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   Abstract—This paper investigates bipartite-scaled consensus for
leader-follower linear multi-agent systems (MASs) under directed
fixed or switching cooperative-competitive topologies. The follow-
ers  are  partitioned  into  two  subgroups  with  cooperative  interac-
tions  within  each  subgroup  and  competitive  interactions  across
subgroups.  Prescribed  scaling  factors  are  introduced  to  achieve
specified proportional relationships, thereby relaxing the conven-
tional bipartite consensus condition that forces the two subgroups
to converge to equal magnitude but opposite sign. This feature is
particularly  beneficial  for  complex  systems  where  different
subgroups require distinct influence levels from the leader. When
full  state  information  is  available,  a  distributed  state  feedback
controller  is  developed  and  consensus  conditions  are  derived  via
algebraic  graph  theory  and  Lyapunov  stability  theory.  For
scenarios  where  states  are  not  directly  measurable,  an  observer-
based  output  feedback  controller  is  constructed  and  the  closed-
loop stability is rigorously analyzed. Furthermore, both strategies
are  extended  to  switching  topologies  with  corresponding  suffi-
cient  conditions  established.  Numerical  simulations  validate  the
theoretical findings.
    Index Terms—Bipartite-scaled  consensus, leader-follower  multi-
agent systems (MASs), fixed/switching topologies, output feedback
  

I.  Introduction

MULTI-agent systems (MASs) have attracted signif-
icant  attention  due  to  their  broad  applications  in
unmanned  systems [1],  smart  grids [2],  and

connected  vehicles [3].  Consensus  aims  to  asymptotically
drive the states of all agents to a common value via distributed
protocols [4–6].  Among  various  consensus  settings,  the
leader-follower  framework  is  particularly  important,  because
it enables a designated leader agent to steer the behavior of the
whole  group,  which  is  essential  in  many  complex  systems
where a reference trajectory or command must be tracked.

Traditional  consensus  control  typically  relies  on  coopera-
tive interactions among agents and achieves state synchroniza-
tion under  nonnegative  graphs.  However,  in  practical  scenar-

ios  with  antagonistic  relationships,  such  as  social  networks
and distributed decision-making systems, conventional strate-
gies  cannot  be  directly  applied.  For  instance,  in  cooperative
combat of multiple unmanned aerial vehicles, different forma-
tions may need to execute opposite tasks [7].  To address this
issue, signed graphs have been introduced to capture competi-
tive interactions,  leading to the notion of bipartite  consensus,
where  the  two  subgroups  converge  to  values  with  equal
magnitude  and  opposite  sign [8].  Along  this  line,  various
results  have  been  reported.  For  second-order  MASs,  finite-
time  and  fixed-time  bipartite  consensus  tracking  is  studied
using integral sliding-mode control in Ref. [9]. For leaderless
high-order  linear  systems,  a  novel  in-degree  balanced  condi-
tion  is  proposed  to  achieve  group-bipartite  consensus  under
cooperative  and  antagonistic  interactions  in  Ref. [10].  For
nonlinear disturbed systems, event-triggered fixed-time bipar-
tite consensus is studied in Ref. [11]. Despite these advances,
bipartite  consensus  imposes  a  rigid  constraint:  the  two
subgroups  must  converge  to  exactly  symmetric  values.  In
many  complex  systems,  different  subgroups  may  need  to
follow  the  leader  with  different  relationships,  rather  than  a
fixed opposite pattern. This limitation naturally motivates the
exploration of a more flexible consensus mechanism.

Different  from classical  consensus,  scaled  consensus  intro-
duces  scaling  factors  to  achieve  flexible  convergence  among
multiple  subgroups,  driving agents  toward prespecified ratios
instead of  a  common value.  This concept  is  especially useful
in  heterogeneous  robot  formations  where  different  types  of
robots must maintain specific relative positions. Early studies
on scaled consensus primarily focused on the first-order inte-
grator agents. Reference [12] obtains the necessary and suffi-
cient  criteria  for  scaled  consensus  in  the  presence  of  output
saturation  via  an  integral  Lyapunov  function.  Reference [13]
addresses  the  impact  of  Markovian  switching  topologies  and
communication  noises  on  the  first-order  MASs  by  adopting
time-varying  gains  to  suppress  noise  and  deriving  sufficient
conditions for mean square scaled consensus. For the switched
first-order systems consisting of continuous-time and discrete-
time  subsystems,  scaled  consensus  with  asymptotic,  finite-
time,  and  fixed-time  convergence  rates  is  analyzed  in  Ref.
[14]. Beyond the first-order settings, higher-order MASs have
also been considered. In Ref. [15], a dynamic event-triggered
scaled consensus scheme is developed for reliable and unreli-
able networks, with a resilient mechanism further proposed to
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counteract denial-of-service attacks. More recently, event-trig-
gered proportional  consensus with input constraints  in adver-
sarial networks is investigated in Ref. [16]. However, none of
the  above  works  incorporate  a  leader-follower  framework
where  the  scaling  factors  between  subgroups  and  the  leader
can be freely assigned.  In the most  existing results  on scaled
consensus,  the  scaling  relationship  is  either  fixed  or  not
explicitly  linked  to  a  leader  agent.  This  gap  naturally  moti-
vates  the  study  of  bipartite-scaled  consensus  in  a  leader-
follower setting with prescribed scaling factors.

