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   Abstract—We  present  a  safety-critical  finite-time  control
framework  for  sampled-data  multi-robot  system  coordination.
We  formally  define  and  construct  a  finite-time  discrete  control
Lyapunov  function  (FT-DCLF)  and  derive  sufficient  conditions
that  ensure  convergence  within  a  preset  number  of  sampling
steps,  thereby  enhancing  both  applicability  and  convergence
speed.  In  parallel,  we  improve  upon  a  discrete  control  barrier
function (DCBF) constraint. This constraint addresses the contin-
uous-discrete mismatch (“safety gap”) and ensures all-time safety,
while  mitigating  deadlock  and  resolving  performance-safety
conflicts  that  are  common  in  conventional  DCBFs  for  obstacle
avoidance.  Both  components,  along  with  input  bounds,  are  inte-
grated into a single quadratically constrained quadratic program
(QCQP),  augmented  with  feasibility-aiding  slack  variables  for
real-time implementation. Simulation results demonstrate that the
proposed  method  outperforms  conventional  DCLF-DCBF
approaches.
    Index Terms—Safety-critical  control, discrete  control  barrier  func-
tion  (DCBF), finite-time  discrete  control  Lyapunov  function  (FT-
DCLF), cooperative control
  

I.  Introduction

MULTI-ROBOT  cooperative  control  has  significant
application  value  in  scenarios  such  as  unmanned
inspection,  warehouse  logistics,  and  emergency

search and rescue [1–3]. However, most robots exhibit nonlin-
ear  and  nonholonomic  characteristics [4, 5],  which  pose
substantial  challenges  for  multi-robot  control.  As  group
density increases and task constraints become more complex,
a central challenge arises: achieving rapid convergence while
ensuring  collision-free  navigation,  under  nonholonomic
constraints  and  input  constraints.  In  particular,  within  the
sampled-data control framework, directly discretizing continu-
ous-time  designs  often  introduces “safety  gaps” and  feasibil-
ity  issues,  thereby  intensifying  the  trade-off  between  safety
and performance [6].

Existing  research  on  cooperative  control  has  mainly
followed  three  technical  directions.  First,  consensus  and

graph-theoretic  approaches  establish  criteria  for  consensus
conditions  and  convergence  rates  under  a  given  communica-
tion  topology [7, 8].  Second,  virtual  structure  and  leader-
follower paradigms provide a systematic framework for coor-
dinating  cooperative  robots  based  on  position,  displacement,
or  distance  constraints [9, 10].  Third,  the  model  predictive
control (MPC) framework achieves coordinated performance-
stability design by explicitly embedding nonlinear constraints
[11]. The aforementioned approaches [7–11] typically guaran-
tee asymptotic or exponential convergence but lack finite-time
or fixed-time bounds on “when to arrive”. To enhance conver-
gence  rate,  finite-time  and  fixed-time  controls  have  attracted
increasing  attention  in  recent  years.  In  Ref. [12],  a  signal-
generator-based  finite-time  control  scheme  was  proposed  to
achieve  formation  control  of  heterogeneous  multi-agent
systems  subject  to  disturbances.  Subsequently,  Ref. [13]
developed  a  distributed  finite-time  tracking  control  method
that ensures practical finite-time stability of quadrotor forma-
tions  while  avoiding  Zeno  behavior.  In  addition,  Ref. [14]
presented  a  fixed-time  prescribed  performance  control  strat-
egy  to  realize  leader-follower  trajectory  tracking  of  multiple
wheeled  mobile  robots  (WMRs).  However,  these  results  are
mostly  established  without  explicit  state  safety  constraints,
and thus obstacle avoidance during the convergence process is
not guaranteed.

