strategy solves the nonlinear optimal control problem using
the iLQR algorithm and implements the control in a receding
horizon manner. A constrained iLQR algorithm is designed in the
framework of the augmented Lagrangian method to solve the
optimization problem induced by the trajectory tracking. Finally,
a comparative simulation experiment is conducted to demon-
strate the effectiveness and advantage of the proposed control
strategy.

Index Terms—Quadrotor unmanned aerial vehicles (UAVs), itera-
tive linear quadratic regulator (iLQR), trajectory tracking, control
algorithm

I. INTRODUCTION

A. Motivation

N recent years, propelled by the swift progress in the

aerospace technology, quadrotor unmanned aerial vehi-

cles (UAVs) have garnered extensive applications across
a multitude of sectors, owing to their unique performance
advantages [1, 2]. These advantages are compact size, opera-
tional flexibility, and relatively low cost, making them ideal
for the broad spectrum of applications. Within military
contexts, these UAVs are capable of executing a variety of
pivotal tasks including precision strikes, border surveillance,
and military reconnaissance [3-5]. By virtue of their excep-
tional stealth and flexibility, quadcopter UAVs can undertake
missions within hazardous environments, thereby mitigating
risks to personnel and augmenting operational efficacy. In
civilian domains, they are widely used in aerial transportation,
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power grid inspection, logistics distribution, and geological
exploration. Amongst these applications, trajectory tracking
capability emerges as a critical parameter for evaluating drone
performance [6]. In these applications, the core challenges of
trajectory tracking primarily include response speed and
stability, precise control, and obstacle avoidance. During
mission execution, the system must respond quickly to
commands while maintaining stability and ensuring high
tracking accuracy. Moreover, because of the nonlinear
dynamic characteristics of quadcopters, the design of the
controller poses a significant challenge.

In the areas of UAVs trajectory tracking problems,
researchers have domestically and internationally conducted
extensive investigations. These include methodologies such as
PID control [7, 8], linear quadratic regulator (LQR) control
[9-11], model reference adaptive control (MRAC) [12, 13],
and model predictive control (MPC) [14, 15], among others.
Because of the nonlinear, strongly coupled and underactuated
characteristics of UAV [16], linear controllers often fail to
effectively compensate for nonlinearities and external distur-
bances [17, 18]. Therefore, an increasing number of scholars
are turning to nonlinear control methods. These approaches
have not only further improved control accuracy and stability,
but also enhanced the system’s ability to resist external distur-
bances and internal uncertainties [19-21]. For example, an
iterative linear quadratic regulator (iLQR) optimal control
method is applied to the quadrotor UAV system with a cable-
suspended payload [22], which exhibits high nonlinearity.
This method not only achieves accurate tracking of the desired
trajectory, but also effectively ensures the system’s stability.
A nonlinear model predictive control (NMPC) is used in Ref.
[23] to extend the tracking of a desired trajectory to a refer-
ence dynamic system. To mitigate the computational burden
associated with solving the corresponding NMPC optimiza-
tion problem online, an improved continuous/generalized
minimal residual algorithm is introduced. In Ref. [24], a data-
driven model-free adaptive control method is employed to
address the challenges of dynamic modeling and parameter
identification in UAV trajectory tracking control, aiming to
reduce the computational load of NMPC. In Ref. [25], a hier-
archical controller for trajectory planning of tilt-propulsion
UAVs is proposed. The controller features an inner loop based
on the iLQR optimization and an outer loop employing feed-
back correction and forward rolling within an MPC frame-
work. Experimental results show that the proposed controller
achieves significantly better performance than the pure iLQR
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controller. However, constraint handling is not addressed in
this design. A constrained iLQR algorithm is employed in
Ref. [26] to handle general constraints. The constraints are
first linearized, then shaped via a barrier function, and finally
quadratized before being incorporated into the iLQR cost
function.

B. Contribution

The main contributions of this paper are as follows:

(1) We propose an iLQR-based model predictive control
framework for the trajectory tracking of quadrotor UAVs.

(2) We design a corresponding iLQR-MPC algarithm to
solve the optimal trajectory tracking control via the
augmented Lagrangian method.

(3) We conduct a comparative study beween the conven-
tional MPC, iLQR, and iLQR-MPC in trajectory tracking of
UAVs via simulation experiments.

C. Organization

The construction of the quadrotor UAV model is intro-
duced in Section II. Subsequently, we propose the iLQR-
based MPC control framework in Section III, comparative
experiments are carried out in Section IV, and conclusions are
summarized in Section V.