Nevertheless,  the  aforementioned  works  mainly  focus  on
either  bipartite  or  scaled  consensus  for  single-task  scenarios.
Research  on  composite  group  consensus  for  more  complex
tasks  remains  limited.  In  bipartite  scaled  consensus,  a  more
challenging scenario arises: agents are divided into two antag-
onistic subgroups and each subgroup converges to scaled ver-
sions  of  a  reference  signal  with  opposite  signs.  Consider  a
multi-robot reconnaissance mission, one subgroup follows the
leader’s trajectory in the same direction at a lower speed ratio,
while  the  other  moves  opposite  at  a  higher  ratio.  Conventi-
onal  bipartite  consensus  cannot  realize  such  differentiated
scaling. The proposed method directly addresses this by allo-
wing free assignment of scaling factors to each follower. This
composite  objective  cannot  be  captured  by  pure  bipartite  or
pure  scaled  consensus  alone.  Although  bipartite  scaled  cons-
ensus has been explored, existing results apply only to leader-
less systems. In many practical complex MASs, a leader agent
is  essential  to  steer  the  group,  making  the  leader-follower
setting more relevant.  Thus,  bipartite-scaled consensus  in  the
leader-follower framework remains an open problem.

Moreover,  most  existing studies assume that  the communi-
cation topology is fixed. In practical applications, communica-
tion link failures, signal attenuation, and network reconfigura-
tion  often  lead  to  time-varying  structures.  Switching  topolo-
gies  provide  a  more  accurate  description  of  such  dynamic
scenarios  and  have  thus  become  an  important  direction  in
cooperative control of MASs [17]. Several recent efforts have
addressed consensus under switching topologies. Specifically,
Ref. [18] solves  the  bipartite  leaderless  position  consensus
problem  for  heterogeneous  uncertain  MASs  with  directed
switching  topologies,  and  Ref. [19] studies  scaled  consensus
for  heterogeneous  MASs  under  switching  topologies  using  a
predictive controller to compensate for communication delays.
However,  these  works  do  not  simultaneously  address  the
coexistence  of  cooperative-competitive  interactions,  flexible
scaling  ratios,  dynamic  topology  switching,  and  a  leader-
follower framework. The coupling of these factors introduces
significant  challenges:  the  control  design  must  accommodate
antagonistic  behaviors,  time-varying  communication  struc-
tures,  and  prescribed  scaling  ratios  concurrently.  Up  to  now,
research  on  such  composite  group  consensus  problems
remains scarce. Motivated by this gap, this paper investigates
bipartite-scaled  consensus  for  leader-follower  MASs  under
both fixed and switching topologies,  with the primary contri-
butions summarized as follows:

(1)  A  new  framework  for  bipartite-scaled  consensus  in
leader-follower  MASs  is  established.  Unlike  conventional

bipartite consensus that enforces symmetric convergence with
opposite  signs,  flexible  scaling  factors  assignable  to  each
subgroup are introduced. Leveraging signed graph theory and
the  M-matrix  property,  a  gauge  transformation  converts  the
bipartite tracking problem into a standard consensus problem,
enabling stability analysis without eigenvalue symmetry.

(2)  Both  distributed  state  feedback  and  observer-based
output  feedback  controllers  are  designed.  For  unmeasurable
states,  an  observer  is  constructed  using  the  detectable  condi-
tion and a linear matrix inequality (LMI). The separation prin-
ciple for signed directed graphs is established, allowing inde-
pendent design of the feedback and observer gains while acco-
mmodating  prescribed  scaling  factors  and  preserving  closed-
loop stability under cooperative-competitive interactions.