Traditional  artificial  potential  field  methods  have  been
widely  adopted  for  robotic  obstacle  avoidance  due  to  their
simplicity  and  online  efficiency [15, 16].  However,  these
methods are prone to local minima and sensitive to parameter
tuning,  thus  lacking  global  guarantees.  Geometric  velocity-
domain  approaches,  such  as  velocity  obstacles [17],  enable
real-time  performance  and  distributed  implementation,  yet
they often rely on assumptions about feasible relative veloci-
ties  and  acceleration  capabilities.  Consequently,  these  meth-
ods  may  become  conservative  or  even  infeasible  under
nonholonomic  constraints  and  input  saturation.  To  obtain
formal  safety  guarantees,  continuous-time  control  barrier
functions  (CBFs)  and  control  Lyapunov  functions  (CLFs),
together  with  the  quadratic-program-based  CLF-CBF synthe-
sis  framework  (CLF-CBF-QP),  provide  systematic  tools  for
establishing  forward  invariance  and  optimization-based
synthesis [18, 19].  Nevertheless,  most  of  these  designs  are
formulated  in  continuous  time;  when  directly  implemented
under  sample-and-hold  control,  a “safety  gap” can  lead  to
increased conservatism or infeasibility.

To address  these challenges from a safety-performance co-
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design  perspective  tailored  to  sampled-data  systems,  this
paper  presents  a  safety-critical  finite-time  controller.  The
proposed  controller  integrates  a  discrete  control  barrier  func-
tion  (DCBF)  with  a  finite-time  discrete  control  Lyapunov
function  (FT-DCLF)  within  a  unified  framework.  The  key
idea  is  to  impose  a  discrete,  incremental  barrier  constraint  at
sampling instants to encode forward invariance and eliminate
inter-sample safety violations, while the FT-DCLF enforces a
tunable  finite-time  convergence  rate  for  the  closed-loop
system. Both components, along with input bounds, are jointly
solved  within  a  single  quadratically  constrained  quadratic
program (QCQP) to design a controller that satisfies stringent
safety and performance requirements. The main contributions
of this paper are summarized as follows:

(1)  We formally define the FT-DCLF and derive sufficient
conditions  guaranteeing  convergence  within  a  preset  number
of sampling steps; furthermore, we construct an FT-DCLF for
WMRs  to  enhance  applicability  in  complex  scenarios  and
accelerate convergence.

(2)  We improve a DCLF-based safety constraint  and apply
it to the cooperative control of sampled multi-WMR systems,
bridging the “safety  gap” of  conventional  DCBFs and ensur-
ing that WMRs remain safe throughout the entire process.

(3) We integrate the DCBF, FT-DCLF, and input constraints
into  a  single  QCQP,  augmented  with  feasibility-enhancing
slack variables and tunable weights, to synthesize an enhanced
safety-critical cooperative controller.

R
Rn n×1 Rn×m

n×m Z
Z⩾0 ∥ · ∥

Rn ⌈κ⌉
κ

Throughout  this  paper,  denotes  the  set  of  real  numbers,
 denotes the set of  real column vectors,  denotes

the  set  of  real  matrices,  denotes  the  set  of  integers,
and  denotes  the  set  of  positive  integers.  We use  for
the  Euclidean  vector  norm  in .  Finally,  the  is  ceiling
function denoting the smallest integer greater than or equal to .  

II.  Preliminaries and Problem Formulation
  

A.  Preliminaries
Consider  a  continuous-time  control-affine  system  modeled

as
 

ẋ = f (x)+ g(x)u (1)
x ∈ Rn u ∈ U ⊂ Rm

U
f : Rn→ Rn g : Rn→ Rn×m

where  is  the  state  vector,  denotes  the
control  input  constrained to a  compact  set ,  and the vector
fields  and  are  assumed  to  be
locally Lipschitz continuous.

tk = kT T > 0

[tk, tk+1)

u f g

In  many  practical  applications,  the  system  state  evolves
continuously,  while  the  control  input  is  updated  only  at
discrete  sampling  instants ,  where  is  the  fixed
sampling  period.  A  zero-order  hold  (ZOH)  mechanism  is
employed  to  maintain  the  input  constant  over  each  interval

.  It  is  commonly  assumed  that  the  state  is  measured
exclusively at these sampling instants; hence, the control input

,  the  system  dynamics ,  and  the  input  gain  matrix  are
updated solely at  these times.  Within each sampling interval,
the following holds
 

u(t) = uk, ∀t ∈ [tk, tk+1),
x(t)while  the  state  evolves  continuously  according  to  the

system  dynamics  under  this  piecewise-constant  input.  Here,

xk := x(tk) xk+1 := x(tk+1) and  represent  the  system  states  at
two consecutive sampling instants.

