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Fixed-Time Bipartite Consensus of
Nonlinear Multi-Agent Systems via
Fuzzy Optimization and Quantized Control

Jiaming Guo, Hongjing Liang, and Chenhong An

Abstract—In this paper, a fixed-time optimized control scheme
with prescribed performance is presented for bipartite consensus
of nonlinear multi-agent systems (MASs). To enforce predefined
transient and steady-state performance within a fixed time, a
fixed-time prescribed performance function (FTPPF) is intro-
duced. The control design is achieved via an identifier-actor-critic
framework that approximates the solution to the Hamilton-
Jacobi-Bellman equation. Unknown system dynamics are com-
pensated by fuzzy logic systems, and a rounding quantizer
processes the signal of the leader to reduce the communication
costs. The proposed method ensures all consensus errors converge
with prescribed performance bounds in a fixed time. Simulation
results validate the theoretical findings.

Index Terms—Fixed-time prescribed performance function
(FTPPF), multi-agent systems (IMASs), optimal control, bipartite
consensus

I. INTRODUCTION

N recent years, because of the significant role of multi-
agent systems (MASs) [1] in fields such as artificial intel-
ligence [2] and computer science [3], MASs have
garnered extensive research attention. Related technologies
with MASs have gained widespread application in many
aspects: formation [4], flocking [5], cooperative [6], sensor
network [7], and consensus [8, 9]. For the most parts the study
of MASs is intimately related to consensus control. When
studying the consensus control of MASs, it is often inevitable
to address the capacity constraints of communication links. In
practical scenarios, the information transmitted between
agents is often of limited length. Through this quantization,
although it is not possible to exchange the exact true values,
values close to the true values can be transmitted, which is
referred as quantized consensus [10]. The use of a quantizer
can reduce the impact of interference on signals during trans-
mission.
Optimal control has gradually evolved to become an impor-
tant design concept in modern control theory [11]. It has
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achieved significant success, particularly in the field of MASs
optimal control [12—-15]. Optimal control refers to the mini-
mization of the cost function, which represents the balance
between desired performance and available resources [16].
For many nonlinear MASs, the core of optimal control lies in
solving the Hamilton-Jacobi-Bellman (HJB) equation [17],
which is crucial for determining optimal policies. To address
nonlinear issues in systems, reinforcement learning (RL) me-
thods have been proposed as a feasible approach to approxi-
mate the solution of the HJIB equation [18], yielding some
meaningful results. Additionally, the update law for the control
strategy is based on an RL method derived from the HJB
equation. Presently, adaptive backstepping control methods
combined with optimal strategies have evolved into a highly
effective solution for ensuring the stability of dynamic sy-
stems [19, 20]. In Ref. [21], a neural network-based RL algo-
rithm is implemented under the identifier-critic-actor (ICA)
architecture, integrating the HIB equation into each subsys-
tem to optimize control performance. However, the aforemen-
tioned literatures focus on MASs with cooperative relation-
ships and neglect those with competitive dynamics. The com-
munication between agents is typically represented via a
signed graph [22]. Positive signs indicate cooperation among
agents, while negative signs denote competition. This means
that message passing between an agent and its neighbors in-
cludes both cooperation and conflict. Therefore, when design-
ing MAS:s, it is necessary to consider these potential relation-
ships and develop a control strategy that can manage both co-
operative and competitive interactions. When the algorithm
accounts for confrontational interactions, agents can achieve a
bipartite consensus, agreeing on values but not necessarily on
signs [23]. In practical applications [24], such as distributed
computing [25] and communication networks [26], bipartite
output consensus control plays an important role. Therefore,
how to design a suitable and effective optimized bipartite con-
sensus controller for nonlinear MASs has become a hot topic
of research.

It should be recognized that the aforementioned consensus
control can only ensure error signals converging to a steady
state as time approaches infinity, posing limitations in practi-
cal applications. To address this issue, finite-time control has
been proposed. A finite-time command filter output feedback
control method for a class of nonlinear systems has been
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proposed [27]. However, the convergence time of finite-time
control is dependent on the system’s initial conditions, so
there is a limitation that the initial conditions should not be
too far from the steady state to prevent the convergence time
from becoming unbounded. Fixed-time control [28] can
precisely address this issue. It holds a distinct advantage over
finite-time control by ensuring that the settling time is
confined within a constant bound, effectively decoupling the
convergence time from the initial conditions. In Ref. [29], the
fixed-time consensus of nonlinear MASs is studied, ensuring
the consensus tracking error to be driven to a small neighbor-
hood around zero within a fixed time. Additionally, Ref. [30]
examines the bipartite tracking consensus problem for coope-
tition MASs. To reduce the convergence time, a control strat-
egy that can effectively address the bipartite tracking consen-
sus problem within a fixed time is designed. However, the
fixed-time control strategies reviewed ensure error conver-
gence within a fixed time period. Nonetheless, these strate-
gies do not guarantee transient performance during the
convergence process, which may lead to issues such as signifi-
cant overshoot in the error. This impacts the stability and
effectiveness of the achieved convergence. Therefore, Ref.
[31] has investigated how to improve the performance of
MASs, such as through prescribed performance control
[32-34], which usually refers to the requirement to converge
the error within a predefined error range. Building on this
foundation, more researches have begun to focus on how to
solve the bipartite consensus control problem for nonlinear
MASs with prescribed performance [35]. It shall be noted that
the performance in the aforementioned MASs can be influ-
enced by the choice of the topology and control parameters,
making direct analysis quite challenging. To address this
issue, Ref. [36] employs the error transformation function
(ETF) to introduce a transformed system, and the stability of
this new system ensures that the bipartite consensus error
achieves the prescribed performance. To reduce the control
costs and achieve prescribed performance, further incorpora-
tion of cost optimization strategies is necessary to enhance
these methods.