II. PROBLEM MODELING AND FORMULATION
According to Ref. [27], the final equations of the non-linear
dynamic model of the quadrotor UAV, which derived via the
Euler-Lagrange equations, are

F
¥ = (cos@sinfcos y + singsiny)—,
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¥y = (cospsinfsiny —singcos ) —,
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where m is the mass of the quadrotor UAV, g is the gravita-
tional acceleration, X, y, and Z represent its translational accel-
erations, respectively, ¢, 6, and y denote the roll angle, pitch
angle, and yaw angle, respectively, and I, I, and I, repre-
sent the three axial moments of inertia of the quadrotor UAVs.
[M)C,My,MZ]T represents the moments about the roll, pitch,
and yaw axes of the UAV, respectively. L, = L, = L denote
the lengths of the arms, defined as the distance from the
propeller center to the UAV’s center of gravity. o and 8 are
the rotor’s thrust coefficient and drag torque coefficient,
respectively.

Q)
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F, is the total vertical thrust of the quadrotor UAV in flight,
defined as

2, 02, .2 2
F,=awy+w; +w3+w))

3)

The rotational speeds of the quadrotor UAV’s four rotors
are denoted as [wy,wy, w3, wy4]. Define the system state vector
as x = [x,7,2,%,9,2,¢,0,w,¢,6, 1,7/]T and the control input vector
as u = [wi,w3,w3,w?]". The paper focuses on constrained six-
degree-of-freedom (6-DoF) trajectory tracking control and
attitude stabilization for quadrotor UAVs. The control inputs
are bounded by umin < u < Umax, Wwhere upi, denotes the mini-
mum thrust vector and u,y 1S the maximum thrust vector. Let
the desired state trajectory be x; = [X4,Vd,2d> Xd>VdsZdsPd>Od>
War@as a1t

For the aforementioned nonlinear dynamic model, it can be
expressed in the general discrete-time form

x(t+1) = f (x(@),u()) “)

This dynamic model governs the state transition from the
current state x(f) to the subsequent state x(#+ 1) through the
control input u(¢), where x(¢) € R” denotes the state vector and
u(r) € R™ denotes the control input vector.

To guarantee the system to operate within prescribed
bounds, both the state and control inputs are subjected to the
constraint sets X CR" and U C R™, respectively. Specifically,
the state vector is required to satisfy x(f) € X at all times,
while the control input must adhere to u(¢f) € U during opera-
tion.

Based on Eq. (4), the resulting discrete optimization prob-
lem can be written as

min
X0:N->UO:N-1

N-1
En(xn) + Z Tili(xi, 1),
i=0

s.t., X0 = fo, (5)
Xi+1 :f(xl’ul)a i= 1729‘-'7N_1;
ci(x;,u;) <0, Vi

where N represents the number of prediction horizons, i
represents the discrete time, x; denotes the system state at
time i, u; represents the control input sequence, and f repre-
sents the initial state. £; represents the operating cost, 7; repre-
sents the attenuation coefficient, and €y represents the sum of
the terminal costs. c;(x;,u;) denotes the inequality constraints.

III. TRAJECTORY TRACKING CONTROLLER DESIGN

A. Augmented Lagrangian iLOR Method

The iLQR controller relies on the linearized system dynam-
ics and a quadratic approximation of the cost function. This
approach is particularly effective for nonlinear problems.
However, when dealing with the complex nonlinearity and
strict constraints, these approximations may lead to large
linearization errors or inaccurate quadratic approximations,
potentially causing the optimization problem to fail to
converge [28, 29]. In the problem studied in this paper, there
is a physical constraint issue regarding the control input. To
address this, the following constraints are defined

¢; = [max(0, u; — tmax, Umin — ;)]

(6)

thus, the cost function with constraints is
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N-1
Tixiu) = ) (@iliCxi,u)) + Ey(en) + Cu), xy € Xy (7)
i=0
note that Q, R, and Qy denote the state weighting matrix, the
input weighting matrix, and the terminal state weighting
matrix, respectively. Moreover, 0 >0, R>0, and Qf > 0 are
expressed as

CiCxi,ui) = || (D) = xa (i) 11 + 1 (i) — ua (i) 1,
En o) = 1| X(N) = xa(N) Il

C(u;) represents the penalty term. One of the simplest meth-
ods for solving constrained optimization problems is to move
the constraints into the cost function and iteratively increase
the penalty for approaching or violating the constraints. This
paper adopts the augmented Lagrangian method to improve
the penalty method by maintaining the estimation of the
Lagrange multipliers related to the constraints [30].