B : Rn→ R
To  characterize  safety,  we  define  a  continuously  differen-

tiable scalar function  and specify the safe set as
 

D := {x ∈ Rn | B(x) ⩾ 0} (2)
B(·)

B f (x)+ g(x)u

We  assume  that  is  locally  Lipschitz  continuous  and
twice differentiable almost everywhere (a.e.), which allows us
to  define  its  first-order  and  second-order  directional  deriva-
tives along the system dynamics.  Specifically,  the directional
derivative of  along the vector field  is given by
 

Ḃ(x,u) := ∇B(x)T ( f (x)+ g(x)u) (3)
and its second-order directional variation is
 

Φ(x,u) := ∇(Ḃ(x,u))T ( f (x)+ g(x)u) (4)
u

Φ(x,u)
B

Under  ZOH,  where  is  held  constant  over  each  sampling
interval,  characterizes  the  within-interval  second-
order growth of  along the induced vector field.

BTo  bound  the  worst-case  second-order  remainder  of 
between sampling instants, define
 

φ(T, x) =
1
2

sup
z∈R(x,T )\Z, u∈U

|Φ(x,u)| (5)

R(x,T ) x
T

Z
B φ(T, x)

T 2φ(T, x)

where  is  the  set  of  states  reachable  from  in  one
sampling  period  under  all  admissible  constant  inputs,  and

 is a Lebesgue measure-zero set containing the points where
 fails  to  be  twice  differentiable.  Then  provides  a

uniform bound for  the  second-order  term so  that  the  remain-
der scales as  in Taylor-type estimates.

B(xk+1)−B(xk)
D

uk

Based on these definitions,  the following theorem provides
a sufficient condition on the one-step change 
that  ensures the forward invariance of  under the sampled-
data control law .

T > 0 D⊂ Rn

B : Rn→ R
uk ∈ U k ∈ Z⩾0

Theorem 1 [20]　Consider Eq. (1) implemented with ZOH
of sampling period . Let  be the 0-superlevel set
of  a  continuously  differentiable  function .  If  for
any pointwise control law  satisfies, for all , we
have
 

B(xk+1)−B(xk) ⩾ ψ(T, xk) (6)
 

ψ(T, xk) = −γT B(xk)−T 2φ(T, xk) (7)
γ ∈ (0,1] Dwhere  is  a  design  parameter.  Then,  is  rendered

forward invariant along the closed-loop trajectories of Eq. (1).

γ
Formula (6) is referred to as a DCBF constraint [21]. Given
, define the admissible input set

 

Udcbf(xk) = {uk ∈ U : B(xk+1)−B(xk) ⩾ ψ(T, xk)} .
x0 ∈ D uk ∈ Udcbf(xk) k xk ∈ D

k ∈ Z⩾0
D

If  and  for  all ,  then  for  all
. In the sequel, we will enforce Formula (6) to guaran-

tee that the closed-loop trajectories of Eq. (1) remain in .

T > 0 V : Rn→ R
α1, α2, α3 > 0

xk ∈ Rn k ∈ Z+

Definition  1 Discrete  control  Lyapunov  function [22]　
Consider  Eq.  (1)  under  ZOH  with  a  fixed  sampling  period

.  A  function  is  called  a  discrete  control
Lyapunov function if there exist constants  such
that, for all  and , the following inequalities hold
 

c1∥xk∥2 ⩽ V(xk) ⩽ c2∥xk∥2 (8)
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∆V (xk,uk)+ c3∥xk∥2 ⩽ 0 (9)
∆V (xk,uk) = V (xk+1)−V(xk)where .  

B.  Problem Formulation
N i ∈ N := {1,2, . . . ,N}

i

Consider  robots  indexed  by ,  which
in this paper are taken to be WMRs. The kinematic model of
the -th WMR is given by [23]
 

ẋi(t) = vi(t)cosθi(t),

ẏi(t) = vi(t) sinθi(t),

θ̇i(t) = ωi(t)

(10)

pi(t) = [ xi(t), yi(t) ]T ∈ R2

θi(t) ∈ (−π,π] ui(t) = [vi(t), ωi(t) ]T

|vi(t)| ⩽ vmax |ωi(t)| ⩽ ωmax
T > 0

tk = kT k ∈ Z⩾0
[tk, tk+1) ui(t) = ui,k ui,k = [vi,k, ωi,k ]T

t ∈ [tk, tk+1)
xi,k := [ pi(tk)T, θi(tk) ]T = [ pT

i,k, θi,k ]T

where  denotes  the  position,
 is the heading angle, and  is

the control input comprising linear and angular velocities. The
inputs  satisfy  and .  A  ZOH  with
fixed sampling period  is adopted. Inputs are updated at
sampling  instants , ,  and  held  constant  over
each interval ,  i.e.,  with 
for .  We  define  the  sampled  state  as

.