(1) Unlike previous works [19-21] that only focus on solv-
ing the problem of optimized consensus control in coopera-
tive MASs, an optimized bipartite consensus control protocol
is constructed in this paper through ICA framework-based
reinforcement learning algorithm, and the optimized bipartite
consensus problem in MASs is addressed by the constructed
protocol. A rounding quantizer is further incorporated to guar-
antee lossless signal transmission from leaders to followers
when resolving coopetition issues.

(2) To overcome the limitation of conventional prescribed
performance control in Refs. [34, 35] that cannot preset con-
vergence time, fixed-time prescribed performance function
(FTPPF) is introduced in this work to enhance the system
transient performance. The system performance is improved
through the proposed FTPPF mechanism by ensuring that
tracking errors are confined to predefined bounds within fixed
time.

(3) Aiming at unknown dynamic disturbances in nonlinear
MAS, we improve the approximation accuracy of fuzzy logic
systems (FLSs) through the uniform coverage design of Gaus-
sian basis functions, and combine with ETF to convert

bounded errors into unbounded errors, avoiding instability
caused by error overrun in traditional compensation methods
and ensuring that the closed-loop system is bounded within
fixed time.

Notation R, R*, and RY denote the sets of real numbers,
positive real numbers, and the ¢g-dimensional Euclidean
spaces, respectively. The symbols [-] and [-] represent the
floor and ceiling functions, respectively. Similarly, [y,]
denotes the ceiling of y,, which is the smallest integer greater
than or equal to y,.

Remark 1 The core challenges of bipartite consensus for
nonlinear MASs can be specifically summarized into three
points.

(1) Dual uncertainties of topology and dynamics: Bipar-
tite consensus relies on signed graphs to describe cooperative
and competitive relationships, but in practical systems, not
only may the topological structure change dynamically, but
each agent also has unknown nonlinear dynamics. Traditional
linear control methods cannot directly compensate for nonlin-
ear disturbances, which easily leads to error divergence.

(2) Challenge of coordinating fixed-time convergence
and performance constraints: Although finitetime control
can shorten the convergence time, the convergence bound
depends on initial conditions. Traditional PPF can constrain
the error range but cannot preset the convergence time,
making it difficult to coordinate the two. That is, how to
ensure that the error meets the preset bound within fixed time
is a key technical bottleneck that needs to be overcome.

(3) Balance between communication efficiency and
signal accuracy: There are bandwidth constraints in commu-
nication between agents. Although quantized control can
reduce the amount of data transmission, quantization errors
may damage the sign synchronization of bipartite consensus.
It is necessary to design a quantization mechanism to ensure
distortion-free signal transmission while reducing communi-
cation cost.

II. PROBLEM FORMULATION AND PRELIMINARIES

A. Graph Theory

The MASs comprise N followers and one leader. The
communication topology is represented by a signed graph
G ={V,E,4A}, describing information exchange among the N
followers. The edge set is &S VXV, where V is the node
set. The adjacency matrix A = [a;;] € RV*V has element a;;.
For a balanced graph G, V and V; satisfy Vi NV, =0 and
ViUV, =Y. The degree matrix element d; is the sum of
absolute values in row i, expressed as D = diag(d;,ds,...,dn).
Here, a;; = 0 indicates that no information flows from agent i
to j; a;; >0 refers to cooperative relationship; and a;; <0
refers to competitive relationship. The Laplacian matrix is
L=D-A, and B=diag(b;,bs,...,by) represents leader-
follower interactions (b; >0 indicates information reception
from leader). The diagonal matrix 2 = (uj,u2,...,uy) satis-
fieS/,l,'Z 1 lfbl >0 and,uiz -1 1fb,<0

B. Fuzzy Logic Systems

For the set Q, c RY, this article employs the following form
of FLS to approximate
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() = WTk(x) +v(x) )]

where k(x) = [k(x1),k(x2),...,k(xx)]T is basis function. v(x)
represents the approximation error and must satisfy the condi-
tion that v(x) <¢, in which ¢ is an arbitrarily small positive
constant. ‘W* represents the ideal constant weight vector that
is given as W' = argmin{sup |F(X)—wTK(x)|}. Use the

WeRY \xeQy
Gaussian function as the basis function

_ (—(X—Pi)T(x—Pi))

Ki(x) = exp| —————— |,

;i

where i = 1,2,...,1, [ > 2 represents the FLS node number, p;

and 7; represent the fuzzy rules and width of the Gaussian
function.

Remark 2 The design concept of membership functions
mainly involves adopting Gaussian functions as basis func-
tions, and their parameter design follows the principle of
covering the input space and uniform distribution. First, the
number of nodes is selected to be no less than 2, and it is set to
6 in this paper. It is necessary to ensure that the basis func-
tions can cover all possible value ranges of the agent states,
and 6 basis functions can uniformly cover this interval.
Second, the centers are set using the uniform sampling
method, where center points are selected at equal intervals
within the value range of the state variables to ensure that the
basis functions are uniformly distributed in the input space.
Finally, the widths are set to ensure overlapping regions
between adjacent basis functions to avoid approximation blind
spots.