®)

1
Cu;) = chlﬂc,- + ¢ 9)
where I, is the matrix that activates the constraints that are
not satisfied, A is the Lagrange multiplier, and

=

(10)

0, otherwise;
Mis if ¢ >0

The Lagrange multipliers update the rule as follows (typi-
cally 1 <« < 10)

A = Ai+pici, ut = Ky (11)

When all four quantities in the control sequence uy satisfy
the constraint conditions, the matrix I,, becomes a zero matrix,
indicating that no constraint is violated. However, if the j-th
quantity in u; does not satisfy the constraint condition, the j-
th row element of vector C(ug) will be non-zero, while the
other elements remain zero. Correspondingly, the j-th diago-
nal element of matrix /, will also be non-zero, while the other
diagonal elements will be zero. This results in an increase in
the cost function value compared with the previous iteration.

In subsequent iterations, if this control quantity continues to
violate the constraint conditions, its corresponding cost will
continue to accumulate and increase. This mechanism ensures
that the optimization process gradually tends toward a state
where all constraint conditions are satisfied.

Since the iLQR algorithm is mainly used for trajectory plan-
ning, it pays more attention to the terminal position state.
Given that this paper focuses on the trajectory tracking, it
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places more emphasis on the current position state. Therefore,
a 1; coefficient is added, and the value of 7; decreases as i
increases. « is typically 1 <@ <50, neN.
aN .
=47 (12)

1,i<n

B. iLOR-MPC Method

This paper will solve the iLQR controller within the control
logic framework of MPC. The main steps of the MPC algo-
rithm are as follows (at time k):

Step 1: Read the current state of the system at the current
moment.

Step 2: Solve for the optimal control sequence.

Step 3: Only apply the first control quantity.

The core step of the MPC algorithm is step 2, of which the
cost function J is set up and solved. The design of the iLQR-
based MPC controller replaces step 2 with the iLQR algo-
rithm to iteratively optimize and solve the optimal control
sequence. The execution logic is shown in Fig. 1.

In Fig. 1, X, represents a series of reference trajectory
matrices, Ug represents the initially given control sequence,
xo represents the initial state, and the warm-starting step
calculates the state sequence x and the initial cost function Jy
based on xp and Uy, providing a good initialization for the
controller initially. Then, the state sequence x is used to
perform the trajectory optimization algorithm. First, the iLQR
algorithm is executed. Second, it checks whether the control
sequence after the current iteration satisfies the constraints. If
the constraints are not satisfied, the Lagrange multiplier will
be updated. Finally, only the first control sequence is retained.

For the iLQR algorithm, the prediction horizon length and
the number of iterations can affect the solver speed [31].
Because of the receding horizon nature of MPC, within an
MPC controller framework, the number of iterations per time
step can be significantly fewer compared with the standalone
iLQR. However, the overall number of iterations is greater,
which may result in a longer total computation time for the
iLQR-based MPC algorithm compared with the single iLQR
solution.

Nevertheless, this characteristic acts as a feedback mecha-
nism, effectively correcting accumulated errors and signifi-
cantly improving robustness.

In contrast, standard NMPC requires solving a constrained
nonlinear optimization problem at each time step, which
involves high computational cost. The iLQR algorithm, on the

MPC
iLQR
Uy
| Warm Jo Backward | kK | Forward i Line LLaJp ie;tee u’ y
— . —1
X, starting xJ pass pass search muﬁipliirs UAVs =
hew

Fig. 1 iLQR-based MPC controller frame.
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other hand, employs a structured approach based on the local
linearization of dynamics and backward pass, iteratively refin-
ing the control sequence to approximate the optimal solution.
As a result, its per-iteration computation is much more effi-
cient than that of the general NMPC solvers.

We take V(x,i) as an optimal value function, and the
dynamic programming estimate form of the optimal value
function is

V(x,i) =Ir}4in [t€(x,u) + V(f(x,u),i+ 1)+ C(u;)] (13)

This equation can be expanded as a function of perturba-
tions as

Q@6x,0u) = tl(x+ 6x,u+ ou) — tl(x,u) + C(u+ du)—
Cu)+V(f(x+dx,u+6u),i+1)=V(f(x,u),i+1)

It is expanded to the second order in the following form

(1) (0 eF omy(1
Q((Sx,éu)zz ox Oy QOxx Oul|ox (15)

(14)

ou Ou Qux Quu)\ou
To simplify notation, V’ is used in place of V' =V (i+1). In
the last three equations, the last terms are ignored in iLQR
because they are the second-order terms of dynamics.