{pi,0}Ni=1
{pi,d}Ni=1

i
pi,d tk

pe
i,k := pi,k − pi,d

K(x0) <∞
εp > 0

Given  the  sampled-data  model  above,  our  objective  is  to
design  a  control  strategy  that  steers  the  multi-WMR systems
from  the  initial  positions  to  the  desired  target  posi-
tions . Without loss of generality, we assume that the
target  indexing  is  pre-assigned  so  that  WMR  is  associated
with . At each sampling time , define the position-track-
ing  error .  We  require  finite-time  conver-
gence: there exist  a settling index  and a tolerance

 such that
 

∥pe
i,k∥ ⩽ εp, ∀i ∈ N , ∀k ⩾ K(x0).

ds > 0
Safety  must  be  ensured  throughout  the  motion  to  avoid

collisions  among  WMRs.  Let  denotes  a  prescribed
safety margin. The sampled-time safety constraints are
 

∥pi,k − pj,k∥ ⩾ ds+ ri+ r j, ∀i, j ∈ N , i , j,

k ∈ Z⩾0for  all .  Between  sampling  instants,  continuous-time
safety  will  be  guaranteed  by  the  sampled-data  barrier
construction introduced later.

{xi,0}Ni=1
{pi,d}Ni=1

In  summary,  the  problem  studied  in  this  paper  can  be
formulated as follows: given the initial states  and the
desired  target  positions ,  design  a  ZOH  control  law
such that:

pi,d(1)  Each  WMR  reaches  its  assigned  target  position 
within a finite time;

(2)  The  system  trajectories  always  satisfy  the  nonholo-
nomic dynamics and input bounds;

(3) Collisions among WMRs are strictly avoided at all time.  

III.  QP-Based Safe Cooperative Controller

In  this  section,  we  introduce  the  FT-DCLF  and  derive
conditions  for  finite-time  stabilization  of  sampled-data
systems  under  input  constraints.  Furthermore,  by  incorporat-
ing both FT-DCLF and DCBF constraints into a QCQP frame-
work,  we develop a  safety-critical  cooperative  controller  that

enables  the  WMR  system  to  accomplish  cooperative  tasks
within a finite time while ensuring safety.  

A.  Finite-Time Discrete Control Lyapunov Function
Conventional  DCLF  constraints  guarantee  asymptotic

stability  by  ensuring  a  monotonic  decrease  of  a  Lyapunov
function.  However,  in safety-critical  and time-sensitive tasks,
asymptotic  convergence  is  insufficient,  as  the  system  must
converge within finite time. Motivated by Ref. [24], we intro-
duce  an  FT-DCLF  to  characterize  trajectories  that  reach  the
equilibrium within a finite number of steps.

T > 0 V : Rn→ R

K(x0) > 0 uk ∈ U
c1, c2, c3 > 0, α ∈ (0,1) xk ∈ Rn k ∈ Z⩾0

Definition 2 Finite-time discrete control Lyapunov func-
tion　 Consider  Eq.  (1)  under  ZOH  with  a  fixed  sampling
period .  A  map  is  called  a  finite-time
discrete  control  Lyapunov  function  with  a  settling  time

 if  there exist  a  control  input  and constants
 such that, for all  and ,

the following inequalities hold
 

c1∥xk∥2 ⩽ V(xk) ⩽ c2∥xk∥2 (11)
 

∆V(xk,uk)+Q(xk) ⩽ 0 (12)
∆V(xk,uk) = V(xk+1)−V(xk) Q(xk) =min{V(xk),

c3V(xk)α}.
where  and 

K(x0) V(·)

The  existence  of  an  FT-DCLF  implies  that  a  family  of
controllers can be designed to drive the closed-loop trajectory
of  Eq.  (10)  to  the  equilibrium  point  within  a  setting  time

.  In  particular,  given an FT-DCLF ,  the  admissible
control  set  that  satisfies  condition  in  Formula  (12)  can  be
defined as
 

Kdclf(xk) = {uk ∈ U : ∆V(xk,uk)+Q(xk) ⩽ 0} (13)
KdclfBy  selecting  control  inputs  from  the  set ,  the  finite-

time  convergence  of  Eq.  (10)  can  be  guaranteed  through  a
following direct application of Theorem 2.