C. Problem Formulation

The i-th follower in the MASs can be expressed as

X1 = xip+ fi1(Fin),
xi,p = Xi,p+1 +ﬁ,p()_ci,p),
Xip =i + fin(Xin),

Vi = Xi1

2

where i=1,2,....,N, p=2,3,...,n—1, Xip = [xi1,%i2,...,
x,-,,,]T € R? represents the state vector of the i-th subsystem,
u; € R represents the control input, and y; denotes the system
output. The nonlinear function f; , is smooth and unknown.

D. Quantized Reference

To allow followers associated with the leader to receive the
quantized signal in real-time, despite lacking prior knowledge
of the leader’s reference signal y,, a quantizer is designed as

Vg = QG (1), 9 (1) = y; 3)

where Q(-) represents the quantizer, y, represents the leader’s
reference signal, and ¢ is a parameter that will be designed
later in the process. In this way, the follower can only receive
the quantized signal y,. Here, a rounding quantizer is chosen,
the rounding quantizer Q has the property of rounding real
numbers to the nearest integer, so the form of the received
signal y, is

1
cldrl, 9 =9l < 53
Vg =2 (4)

91,9 =192

[Nl S

2

Remark 3 This quantizer rounds the quantized leader
reference signal to the nearest integer, so the upper bound of
the error is directly determined by c. The relationship between
the quantizer parameter ¢ and communication cost is reflected
through the accuracy-cost tradeoff. (1) Increasing ¢ reduces
communication costs but compromises accuracy. As c¢
increases, the number of quantization levels decreases, result-
ing in less data transmitted per unit time; however, when the
upper bound of the quantization error increases, it may affect
the sign synchronization of bipartite consensus. (2) When ¢
decreases, the number of quantization levels increases, the
upper bound of the error decreases, which can ensure the
accuracy of signal transmission, but the communication cost
increases.

E. Transformation of Error

In order to confine the virtual error within the prescribed
performance region, ETF and FTPPF are introduced. The
FTPPF is denoted by the symbol v;,(#), and v;,(¢) can be
expressed in the following form
ip

( Vkiyl’

9.0 ,0<1< T,

1/k
— ki p0ipt)

Vip (D) = P )

V?i,p’ t> Y,',p
where v; 0, kip, 6;p, and Vi, are positive parameters that
need to be designed. Additionaily, it requires special attention
that o0;, >Kip, 0jp=2N, and k;, =2M +1, and N and M
both are natural numbers. It needs to be specified that the
settling time is denoted by Tip = vi'l’f’o/ (kip6ip), where the
initial error boundary is defined as v;,(0) =v;,0. Further-
more, the corresponding steady-state error boundary is given
by vy = lim v;, ().
sy,

Remark 4 When the function v;,(#) is chosen as the
FTPPF, the conditions that v;,(#) needs to satisfy are as
follows. (1) v;,(¢) is a function that is always positive and
meets the condition of being monotonically decreasing. (2)
For any given arbitrarily small positive real number ‘)N”i,p,
tlir?n vip()=vy, holds. (3) For any arbitrary 7> 7,
-Yip k
Vip() = Vi, holds.

Remark 5 The FTPPF proposed in this paper achieves
improvements through piecewise design and adjustable
parameters. First, through piecewise function design, the func-
tion decreases monotonically before reaching the fixed
settling time, where the settling time can be directly preset via
the initial bound, decay order, and decay rate, solving the
“uncontrollable convergence time” problem of traditional
PPF. Second, after reaching the fixed settling time, the func-
tion provides a steady-state bound, the upper limit of the
steady-state error can be set according to requirements, and
the decay order can be flexibly selected, specifically, when the
initial error is large, k; , can be increased to accelerate decay
and avoid overshoot.
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The ETF used here is A;, (0im(?)) for m={1,2,...,n—1},
the ETF is chosen to be
2
Aim (0im(1)) = - arctan (0, (1)) (6)

In addition, e;,, can be defined as

eim = Vim(OAim (Qi,m(t)) @)
Remark 6 From the above, it is known that the relation-
ship between the transformed error and the consistent error

can be expressed as Qim(?) = Incorporating in-

e m(t)
n .
2vim(2)
equalities v;,,(f) >0 and —1 < A;, (0im(1)) < 1, then inequal-
ity —Vim(D) < €im = Vim(DAim (Qi,m(t)) <Vim(t) is derived. Aim
(0i.m(0) has the following properties. (1) A;n (0im(?)) is a sm-
ooth function and has the property of being strictly monotoni-
cally increasing. (2) The range of values for A;,; (0im(?)) is Aim
(0im(D) € (=1,1), where g;(¢) is the transformed error. (3)
The limiting cases for the values of A;,(0im(t)) are

lim A, mim@) =—1 and lim Aim(0im(®D)=1.
Qi, m(t)— m(t)—00
III. OPTIMAL CONTROLLER DESIGN