Qi =1l+ f{ V2,

Qu =1l + fIVi+ ey + A,

Qux = Tlur+ fIVicfi+ Vifrs

Quu = T+ fi Viefu+ Vifox + L,

Que = Thux+ [y Viels+ Vifux
Then, the quadratic approximation of the value function

with respect to the input du is minimized to obtain the opti-
mal solution

(16)

Su* = =0 (Qu + Qux6x) (17)
Therefore, the feed forward correction matrix and the feed-
back gain matrix are written as

ky = = Qpt Ous
u QuulQu (1 8)
Ky =-0,,Oux
Substituting the optimal policy into Eq. (15), we get
. 1 -
A V(i) = =5 0uQrs Qu
Vi) = Or = QuuQit Qu (19)

Vxx(i) = Qxx - qu Q;l: qu
Equation (15) can be used iteratively with Eq. (16) from the
end of the time horizon to the beginning to compute the esti-
mations of the control gains and the value function.
The final component of iLQR algorithm is the forward pass,
which constitutes the forward propagation of the new trajec-
tory. This is done through the following equations

(1) = x(1),
(i) = u(i) + ku (1) + Ky ()(X(0) = x(0)),
X+ 1) = f(&@), a(D)

(20)

C. Regularization and Line Search
This paper mainly refers to Ref. [32] to improve the basic
algorithm. A regularization factor y and a term that penalizes
state deviations are introduced to enhance the algorithm’s
robustness against the nonpositive definite control cost
Hessian matrices. The improved formulas are
Quu =1l +Cuy +f1;r(v)lcx +7’In)fu + V)’c 'ﬁun
Oux = Cur+ fuf (Ve VIn) i+ Vi fur,
x 1 &
ku = _Quu Ql/h
K, = _Q;ul qu
Substituting the improved feed forward correction matrix
and feedback gain matrix into Eq. (19), it becomes

21)

N
AV() = —EkuTQm,ku +k, Qu,

Vi) = Ox+ KuTQuuku + KuTQu + Q;Exku,
Vxx(i) = Qxx + KuTQuuKu + KuTqu + QExKu

Considering that our goal is to reduce the cost function after
iterations, it is crucial to distinguish whether the cost function
decreases after an iteration, which determines whether to
accept the new control law. As a further improvement, a back-
tracking line search parameter 0 < £ <1 is added to Eq. (20).
The scaled version of the entire step becomes

(i) = u(i) + &k, (i) + Ky ()(X(0) — x(2)) (23)

Therefore, it is possible to decide whether to accept the

improvement at a given iteration based on the ratio z between
the actual cost reduction and the expected cost reduction.

2= (w2, N-1)—J (2. N-1))/AJ(E),

(22)

N-1 82 N-1 ~ (24)
AJ©) =€) k) Qul)+ 5 D k) k)
i=1 i=1

To determine whether to accept the iteration, the ratio of the
actual cost reduction of the new trajectory to the actual cost of
the trajectory is calculated. If the actual reduction is sufficient,
the adjustment of this step is accepted. After each iteration,
continuous optimization is carried out by changing the value
of €.

D. iLOQR-MPC Algorithm

We developed a trajectory tracking control method based on
iLQR-MPC, achieving trajectory tracking control within a
limited time domain. By implementing iLQR within the MPC
framework, the tracking error can be continuously reduced
through the iterative cycles. Algorithm 1 summarizes the
proposed method.

IV. SIMULATION

In the simulation part, this paper also sets up two sets of
control experiments. All the prediction horizon is 40,
sampling time 7 = 0.1 s. Initial position is [0,0,0]. The initial
control sequence is selected within the horizon time span, with
a sampling interval of T', according to the variation pattern of
the following trigonometric function.
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Algorithm 1 Trajectory tracking control based on iLQR-MPC

Input

1: Initial state: x(0)

2: Initial control law: u(i)
3: Reference trajectory: x4

4: Warm starting

Output  x(i+ 1) = f(x(i), u(@))
N-1

JoCei ) = )" T X i) + 5 (xen) +C (i)
5: repeat i=0
6: repeat
7: Backward pass
8: Regularization and variable calculation:

QX’ Qu’ Quus qus kll’ Klls VX’ ‘/XX
9: repeat
10: Line search
11: Change the valueof e (0 <e < 1)
12: Forward pass
13: (i) = u(@) + ku (i) + Ky (D(20) — x(0))
14: X+ 1) = f(XG), a(i))
15: Updata Lagrange multiplier
16: New cost function:
N-1
ity =) 7 x €, ) + €7 (xn) +C ()
=0