T > 0
V(·) : Rn→ R

kb : Rn→ Rm kb(x) ∈ Kdclf
x ∈ Rn

K(x0) : Rn→ Z⩾0

Theorem  2　Consider  Eq.  (10)  under  ZOH  with  a  fixed
sampling period . Assume the existence of a continuous
function  that  is  an FT-DCLF. If  any pointwise
control  law  satisfies  for  all

,  then  the  origin  of  the  error  dynamics  is  finite-time
stable.  Moreover,  there  exists  a  settling-time  function

 such that either
 

K (x0) ⩽


1, V (x0) ⩽ r⋆;

ln
(V(x0)

r⋆

)
− ln(1− c3V

(
x0)α−1)

+1, V (x0) > r⋆
(14)

r⋆ := c
1

1−α
3where  defined as the capture radius.

Proof　Consider the scalar sequence
 

zk+1 = zk −w(zk), z0 := V(x0) (15)
w(s) :=min {c · sα, s} c > 0 α ∈ (0,1) V

z0 = V(x0) ⩾ 0
s ⩾ 0 w(s) ∈ [0, s]

where , , . Since  is posi-
tive  definite  and  nonnegative,  we  have .  For
any , , therefore
 

0 ⩽ zk+1 = zk −w(zk) ⩽ zk, ∀k ∈ Z⩾0.

{zk}Hence, the sequence  is nonnegative and nonincreasing.
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According to the comparison lemma [25], it holds that
 

0 ⩽ V(xk) ⩽ zk, ∀k ∈ Z⩾0 (16)
zk ⩽ r⋆ c3zαk ⩾ zk ψ(zk) = zk

zk+1 = 0 zk > r⋆ w(zk) = c3zαk ∈ (0,zk)
Note  that  if ,  then  so  that  and

hence . If , then  and
 zk+1

zk
= 1− ξk, ξk := c3 zα−1

k ∈ (0,1).

α−1 < 0 {zk} {ξk}Because  and  is  nonincreasing,  is  nonde-
creasing and thus
 

zk = z0

k−1∏
ϱ=0

(1− ξϱ) ⩽ z0 (1− ξ0)k (17)

ξ0 := c3 zα−1
0 = c3V(x0)α−1where .

[0,r⋆]
zk ⩽ r⋆
z0(1− ξ0)k ⩽ r⋆

A  sufficient  condition  to  enter  the  capture  set  is
.  From  Formula  (17)  this  is  guaranteed  if

, and we have
 

k ⩾
ln
( z0

r⋆

)
− ln(1− ξ0)

=
ln
(V(x0)

r⋆

)
− ln
(
1− c3V(x0)α−1) (18)

Let
 

Kenter (x0) :=


ln
(V(x0)

r⋆

)
− ln(1− c3V (x0)α−1)

 (19)

k ⩾ Kenter(x0) zk ⩽ r⋆Then  implies ,  and  by  Formula  (16)
also
 

V(xk) ⩽ zk ⩽ r⋆ (20)
k c3V(xk)α ⩾ V(xk) w(V(xk)) =

V(xk)
At  such ,  we  have ,  whence 

 and
 

0 ⩽ V(xk+1) ⩽ V(xk)−w(V(xk)) = 0,
V(xk+1) = 0 V V(x) = 0⇔

x = 0 xk+1 = 0 xk+1 = 0
V(xk+2) ⩽ 0 V(xk+2) = 0

xk+2 = 0

so .  Since  is  positive  definite  (
),  it  follows  that .  Substituting  into

Formula  (12)  shows ,  hence  and
;  thus  the  origin  is  forward  invariant  once  reached.

Combining with Formula (20) gives the settling-time bound in
Eq. (19). Therefore, the origin is finite-time stable.