In this section, we incorporate an ICA framework to design
a fuzzy optimization consensus control protocol based on RL.
The consistent error of the quantized MASs studied in this
article is represented by

ei1= Z lai pl (i = yp) + bi(yi — 1iyg) ®)
PEN;
The expression for other errors is as follows
eip=Xip—Qip1, PEL3,...,n O]
Taking the derivative of Eq. (8) to Eq. (10) with respect to
time yields

e = (di+ b1 — Z lai jlxj1 — bipiyg =
JEN;
(d;+D)(fia (B0 +xi2) = ) lai jl(xjo+ (10)
JEN;
Fi1(X;0)) = bipivg
éi,p = xi,p - a’i,p—l = ﬁ,p()_ci,p) + Xip+1 — di,p—l (1 l)
in = Xip— Qin-1 = fin(Xin) + Ui — &in1 (12)

Combining Eq. (7) e;, can be expressed in the following
form
0A; m(@z m(1))
00im(1)
Vim (DA m(0im(D)
To simplify the equations, @; , and y; , are defined as
Vip(DA; p(0ip(1))
0A; p(0ip(1)’
Vi,p(t) l,p(Qz,p( )
aQi,p(t)
1
aAi,p(Qi,p(t)) .
aQi,p(t)

Oim(0)+

éim= Vi,m( )

(13)

wi,p(@i,p(t), Vi,p(t)) ==

l//i,p(Qi,p(t)’ Vi,p(t)) =-
Vi,p(t)

Furthermore, the dynamical equation for the transformed
error results in

0i1 = @i + i |(di +bi)(xiz + fi1(Xi1))—

(14)
Dl l0ej + £ (ej)) = bigtig
JEN;
Qi,p =wipt V/i,p(xi,p+1 + fi,p()_ci,p) - a’i,p—l) (15)
Oin =Win+ l//i,n(ui + fi,n()_ci,n) - di,n—l) (1 6)

Step 1 Design the value function Bi1 = Qzl +ai1 and
establish the optimal value function as

Fyten@) = min ["@}@+a} o) (17)

where Q, is the set of all allowable control inputs and «; is
the virtual control.

Thus, the HIB equation is
8J* ) 0J*

2 *2 1.
Hi,l(gi,], Wiget | =it e =0 ay)
1, L,

0H;
By processing —— oo =0, the optimal virtual controller o i

can be obtained.

91 095,
= 19
i 2 00i1 (19
where 19,',1 = l//i,l(di +b;).
6]?‘1
To achieve consensus tracking control, 7—— do; can be decom-
posed into the following formula
oJ;
1,1
Dot - ﬁz ——QTi10i1 +2Fi1 + ) (20)
5 8];‘
where ‘]i 1= 79, 1 8 27'1 10i,1 — 2Fi,l, F,’J = l//i,l[(di +bi)(fl"]
_ - -1 .
(X)) +xi2) = Z Iai,jl(xj,z + (X)) + v @it —bigivgl + i1,
JEN;
and ;1 > 1 is a parameter that will be designed later in the
process.

Combining Egs. (20) and (21), the optimal form of the
virtual controller can be obtained.

. 1
@, = ﬂ(_Ti,lQi,l —Fii+J7) (21)

The following expression can be derived by approximating
Fi,l and ng via FLS.

Fin= W5, S sin+ i (22)
I =WhHSii+6i (23)
Substituting Eq. (23) into Eqgs. (21) and (22), we have
0J7,
aQi l 02 — Q271001 + 2Wf, Sfl 1+ (24)

2¢5i1+ia + W} Si0)
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1
= (=7i10i1 — W};,lsﬁ,l —dri1—
1 ’ { (25)
T
§¢i,l - EW,'JSi,l)

Because of the presence of unknown terms ¢y;; and ¢;; in
Egs. (25) and (26), an RL based ICA framework is proposed
to develop a virtually usable controller. This framework is
engineered to tackle the challenges inherent to the virtual con-
trollers that incorporate the virtual control elements, which
may not be directly applicable. By harnessing the ICA frame-
work within RL, the system is enabled to adaptively learn and
refine its control strategy, thereby ensuring the efficient appli-
cation of the virtual controller.

First, an identifier is used to identify F;

Fiy =W Ssia (26)
where F i1 1s the identifier output and Wf,-,l is the identifier
fuzzy parameter vector.

The identifier FLS parameter vector me is updated by the
following law

Wrin = 91 (Wi1S pin0i1 —pria Wit (27
where p;1 >0 and pgi1 >0 are parameters that need to be
designed later in the process.

Combining Eq. (25), we design the critic expression that
evaluates the control performance

aJr,
B0i1 192

o7,
Similar to F;y, =——
o 00i1

—(27;10i,1 +2 f,1Sf11+ czl Si1) (28)
073,

is the estimate of 3_1 It should be

: i,

noted that W, is the critic fuzzy parameter vector and its

update law is

Weit = —9ci1SritS ,Tm Wei1 (29)

where ;1 is a positive parameter that needs to be designed
later in the process.

Based on Eq. (26), the actor responsible for carrying out
control actions is designed in the following manner

o !
@ = E —Ti10i1 — W/, |Sfi,1
where @} is the estimate of i
It should be noted that Wa,l is the actor FLS parameter

vector and its update law is

1
-wk Si1

2 ai,l (30)

Wit = —SRi,lSITg,»,l(ffJai,l(Wai,l ~Wei) + 91 Wei1)  (31)
where @,;1 is a positive parameter that needs to be designed
later in the process and it is necessary to meet the conditions:
9ai,1 >0, 9ci1>0.5, and 9ci1 > 9ai1 /2.