17: Calculate variables: AJ(¢)
18: 2= (J(xiup) = J (i, 0) [ A (e)
19: Until the expected cost decreases:

AJ(e)>0,z>0
20: Until iteration completed
21: Update the optimal control law: u*

22: Only apply the first one

23: Update state trajectory: x(i+ 1) = f (x(i),u" (i)
24: Update cost function: J

25: Until MPC completed

{ul,g =4 +sin(?), (25)

uz 4 = 3+ cos(t)

The MPC controller is implemented using MATLAB’s
fmincon function with the sequential quadratic programming
(SQP) algorithm. The iLQR controller is configured with 10
iterations, whereas the iLQR-MPC controller is configured
with 2 iterations.

The weight matrix of the cost function is specified in Table 1.
In the iLQR-MPC algorithm, « is set to 10. The reference
trajectories are set as a helical ascending curve. The reference
trajectory equations are given by

Fig. 2 shows the trajectory tracking situations of the quadro-
tor aircraft under three control strategies over time, respec-
tively. It can be seen that all control methods can follow the
reference trajectory well, but there are differences in their
dynamic response and steady-state accuracy. Among them,
the iLQR method shows a relatively fast response speed in the
initial stage, but it experiences large fluctuations in the subse-
quent process. The MPC method maintains a relatively
smooth trajectory throughout the tracking process, but its
convergence speed is relatively slow. The iLQR-MPC control
method combines the advantages of both, ensuring a fast
response and also achieving a high steady-state accuracy. In
particular, in the z-axis direction, its trajectory is the closest to
the reference trajectory. Fig. 2(d) presents the tracking error
changes of the three control strategies throughout the tracking
process. It can be seen that the iLQR method has a smaller
error in the initial stage, but as the tracking time increases, its
error gradually increases and stabilizes. The error of the MPC
method changes relatively smoothly, but its steady-state error
is relatively high. The iLQR-MPC method maintains a low
error level throughout the tracking process, especially in the
steady-state stage, and its error is significantly lower than the
other two methods, indicating that this hybrid control strategy
has a significant effect in improving tracking accuracy.

Fig. 3 presents the changes in the Euler angles of the
unmanned aerial vehicle and its tracking performance. From
this figure, it is clearly observable that the controllers have
effectively stabilized the changes in the Euler angles. Fig. 3(d)
shows the changes in tracking errors for the four control
strategies throughout the state process. It can be seen that the
iLQR method has a smaller error in the initial stage, but as the
tracking time increases, its error gradually increases and stabi-
lizes. The error of the MPC method changes relatively
smoothly, but its steady-state error is relatively higher. The
iLQR-MPC method maintains a lower error level throughout
the tracking process, especially in the steady-state stage, its
error is significantly lower than the other two methods.

Fig. 4 illustrates the input response of the unmanned
aircraft. All three methods can effectively constrain the input
variables.

As can be seen from the runtime in Table 1, although the
iLQR-based MPC control strategy has a longer solving time
than the standard iLQR algorithm, it achieves faster conver-
gence and superior robustness. Moreover, its execution speed
is faster than that of the conventional MPC approach.

V. CONCLUSIONS
This paper proposes an iLQR-based MPC control strategy

x=1+sin(), for the trajectory tracking of quadrotor UAVs. By using the

y = cos(?), (26)  augmented Lagrangian method, a corresponding iLQR-MPC

z=t algorithm is designed to implement the proposed strategy. It is

Table 1 Weight matrix and runtime.
Weight matrix 0 R Or Runtime (s)

iLQR diag{10,10,10,1,1,1,10,10,10,1,1,1} diag{1} diag{10} 4.12
MPC diagi1,1,1,0.1,0.1,0.1,1,1,1,0.1,0.1,0.1} diag{0.01} diag{10} 14.30
iLQR-MPC diag{100, 100, 100,1,1,1,100,100,100,1,1,1} diag{1} diag{100} 10.80
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verified that the trajectory tracking performance with the
iLQR-MPC control is superior to that of the MPC control and
the iLQR control through simulation experiments. In the
future, we will apply this strategy to a quadrotor UAV to
demonstrate its practical application potential and devote to
improve its robustness in the highly dynamic environments. In
conclusion, this paper provides a solution for trajectory track-
ing control and lays a solid foundation for subsequent
research, indicating multiple potential directions for future
development.
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