(3)  The  protocols  are  extended  to  switching  topologies.  A
common  Lyapunov  function  method  guarantees  exponential
consensus  under  arbitrary  non-Zeno  switching  signals  with-
out any dwell-time condition. The results unify purely cooper-
ative  scaled  consensus,  standard  bipartite  consensus,  and  the
proposed  bipartite-scaled  consensus  within  a  general  non-
negative graph framework.

All notations adopted in this work are summarized in Table
1 for reference.
 
 

Table 1 Notations.
Symbol Meaning

R Set of real numbers

Rn n-dimensional real vector space

Rn×m n×mSet of  real matrices

sgn(·) Sign function

diag(A1,A2, . . . ,AN ) A1,A2, . . . ,ANBlock diagonal matrix with blocks 

⊗ Kronecker product

IN N -dimensional identity matrix

1N RNAll-one column vector in 
λi(A) i AThe -th eigenvalue of matrix 

λmax(·) and λmin(·) Maximum and minimum eigenvalues

Re(z) zReal part of complex number 
   

II.  Preliminaries
  

A.  Graph Theory

G(V,E,A)
V = {0,1, . . . ,N}

N E ⊆ {(i, j) | i, j ∈
V, i , j} A = [ai j]

( j, i) ∈ E i
j ai j

ai j > 0
ai j < 0

ai j = 0 j i
i Ni = { j ∈ V | (i, j) ∈ E}
L = [li j] G

lii =
N∑

j=1

ai j li j = −ai j i , j

To  describe  the  cooperative  and  antagonistic  interactions
among  multiple  agents,  a  directed  signed  graph 
is  introduced,  where  denotes  the  node  set
consisting  of  followers  and  one  leader, 

 represents  the  edge  set,  and  is  the  signed
adjacency matrix. An edge  indicates that node  can
receive information from node .  The sign of  reflects  the
nature  of  the  interaction:  denotes  cooperative  interac-
tion, while  denotes antagonistic interaction. In particu-
lar, ,  if  no  edge  exists  from  node  to  node .  The
neighbor  set  of  node  is  defined  as .
The Laplacian matrix  associated with  is defined as

 and  for .
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G
V

V1 V2 ai j ⩾ 0
i, j ∈ Vp, p = 1,2 ai j ⩽ 0 i ∈ Vp j ∈ Vq
q = 3− p

D = diag(d1,d2, . . . ,dN) di ∈ {−1,1}
0

G = diag(g1,g2, . . . ,gN) gi > 0 i
gi = 0

G

A directed signed graph  is said to be structurally balanced
if  the  node  set  can  be  partitioned  into  two  nonempty
subsets  and  such  that  for  any

 and  for any  and  with
.  Under  this  condition,  there  is  a  diagonal  signature

matrix  with .  The  leader
node is labeled as node  and the pinning matrix is defined as

,  where  if  follower  has  direct
access  to  the  leader’s  information  and  otherwise.  The
graph  in this paper is directed and contains a spanning tree
rooted  at  the  leader,  ensuring  the  connectivity  of  the  overall
system. Then we have Lemma 1.

G
D

L̄ =D(L+G)D

Lemma  1 [20]　 If  the  directed  graph  is  structurally
balanced,  there  is  a  diagonal  signature  matrix  such  that

 is  positive  definite  if  the  directed  spanning
tree condition is satisfied.

L̄

Π

Remark 1　The matrix  is generally nonsymmetric, yet it
remains  an  M-matrix  with  a  positive  definite  symmetric  part
from  Lemma  1.  Consequently,  there  is  a  positive  diagonal
matrix  such that
 

Π L̄+ L̄TΠ > 0 (1)

Π

This  property,  known  as  diagonal  stability,  overcomes  the
difficulty caused by asymmetry and enables stability analysis
without imposing real  eigenvalue assumptions.  The existence
of such  follows from standard results on M-matrices under
the spanning tree condition.  

B.  Problem Formulation
Consider  an  MAS  consisting  of  a  group  of  agents.  The

communication  topology  among  agents  is  described  by  a
directed signed graph. The dynamics of each follower can be
given as
 {

ẋi(t) = Axi(t)+Bui(t),
yi(t) =Cxi(t)+Dui(t),

i = 1,2, . . . ,N (2)

xi(t) ∈ Rn ui(t) ∈ Rm yi(t) ∈ Rp

i
where , ,  and  denote  the  state
vector,  control  input  vector,  and  output  vector  of  the -th
follower. A, B, C,  and D denote  the  system  matrices  with
appropriate dimensions, respectively.