Step p  Establish the optimal value function

* — i (T2 2
Tipeip) = min [ @0+t @ (2)
Thus, the HIB equation is
oJF a0J;
Hl' iDs i , Lp = 2 + %2 +_z,p .i =0 33
,p(Q @i aQi,p) Oipta, agi’pQ P (33)

where o} Ui represents the virtual control strategy that mini-
)
mizes Q Ta;,.

Slmllar to Eq. (20), the optimal virtual controller , can be

obtained.

Vi 4 aJl*p
R 34
%= oy (34)
0J;
6@1-’ can be decomposed into the following formula
ip
0%, 1
L = —Qripoip+2Fip+J7,) (35)
a@i,p ip
where ]gp: lzpa 2Tpol[) 2F1p andF,p—l//lp[x,p+1+

Sip(Kip)—aip- 1]+Q,,p, Tip>1 is a parameter that will be
designed later in the process.
Combining Egs. (35) and (36), the optimal form of the
virtual controller can be obtained
N 1
@ip = _(_Ti,in,p -
i.p

Fip+J.,) (36)

we can derive the

Using FLS to approximate F;, and Jgp,

following expressions

Fip= sz S fipt Pfip (37)

I, =WhSip+dip (38)

Substituting Eq. (38) into Egs. (36) and (37) sequentially,
we get

0J* 1
Lp T
r = T(ZTi,in,p+2Wfi,pSfi,p+2¢fi,p+¢i,p+
o ¥, (39)
W.Sip)

. 1 1
Q= Wf(—T i,pQi,p — W}i,,,S fip—Ofip— §¢i,p_
b (40)

1
Wl Sip)

2
Similar to Eq. (27), an identifier is used to identify F;

Fip=W[ S sip (41)
where F' ;p is the identifier output, and Wﬂ,p is the identifier
fuzzy parameter vector.

The identifier FLS parameter vector VAVfi, p» 18 updated by the
following law

Wrip = 9510 pS rip0ip = PripWrip) 42)

where ¢y;, >0 and py;, >0 are parameters that need to be
designed later in the process.

Combining Eq. (40), we design the critic expression that
evaluates the control performance

8J:p

1
= —(21;,0ip +2W.
aQi,p > (275 poip

fip
i,p

S fip+ W ,Sip) (43)



300 THE INTERNATIONAL JOURNAL OF INTELLIGENT CONTROL AND SYSTEMS, VOL. 30, NO. 4, DECEMBER 2025

N

0Jr o7,

00 D 8@1 P '
shall be noted that W, p 1s the critic fuzzy parameter vector,
and its update law is

Similar to F;,, where is the estimate of It

l;l/ci,p = _B{)ci,pSRi,pS};i,p l;l/ci,p (44)
where @, is a positive parameter that needs to be designed
later in the process.

Based on Eq. (41), the actor responsible for carrying out
control actions is designed in the following manner

. 1 1
&y, =— (—Ti,pgi,p - W5 ,S fip— EWaTi,pS,;p) (45)
Yip ’
Similar to F; ,, where @] is the estimate of a . It shall be

noted that W,; p 1s the actor FLS parameter Vector and its
update law is
VVai,p = (46)

T A N A
_SRi,pSRi,p(SOui,p(Wui,p - chi,p) + B{)ci,pvvci,p)

where @, is a positive parameter that needs to be designed
later in the process, and it is necessary to meet the conditions:
@ai,p > 0, @ci,p > 0-57 and S{)ci,p > SOai,p/z-

Step n  Design the optimal value function

* (oin(t) = min [ (02 2
Tia(@i(1) = min |, @0 +udandr (47)
Thus, the HIB equation is
oJF oJF
® in 2 %) in .
Hi,n(uQi,ns u;, aQi,n) =0Oin tu;”+ 8Qi,n Qin = 0 (48)

represents the control strategy that has the mini-
*2

where u}
mum Value of Q, LT
The optimal controller u? can be obtained

Yin a‘]z*n
L= - 49
H 2 aQi,n ( )
aJl*”
d0i can be decomposed into the following formula
Ln
8JZ i 1 0
a,Q' = l//T(ZTi,nQi,n + 2Fi,n + J,',n) (50)
L in
where ‘Iz?n = l//2 - 271 nQin 2Fi,n, Fip= l//i’”[ui + fin

Ln a
(%in) — Qin-11+0in, and Tin > 1 are parameters that will be
designed later in the process.

The optimal form of the controller can be obtained

1

uj = f(—Ti,nQi,n—Fi,n+J2n) (51)
in
Using FLS to approximate F;, and Jgn, we have
Fip= W},-,,,S fintPfin (52)
I = WESin+din (53)

By substituting Eq. (53) into Egs. (51) and (52) sequen-
tially, the following results are obtained

Wip _ 1 2 WS fin+2
= = ——27i0n0in +2W4; S fin + 20 fin+
aQi,n l//in i,nlin Fin® fin fi,n (54)
¢i,n + WEnSi,n)
* 1 T
uj = —(=TinQin=Wp; S fin=bfin—
Yin ’
1 1 (55)
§¢i,n - 2 z no i n)
Using the identifier to identify F;, yields
Fi, sz WS fin (56)

where F' in 1s the identifier output and VAVfi,n is the identifier
fuzzy parameter vector.
VAVf,-,n is updated by the following law

Wfi,n = Sofi,n(t//i,nsfi,mgi,n _pfi,ani,n) (57)

where g, >0 and pr;, > 0 need to be designed later, and all
of them are positive numbers.