In summary, the origin is reached in at most the number of
steps given by
 

K(x0) =

1, V(x0) ⩽ r⋆;

Kenter(x0)+1, V(x0) > r⋆
(21)

Kenter(·)where  is given in Eq. (19). This completes the proof.
■

Thus,  under  sampled-data  implementation,  the  FT-DCLF
guarantees convergence of Eq. (10) to the goal position. Since
FT-DCLF alone does not encode safety, we next synthesize a
QP that unifies FT-DCLF with DCBF constraints.  

B.  QP-Based Formation Controller Design
We design a safety-critical  collaborative controller  by inte-

grating FT-DCLF and DCBF constraints within a QP. The FT-
DCLF enforces finite-time convergence to the desired config-
uration,  while  the  DCBF  guarantees  collision  avoidance
throughout the maneuver.  

a.  Safety Control
To avoid inter-WMR collisions, define

 

Br
i j(xi, x j) := ∥pi− pj∥2−ρ2

r (22)
ρr := ds+ ri+ r j r j > 0 jwhere  with  is the radius of WMR .

For  the  DCBF in  Eq.  (22),  a  first-order  propagation  of  the
point yields
 

pk+1
i − pk

i = ∆t ak
i (23)

ak
i = Jk

i uk
i

Jk
i :=
[
cosθki 0
sinθki 0

]
where , . So, we have
 

∆Br
i j = 2∆t (pk

i − pk
j)

Tbk
i +∆t2∥bk

i ∥22 (24)

bk
i = Jk

i uk
i − Jk

ju
k
jwhere .

kApplying Formula (6) to Eq. (24) yields, at time 
 

∆Br
i j ⩾ −γ∆tBr

i j(k)−∆t2φk
i j+δr,i j, ∀ j , i ∈ N (25)

γ ∈ (0,1] δr,i j ⩾ 0
φk

i j := φ(∆t, xk
i , x

k
j)

with design parameters  and slack variables .
The  terms  denote  computable  upper
bounds on the higher-order terms, which can be obtained from
known  input  bounds  together  with  an  over-approximation  of
the reachable set.

tk
B = Br

i j
{B ⩾ 0}

At  each  sampling  instant ,  we  enforce  the  DCBF  condi-
tion in Formula (6) with  constructed from Eq. (22) to
maintain  forward  invariance  of  the  safe  sets .  These
DCBF  constraints  ensure  that  each  WMR  preserves  a
prescribed  minimum  clearance  from  neighboring  WMRs,
thereby guaranteeing safety throughout the process.  

b.  Performance Control
iIn addition to safety, the controller must drive each WMR 

to its target within a finite number of sampling steps. Consistent
with the DCBF design, we define the position error
 

p̃k
i := pk

i − pi,d,

pi,d ∈ R2 iwhere  is the assigned target of WMR . Choose the
FT-DCLF
 

Vi( p̃k
i ) :=

1
2
∥ p̃k

i ∥22 (26)

A first-order propagation of the point yields
 

Vi( p̃k+1
i )−Vi( p̃k

i ) = ck
i

Tuk
i +
∆t2

2
∥Jk

i uk
i ∥22 (27)

ck
i := ∆t ( p̃k

i )T Jk
iwhere .  A  sufficient  FT-DCLF  constraint  is

therefore
 

ck
i

Tuk
i +
∆t2

2
∥Jk

i uk
i ∥22 ⩽ −Qi( p̃k

i )+δi (28)

θkref,i

atan2(yi,d − yk
i , xi,d − xk

i )
For the heading, define the reference angle  as the bear-

ing-to-goal ,  and  let  the  wrapped
heading error be
 

ek
θ,i := wrap(θki − θkref,i), wrap(·) ∈ (−π,π].

Choose the FT-DCLF as
 

Vθ,i(ek
θ,i) := 1− cos(ek

θ,i) (29)
A first-order propagation of the point yields

 

V0.i(ek+1
θ,i )−V0,i(ek

θ,i) = dk
i

Tuk
i +
∆t2

2
∥Hk

i uk
i ∥22 (30)

where
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dk
i := ∆t sin(ek

θ,i) · [0 1], Hk
i :=
√

cos(ek
θ,i) · [0 1].