The  leader,  which  generates  the  reference  trajectory,  is
described as
 {

ẋ0(t) = Ax0(t),
y0(t) =Cx0(t) (3)

x0(t) ∈ Rn y0(t) ∈ Rpwhere  and  are the state vector and output
vector of the leader.

For  the  system  matrices  of  followers  and  leader,  Assump-
tion 1 needs to be satisfied.

(A,B)
(A,C)

Assumption  1　The  matrix  pair  is  stabilizable  and
the matrix pair  is detectable.

The bipartite-scaled  tracking error  of  each agent  is  defined
as
 

δi(t) =
xi(t)
ωi
−di

x0(t)
ω0
, i = 1,2, . . . ,N (4)

ωi > 0
i

where  is  prescribed  scaling  factor,  and  denotes  the
bipartite-scaled tracking error of the -th follower based on the

Ω =

diag(ω1,ω2, . . . ,ωN)
di i

D = diag(d1,d2, . . . ,dN) di ∈ {−1,1}
i di = 1

V1 di = −1 V2 ωi

actual  state.  Collectively,  they  form the  diagonal  matrix 
, whose entries can be arbitrarily assigned

to  each  follower.  Here  is  the -th  diagonal  element  of  the
signature  matrix ,  with 
indicating the subgroup membership of follower  (  for

 and  for ).  The  scaling  factors  allow  each
follower  to  converge  to  a  user-specified  proportion  of  the
leader’s scaled state, rather than a fixed common value.

G
Problem 1　Given the MAS described by Eqs. (2) and (3)

under  a  structurally  balanced  directed  graph  and  design  a
distributed  state  feedback  controller  such  that  the  following
asymptotic bipartite-scaled consensus is achieved.
 

lim
t→∞

(
xi(t)
ωi
−di

x0(t)
ω0

)
= 0,

lim
t→∞

(
xi(t)
ωi
+di

x0(t)
ω0

)
= 0

(5)

ωi

Remark 2　Equation (5) indicates that the scaled states of
followers in the two subgroups converge to the leader’s scaled
state with opposite signs. The main novelty lies in the scaling
factor , which can be freely assigned to each follower. This
relaxes  the  rigid  constraint  of  conventional  bipartite  consen-
sus, where the two subgroups are forced to converge to values
of  equal  magnitude  and  opposite  sign.  In  our  framework,
different subgroups or even individual followers can track the
leader  with  distinct  prescribed  proportions,  enabling  flexible
coordination  in  complex  systems  where  subgroups  require
different influence levels from the leader. Moreover, under the
assumptions  of  structural  balance  and  a  spanning  tree  rooted
at  the  leader,  the  bipartite-scaled  consensus  problem  can  be
transformed  into  a  standard  consensus  problem  via  a  gauge
transformation,  which  facilitates  the  design  of  distributed
controllers  for  fixed  and  switching  topologies  as  well  as
observer-based output feedback.  

III.  Main Results

This  section  investigates  the  bipartite-scaled  consensus
problem for  MASs  described  by  Eqs.  (2)  and  (3)  under  both
fixed and switching topologies.  The state  feedback controller
is  first  designed  assuming  full  state  availability  under  fixed
topologies, and then extended to switching topologies. Subse-
quently, an observer-based controller is proposed for the case
where only output measurements are accessible and its perfor-
mance  under  switching  topologies  is  also  analyzed.  Detailed
designs and convergence analyses are presented in the follow-
ing subsections.  

A.   Bipartite-Scaled  Consensus  via  State  Feedback  under  Fixed
Topologies

To  facilitate  the  distributed  control  design,  the  neighbor-
hood consensus error for each follower is defined as
 

εi (t) =
∑
j∈Ni

|ai j|
(

xi (t)
ωi
− sgn(ai j)

x j (t)
ω j

)
+

gi

(
xi (t)
ωi
−di

x0 (t)
ω0

) (6)

where the first term captures the relative scaled states between
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neighboring followers and the second term introduces pinning
to the leader.