Combining Eq. (55), we design the critic expression that
evaluates the control performance

0J7,

1
d0; = _2(27'1',an nt ZW}; nSfl nt WZ n Sin)

in

(58)

Wi is the critic fuzzy parameter vector, and its update law is

Wein = —PcinS RinS 11;1"” Wein (59)

where @, is a positive parameter.

Based on Eq. (56), the actor responsible for carrying out
control actions is designed in the following manner

. T
u; = —TinQin — Wf,"nS fim—
l//i,n

The actor FLS parameter vector, which is denoted by VAVa,-,n,

is updated according to the following law

1 T
2Wa1 nS

(60)

(61)

where @i, 1s a positive parameter that needs to be designed
later, and it is necessary to meet the conditions: ¢, >0,
Pcin > 055 and Pcin > 80ai,n/2~

Remark 7 This paper adapts the ICA framework to fixed
time control requirements through update law gain design and
error feedback correction. First, the identifier is used to
approximate unknown terms, and an error transformation
coefficient related to the FTPPF is introduced into its update
law to ensure that the convergence rate of the identifier
matches the decay rate of the FTPPF, avoiding error overrun
caused by lag in unknown term compensation. Second, the
critic evaluates control performance by estimating the deriva-
tive of the optimal value function, and the critic gain in its
update law must satisfy specific conditions to ensure that the
value function converges to the optimal value within fixed
time and provides accurate performance feedback for the
actor. Finally, the actor designs the control law based on feed-
back from the critic, an actor gain is introduced into its update

A T ~ A N
%i,n == Ri,nSR,‘,n(Soai,n(%i,n - Wci,n) + Pcin Wci,n)
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law, and this actor gain must meet specific constraint condi-
tions. These constraints ensure that the adjustment rate of the
actor’s output is greater than the error growth rate, thereby
guaranteeing that the error converges within the preset fixed
time.

IV. STABILITY ANALYSIS

Theorem 1 By following the control protocol established
according to the aforementioned formulas, the identifier,
critic, and actor are updated respectively via the correspond-
ing update laws. The identifier is updated by the laws in Egs.
(27), (42), and (57) corresponding to Egs. (28), (43), and (58);
the critic is updated by the laws in Egs. (29), (44), and (59)
corresponding to Egs. (30), (45), and (60); and the actor is
updated by the laws in Egs. (31), (46), and (61) correspond-
ing to Egs. (32), (47), and (62), respectively. Under this
control protocol, the bipartite consensus error converges
within a fixed time and satisfies the prescribed performance
control objectives. Additionally, it should be specifically
noted that all closed-loop signals of the system described in
Eq. (2) are bounded.

Proof The main content of the proof is stability analysis.

Step 1 Choose the Lyapunov function as

N
1, 1 o or o
Vii= Z(EQM 207 sz Wria+ 5 Z Wit Whint

i=1 h=a,c

where W(-)=W(-)— -W(-), and since W(:) is a constant, it
follows that W(-) = W(-).
The derivative of V;; can be expressed as

N
Vi1 = Z 0i1 {Wi,1 ((di +bi)(0i2 + @i + fi1(Xi)+

i=1

) (62)

@iyl = ) lai i +f,;1<x,-,1))) —biu,-y'q}+

JEN;

N
1

Z{pf Wf,lg)le(l//nsfz lel_szIszl)} (63)
l

r o
Z aaS Rt 1 (Pait Wait = Wei 1)+

- N
PciaWei1)}— Z{S/Jci,l VVci,lSRmS%M Wein)
i=1
Applying the Young’s inequality, we have
2 ﬂz 2

11 12
411612 _+
ST T &
Z Pci,1 Wai,ISRi,ISRiyl Wci,l <

Pei1( a,lSRi,l)2 N 9t (Wei1 S Ei )
£y ’

Z SN
i=1 2 i=1 2
N
Z( 3,-,151&',1) <
i=1
o SR

W

1

a Zl — T
where i1 = 0i1y;1(di +b;).

AMz

I
—_

Additionally, we can handle the remaining terms by deduc-
ing the following equation

WIOWe) =
1. - . R (65)
E(WT<o)W<->+WT<~)W(->—WT<~)W(->>

By organizing all the previous reasoning results, we obtain

N 1921 N Ti1 1
il 2 i
5 G Z(?‘Z)Qw”’l‘

i=1 i—l

N .
S L W3 3 T
'l

i=1 h=a,c

N
Pai,1
,151&11) —Z( > __)(Wm]SRll)

i=1
NﬁZ

_Allvll+rll+z 2

(66)
Xocl l

N
) 1
where 41 = mln{(Ti,l - 5),80fi,1pfi,1,@ci,1} and I = Z

i=1
fi,1

! 1
(11¢ i) Soa’l( allSRll)2+ Peii( ulSRll)z)_Tpfl

( fl]Wfi,l WflIWfi,l).
Step p  Choose the Lyapunov function as

1
+— Wi+ = WL W, 67
280fi,p ft p ' fip Z hi,p hl!’) ( )