A sufficient FT-DCLF constraint is therefore
 

dk
i

Tuk
i +
∆t2

2
∥Hk

i uk
i ∥22 ⩽ −Qθ,i(ek

θ,i)+δθ,i (31)

Qθ,i(ek
θ,i) > 0 δθ,i ⩾ 0with  and slack variable .

(vk
i , ω

k
i )

The  resulting  constraint  in  Formulas  (28)  and  (31)  is  a
convex  quadratic  function  of  the  control  inputs .
Hence,  it  can  be  formulated  as  a  quadratic  constrained
quadratic  program  and  solved  jointly  with  the  DCBF
constraints within a unified optimization framework.  

c.  Controller Design for WMR Navigation
To  jointly  enforce  safety  and  finite-time  convergence,  we

embed  the  DCBF  constraints  in  Formula  (25)  and  the  FT-
DCLF  constraint  in  Formulas  (28)  and  (31)  into  a  single
convex program that is solved at each sampling instant.

i
k

Define  the  obstacle  and  WMR neighbor  sets  of  WMR  at
step  as
 

Nk
i :=
{
j ∈ N \ {i}

∣∣∣ Br
i j(k) ⩽ εr

}
(32)

εr > 0 zi = {uk
i , δp,i, δθ,i,

{δr,i j} j∈Ni }
with  small  activation  margins .  Let 

, then consider the QCQP
 

z⋆i = argmin
zi

1
2

(uk
i )TRiuk

i +wpδp,i+

wθδθ,i+
∑

i, j∈Nk
i

wr,i jδr,i j (33a)
 

s.t., ak
i

Tuk
i +
∆t2

2
∥Jk

i uk
i ∥22 ⩽ −Qi( p̃k

i )+δp,i (33b)
 

dk
i

Tuk
i +
∆t2

2
∥Hk

i uk
i ∥22 ⩽ −Qθ,i(ek

θ,i)+δθ,i (33c)

 

∆Br
i j ⩾ −γ∆t Br

i j(k)−∆t2φk
i j+δr,i j (33d)

 

vmin ⩽ vk
i ⩽ vmax, ωmin ⩽ ωk

i ⩽ ωmax (33e)
 

δp,i ⩾ 0, δθ,i ⩾ 0, δr,i j ⩾ 0 (33f)
Ri ≻ 0 wp,wθ,wr,i j > 0

Qi(·) = −min{V(·),c3V(·)α} c3 > 0
α ∈ (0,1)

Here  and  penalize control effort and
slack  usage.  with ,

.
γ

δr,i j

Remark  1　 Larger  enlarges  the  right-hand  side  of
Formula  (33d),  yielding  more  conservative  safety  margins
(farther from the boundary) but potentially shrinking feasibil-
ity  under  tight  input  bounds.  Smaller  values  relax  the  safety
decay  rate  and  improve  feasibility  at  the  expense  of  reduced
separation; the slacks  provide a soft guarantee and should
be penalized heavily in Eq. (33a).  

IV.  Simulation

In  this  section,  we  evaluate  the  proposed  safety-critical
coordination  controller  for  multi-WMR  navigation  under
nonholonomic  kinematics  and  strict  collision  avoidance.  We
consider  a  representative  scenario:  position  swapping.  The
proposed method is compared with the conventional exponen-

∆t

tial  DCLF-DCBF (EXP-DCLF-DCBF) [22].  The continuous-
time dynamics are discretized using the forward Euler method
with  sampling  period .  All  simulations  are  conducted  in
MATLAB,  the  models  are  constructed  in  CasADi,  and  the
resulting convex programs are solved using IPOPT on a desk-
top computer (Intel i7-4970, 3.6 GHz).  

A.  Simulation Setup
Seven  WMRs  are  assigned  target  positions  located  in

distinct  sectors  of  the  workspace,  yielding  a  cyclic  position-
swapping task. This evaluation constitutes a standardized test
conducted  under  identical  initial  conditions  and  safety
constraints,  enabling a fair  comparison between the proposed
FT-DCLF controller and the baseline EXP-DCLF approach.

k
Nk

i

Inter-WMR  safety  is  enforced  via  DCBF  constraints.  At
each sampling step , only neighbors within the activation sets
are  considered,  namely  the  WMR  set .  The  proposed
controller  solves  the  distributed  optimization  program  in
Formula (33). The baseline method differs only in the perfor-
mance  certificate,  replacing  the  FT-DCLF  constraint  with
exponential  DCLFs  for  position  and  heading.  All  remaining
constraints  and  weights  are  kept  identical  across  both  meth-
ods.