Based  on  Eq.  (6),  a  distributed  state  feedback  controller  is
proposed as
 

ui (t) = cΓεi (t) (7)
c < 0 Γ ∈ Rm×nwhere  and  are  the  coupling  strength  and  the

feedback gain, respectively.
Define the global stacked vectors

 

ε(t) =
(
εT1 (t), εT2 (t), . . . , εT

N(t)
)T,

x(t) =
(
xT

1 (t), xT
2 (t), . . . , xT

N(t)
)T,

x̄0(t) = 1N ⊗ x0(t)

(8)

Substituting Eq. (6) into the global dynamics yields
 

ẋ(t) = (IN ⊗A)x(t)+ (IN ⊗B)u(t) =
(IN ⊗A)x(t)+ c(IN ⊗BΓ)ε(t) =(
IN ⊗A+ c(L+G)Ω−1⊗BΓ

)
x(t)−

c
(
GDΩ−1

0 ⊗BΓ
)
x̄0(t)

(9)

Ω = diag(ω1,ω2, . . . ,ωN)
D = diag(d1,d2, . . . ,dN)

ω0 > 0

where  is the diagonal matrix of scal-
ing factors and  is the signature matrix.
The scalar  is  the  leader’s  scaling  factor.  Equation  (9)
can be written compactly as
 

ẋ(t) = Acx(t)+Bc x̄0(t) (10)
with
 

Ac = IN ⊗A+ c(L+G)Ω−1⊗BΓ,
Bc = −c

(
GDω−1

0 ⊗BΓ
) (11)

Due to the coexistence of cooperative and antagonistic inter-
actions  in  the  directed  signed  graph,  the  following  equiva-
lence relations can be established for any pair of agents.
 

|ai j| = ai jsgn(ai j),
ai jdi = |ai j|d j,
|ai j|di = ai jdisgn(ai j) = |ai j|d jsgn(ai j)

(12)

These relations play a crucial role in transforming the bipar-
tite  consensus  problem  into  a  conventional  consensus  prob-
lem, as will be shown in the subsequent analysis.

According to Eq. (4), we have
 

δ̇i(t) =
ẋi(t)
ωi
−di

ẋ0(t)
ω0
=

ω−1
i Axi(t)+ cω−1

i BΓ
∑
j∈Ni

|ai j|
xi(t)
ωi
−

ω−1
i BΓ

∑
j∈Ni

|ai j|
(
sgn(ai j)

x j(t)
ω j

)
+

cω−1
i BΓgi

(
xi(t)
ωi
−di

x0(t)
ω0

)
−di

Ax0(t)
ω0

(13)

xi(t)
ωi
= δi(t)+di

x0(t)
ω0

Substituting  into Eq. (9), we obtain
 

δ̇i(t) = Aδi(t)+
cω−1

i BΓ
∑
j∈Ni

|ai j|(δi(t)− sgn(ai j)δ j(t))+

cω−1
i BΓ

∑
j∈Ni

|ai j|giδi(t)
(14)

Based on the above derivations,  the  global  consensus error
dynamics can be expressed as

 

δ̇(t) = (IN ⊗A+ c(L+G)Ω−1⊗BΓ)δ(t) (15)
That is

 

δ̇(t) = Acδ(t) (16)
Acwhere  is  defined  in  Eq.  (11).  This  linear  time-invariant

system  characterizes  the  evolution  of  the  bipartite  tracking
error for all followers.

To  analyze  the  stability  of  the  error  system  in  Eq.  (16),  a
nonsingular transformation is introduced to simplify the proof.
Define the transformed vector as
 

δ̄(t) = (D⊗ In)δ(t) (17)
DD = IN δ̄(t)Since , the dynamics of  can be derived as

 

˙̄δ(t) = (D⊗ In)δ̇(t)(D⊗ In)
(
IN ⊗A

)
(D⊗ In)δ̄(t)+

c(D⊗ In)
(
(L+G)Ω−1⊗BΓ

)
(D⊗ In)δ̄(t) =(

IN ⊗A+ cD(L+G)DΩ−1⊗BΓ
)
δ̄(t)

(18)

L̄ =DLsD
L̄

Recall  from Lemma 1 that .  Under the spanning
tree  condition,  is  positive  definite.  Then  the  transformed
error dynamics can be rewritten as
 

˙̄δ(t) =
(
IN ⊗A+ cL̄Ω−1⊗BΓ

)
δ̄(t) (19)

L̄

Compared  with  the  original  error  system  in  Eq.  (16),  the
transformed system in Eq. (19) has a more tractable structure,
where the matrix  is positive definite and the bipartite nature
of  the  problem  has  been  absorbed  into  the  transformation.
Lemma 2 provides a key stability condition.