i=1 h a,c

where W(-) = W()=W(), and since W(-) is a constant, it
follows that W(-) = W(.).
Similar to V;, the derivative of V;, can be expressed by
the following expression
N
Vip = Z 0ipWi p(Xipr1 + fip(Xip) — &ip—1 — w'i,pl//,'_,;;))"'

i=1
N

1
Z{gOf Wflp@flp(l//zpsflpgtp pfszfzp)}

N
Z{Wm pSRi,pSEi’p(Wai,p(Wai,p -0 ci,p) + [@ci,chi,p)}_

~ T
{Soci,p Wci,pSRi,pSR,',p Wci,p}

Mt

4

(68)
Applying the Young’s inequality, we have
2 2 2
al al Qi,p ul Vip€ P i,p+l
2 € 250 ) T
i=1 i=1 i=1
N al Wci, p az pSRz p)2
ZXOUP aszRlP Ri,p CIP\Z
i=1 i=1 (69)

2 N N2
i, (Waz pSRl»P)
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The organization of all previous reasoning results yields

N 02 N 3
. Yiv » 5
Vi’ps 2 tp+l_Z(Ti,P_Z)Qi,p+ri,p_
i=p i=1
S Prip hi
ip
Z 2 WflprlP Z Z —( hlpSRlP) (70)
i=1 i=1 h=a,c
N ou
at,
Z LW S kip) - Z (T" - —)(W}l S rip)
i=1 i=1
3 N
where 4ip =min {(27,',,, - z),gofi,ppﬂ,p,goci,p} and Iip = Z
i=1
1 1 pri,
Vi P¢?P+ Pai p( ai pSRl P) +5 506117( ci pSRi,p)2 - %
prip( fszfiP Wf,,,Wfi,p).
Step n  Choose the Lyapunov function as
_ 1,
Vi,n - le zgln 254)f f;ani,n+
’ (71)
Z Wh,nWhl n)
h a,c

where W(-) = W(-)— -W(-), and since W(:) is a constant, it
follows that W() = W(-),
Similar to V;; and V; ,, the derivative of V;,, is
N

. B , »
Vin = Z OinlWinWin + fin(Xin) = Xin-1 = @iny;, )+
i=1

N
1 A
Z{SO Wflnﬁ/)fi,n(V/i,nSfi,nQi,n _pfi,ani,n)}_
=1 \Wfin

N

{Wat nSRl nSR[,n[Soai,n(Wai,n -
i=1

ci,n) + Pcin Wci,n] }_

~ T @
{Xoci,n Wci,nSRi,nS i Wci,n}
Rin

-

Il
—_

(72)
Applying the Young’s inequality, we have
4 % , S Vi€
;4 nein Zl 5 Z
i@canm SanST Wi < i S/)ctn(Wat WS Rin) .
i=1 i=1 (73)

ﬁoci,n(Wa nSEI n)Z
—2 >

1 Mo
T in
( mé’thmnSRtn) ZT

i=1

Mz

(Wg; pSRln)

'M2

i=

where {in = 0inli,-
Combining all the formulas from v;; to v;, yields

N 192 N 3
Vin < Z %ezn - Z (Ti,n - Z)Q,zn +1in—
i=n i=1
Pri, ©hi
W Wi = Z 2 5 Wi Skl = (74)
i=1 i=1 h=a,c

Z clnSRln) _Z(pazi,n_ )(WL’JI;VLSRH’Z)

i=1 i=1
N

. 3
where 4;, =min {(ZTi,n - E),@ fi,npfi,n,sOci,n} and [y = Z
-y
1 1 Ofin
(w,%,,«»,%,, + 5 9ain (WSS kin) + Epc,-,,,(wf,.,nsm,nﬁ) -l
Pfi,n(W},»,n Wfi,n - W;l,n Wfi,n).

Finally, select V=Vi1+Via+--+ Vi, = Zvi,q to serve as
g=1
a Lyapunov function candidate. The derivative of V is ob-
tained by combining Egs. (67), (71), and (75), resulting in the
following expression

N n
— 1 2 1 T 1 o -
V= ZZ EQZQ+ 250fi Wflqwfi’q-'— 5 Z Whi,thi,lI <
i=1 g=1 a4 [
—AV+T
(75)
n
where 4 = min{; 4} F=Zri,q,andq=1,2,...,n. [ ]

g=1

Combining the properties of V with the above derivation, it
is not difficult to conclude that variables W4, Wy, and
Weig for g=1,2,...,n are semi-globally uniformly ultimately
bounded, so that the consensus tracking error g;, for g=
1,2,...,n is bounded. Therefore, by utilizing the Lyapunov
function and the ETF mentioned above, the bipartite consen-
sus error will converge within a fixed time and meet the

prescribed performance control objectives.