∆t = 0.08 s ds = 0.15 m
ri = r j = 0.15 m c3 = 0.5 α = 0.6 [vmin,vmax] =
[0, 5] m/s [ωmin,ωmax] = [−1, 1] rad/s

γ = 0.6 (wp, wθ, wr,i j) = (103,

104, 104) Ri = diag(1, 0.5)
εr = 1.5 m

pi,0 ∈ {(−5, −0.4), (5, 0.4), (−0.4, 5), (0.4, −5),
(3.2, 3.8), (−3.2, −3.8), (−3.8, 3.2), (3.8, −3.2)}

pi,d ∈ {(4.5, 0), (−4.5, 0),
(0, −4.5), (0, 4.2), (−3.5, −3.4), (3.4, 3.5), (3.5, −3.4), (−3.4,
3.5)}

The  main  parameter  settings  are  summarized:  sampling
period ,  safety  buffer ,  WMR  radius

, , , speed bounds 
,  turn-rate  bounds ,

DCBF  gains ,  slack  weights 
,  control  weight ,  and  neighbor

activation  thresholds .  The  initial  positions  are
defined  as  

.  The  desired
target  positions  are  defined  as 

.  

B.  Simulation Results
Figs. 1 and 2 illustrate that both the EXP-DCLF method and

the  FT-DCLF  method  can  successfully  accomplish  the  posi-
tion-swapping  task.  For  a  more  detailed  visualization  of  the
multi-WMR  systems’s  motion,  please  refer  to  the  attached
 

(a) k = 1 (b) k = 30 (c) k = 50

(d) k = 75 (e) k = 100 (f) k = 170
 
Fig. 1 Position-swapping trajectories with EXP-DCLF-DCBF.
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video (https://youtube.com/shorts/yfpU-uwfdm8?feature=
share).

ω

ω

Based  on  the  control  input  analysis  in Fig.  3,  it  is  evident
that  the  angular  velocity  curve  of  the  EXP-DCLF method
exhibits substantial fluctuations, especially in the early stages,
with  a  larger  magnitude  of  change.  This  indicates  that  the
control  input  in  the  early  phase  is  unstable,  requiring  further
adjustments  to  achieve  a  stable  state.  Such  fluctuations  not
only consume more energy but may also lead to system insta-
bility.  In  contrast,  the  FT-DCLF  exhibits  smoother  control
input  changes  throughout  the  process,  particularly  in  the
later stages, where the angular velocity curve stabilizes,  indi-
cating  that  this  method  offers  a  more  gradual  adjustment  of
control inputs, leading to more efficient control.

Fig.  4 illustrates  the  variation  of  the  average  real-time
distance  to  the  target  over  time  for  both  methods.  The  EXP-
DCLF method shows a rapid initial  convergence of the aver-
age  real-time  distance,  but  its  convergence  rate  slows  down
over time. In comparison, when using the FT-DCLF method,
the  WMR’s  average  real-time  distance  converges  more

quickly and ultimately reaches a lower error value. This indi-
cates  that  the  FT-DCLF  method  performs  better  in  terms  of
both convergence speed and stability.  

V.  Conclusions

In  this  paper,  we  addressed  the  safety-critical  problem  of
multi-robot coordination under sampled-data control by intro-
ducing  a  unified  framework  that  integrates  an  incremental
DCBF and an FT-DCLF within a single QCQP with feasibil-
ity-aiding  slack  and  input  bounds.  We  established  all-time
safety  by  enforcing  gap-compensated  DCBF  constraints,  and
we derived sufficient conditions to ensure finite-time conver-
gence  within  a  preset  number  of  sampling  steps.  Simulation
studies  on  multi-WMR  systems  demonstrated  faster  conver-
gence and stronger  safety  guarantees  compared with  conven-
tional  DCLF-DCBF  baselines.  Future  work  will  extend  the
framework  to  systems  with  disturbances  and  model  uncer-
tainty to facilitate deployment in practical platforms.  
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