V. SIMULATIONS

In this section, numerical simulations via MATLAB are
conducted to validate the effectiveness of the proposed control
protocol. The MASs are considered to be moving in a two-
dimensional plane, which consists of 3 followers and 1 leader.
The topological communication diagram is shown in Fig. 1.
The dynamics of each follower can be described by the
following equations

Xi1 = xip+ fi1(Xi1),
Xip =ui+ fin(Xi2),
Yi = Xi1

(76)

Fig. 1 Communication topology.
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Since there are four followers, i takes the values 1, 2, 3, and
4. The state vectors are denoted as x; 1 = [x;1x, Xi1 y1T and Xio =
[xi2x,xi2y]T, the control input vector is denoted as u; = [u; x,
ui,y]T, and the output vector is denoted as y; = [y,',X,y,-,y]T.
Although agent i for i =1,2,3,4 has the same control struc-
ture, each agent possesses a nonlinear function of different
forms as

fl,l(') = [0.01sin(x1,1x),O.Olsin(xl,ly)]T,
£.1() =[0.01sin(x2,1). 0.01sin(xz )],

f3.1() = [0.01sin(x3 1x),0.01sin(x3,1y)] ",

(77)
fi.2() = [0.01sin(xy1xx1 2x),0.01sin(xy 1y x127)] ",
f22() = [0.01sin(x2,1xx22%), 0.01sin(x2, 1y x201)]
f3.2() = [0.01sin(x3, 1xx3.2x), 0.01sin(x3 1y x3.2¢)] "
The initial states of the four followers are chosen as
x1.1(0) = [0.010,1.110]T,
%2.1(0) = [0.011, 111177, (78)

x3.1(0) = [0.012,0.110]*

In the design of the optimal controller, all FLSs include 6
membership functions. The values of p; and 5; for the Gaus-
sian function are both set to 2. The parameter / in the quan-
tizer is set to a value of 0.02. Additionally, for the initial we-
ight values in the x-direction, they are taken as Wy;1,(0) =

[0.1,0.1,...,0.1]T e R, Wy;5,(0)=[0.5,0.5,...,0.5]T e RS>
Wai1,(0) =[0.2,0.2,...,02]" e R®! | W,;5,(0) =[0.3,0.3,...,
0.3]TeR™!  W.1,(0) = [0.2,0.2,...,0.2]TeR™>! | and

Weiny (0) =[0.3,0.3,...,0.3]T e R®*!. For the initial weight
values in the y-direction, they are established as Wy;1,(0) =
[0.3,0.3,...,0.3]T e RO, Wriz,(0) =10.5,0.5,...,0.5]T €
R W,i1,(0) =[0.6,0.6,...,0.6]Te R®! " W,;,.(0)=[0.3,
0.3,...,03]TeR>! W, 1,(0)=[0.6,0.6,...,0.6]" e R®!,
and W,;»,(0) =[0.3,0.3,...,0.3]T e R®!,

The parameter settings related to the FTPPF in the x-direc-
tion are as follows: «; Ay = K21y = K31y = K41y = 1, o Ax =
0214y =031y =041x=2, 01,13, =0215, =031y =041, =1, v, 10X
V21()X—V310X—V41()X—12 and VT Ly VTZIX Tﬂ
V7,1, = 0-1. The parameter settings related to the FTPPF in
the y-dlrectlon are as follows: k1,1, = k2,1, =K3,1, = K41y, =1,
01,1y =021y =031y =041y =2, 01,1y =021y = 03,1y =041y =
L, vi,1,0y = V2,1,0y = V3,1,0y = V4,10, = 1.2, Ellldvy11 =iy, =
Viyy, = Vi, = 0.1,

The weight adaptive updating parameters in the x-direction
are set to Qg1 = 0.01, Prily = 100, Paily = 40, Peily = 40,
XOfilX = 0.8, Pfi2y = 5, Pai2y = 30, and Pci2y = 30. The wei-
ght adaptive updating parameters in the y-direction are set to
Prily =0.01, pri1y =200, @41, =30, @ci1y =30, rizy =
0.1, Pfi2y = 20, Pai2y = 80, and Peci2y = 80.

Simulation verification is conducted via MATLAB, and the
results are shown in Figs. 2-8. Fig. 2 illustrates the compari-
son between the quantized signal y, and the original signal y,,
demonstrating that even if the signal transmission loses its

22 —
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Fig. 2 The quantized signal y, and the original signal y,.
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Fig. 3 The two-dimensional paths of the leader and four followers.
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Fig. 8 The control input signals of u, and uy.

exact value at a certain moment, it can still communicate
values that are very close to the true values. Figs. 3 and 4
show that the four followers can successfully track the motion
trajectory of the leader and engage in coordinated motion.
Moreover, Fig. 5 clearly illustrates that the errors e;1x and
ei1y of the four followers in the x-direction and y-direction
accurately converge to the predefined performance bounds

Time (s)

within a specified time frame. The maximum values in the x-
direction and y-direction are observed to be <0.060 and
<0.059 after stabilization, thereby ensuring that the preset
performance requirements are satisfied. The evolution of the
norms of the identifier, critic, and actor in the x-direction is
successively depicted in Figs. 6 and 7, which demonstrate the
convergence of the adaptive law designed in this paper. Fig. 8
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demonstrates that the controller designed in this paper is
effective.

VI.

This paper addresses the issue of bipartite output consensus
tracking for nonlinear coopetition MASs with the leader’s
reference signal being quantized by proposing an FTPPF.
Within this control protocol, FLSs are utilized to approximate
the unknown nonlinear dynamics that arise in the design of the
virtual controller, and an RL framework based on the ICA
structure is integrated. Ultimately, through simulation experi-
ments, it is demonstrated that the errors successfully converge
within a fixed time to the pre-specified interval, achieving the
desired control requirements and ensuring the effectiveness of
the proposed method.

CONCLUSION
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