(A,B)
α ⩾ 0 P = PT > 0

τ > 0

Lemma 2　If the matrix pair  is stabilizable, for any
 there  are  a  positive  definite  matrix  and  a

scalar  such that the inequality holds true
 

AP+PAT−τBBT+αP < 0 (20)
(A,B)

F A+BF A+BF
η =maxRe(λ(A+BF)) < 0

α0 = −η > 0 α 0 ⩽ α < α0

P = PT > 0

Proof　Since  is stabilizable, there is a feedback gain
 such that  is Hurwitz, i.e., all eigenvalues of 

have  negative  real  parts.  Let  and
define . Then, for any  satisfying , the
Lyapunov stability theorem guarantees the existence of a posi-
tive definite matrix  such that
 

(A+BF)P+P(A+BF)T+αP < 0 (21)
K = FPSet  and expand the left-hand side of Formula (21)

to obtain
 

AP+PAT+BK +KTBT+αP < 0 (22)
BK +KTBT

τ > 0
Note that the term  is indefinite.  By the projec-

tion lemma in Ref. [21],  the scalar  exists satisfying the
inequality below.
 

AP+PAT−τBBT+αP < 0 (23)
This completes the proof. ■
The  main  theorem  under  the  proposed  state  feedback

controller in Eq. (7) is stated as follows.
Theorem  1　 For  the  leader-follower  MAS  governed  by

Eqs.  (2)  and  (3)  over  a  structurally  balanced  directed  graph
with  a  spanning  tree  rooted  at  the  leader,  bipartite-scaled
consensus  can  be  realized  via  the  distributed  state  feedback
controller  in  Eq.  (7)  under  Assumption 1 for  any given posi-
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ωi > 0tive scaling factor , provided that the subsequent condi-
tions are satisfied.

c < 0(1) The coupling strength satisfies .
Γ = BTP1

P1 = PT
1 > 0

(2)  The  feedback  gain  matrix  is  designed  as ,
where  is  a  matrix  solution  of  Formula  (20)  in
Lemma 2.

Π Π L̄+ L̄TΠ > 0 L̄ Ω−1

Π = Ω−1

Ω−1L̄+ L̄TΩ−1 =

Ω−1(L̄+ L̄T)Ω−1 > 0
L̄+ L̄T > 0 Ω−1 > 0

Proof　From Remark 1, there is a positive diagonal matrix
 such that . Since  is an M-matrix and 

is  positive  diagonal,  one  may  directly  take .
This  choice  satisfies  the  inequality  because 

.  The  right-hand  side  is  positive  definite
since  and .

Define the symmetric matrix
 

Λ =
1
2
(
Π L̄Ω−1+Ω−1L̄TΠ

)
(24)

Π = Ω−1 Λ = Ω−1(L̄+ L̄T)Ω−1/2
µ = λmin(Λ) > 0

with  and ,  which  is  clearly
positive definite. Let .

To  analyze  the  stability  of  the  transformed  error  system in
Eq. (19), we construct the following Lyapunov function.
 

V(t) = δ̄(t)T(Π ⊗P1
)
δ̄(t) (25)

P1 = PT
1 > 0

Γ = BTP1

where  satisfies Lemma 2 and the feedback gain is
chosen as .

V(t)Differentiating  along the trajectory of Eq. (19) yields
 

V̇(t) = ˙̄δ(t)T(Π ⊗P1)δ̄(t)+ δ̄(t)T(Π ⊗P1) ˙̄δ(t) =
δ̄(t)T(Π ⊗ (ATP1+P1A)

)
δ̄(t)+

cδ̄(t)T((L̄Ω−1)TΠ ⊗ (BΓ)TP1+

Π L̄Ω−1⊗P1BΓ)δ̄(t)

(26)

Γ = BTP1Substituting  into Eq. (26) gives
 

V̇(t) = δ̄(t)T(Π ⊗ (ATP1+P1A)
)
δ̄(t)+

cδ̄(t)T((L̄Ω−1)TΠ ⊗P1BBTP1+

Π L̄Ω−1⊗P1BBTP1)δ̄(t)
(27)

Using  the  Kronecker  product  property,  the  two  terms  can
combine as
 

(L̄Ω−1)TΠ ⊗P1BBTP1+Π L̄Ω−1⊗P1BBTP1 =(
(L̄Ω−1)TΠ +Π L̄Ω−1)⊗P1BBTP1

(28)

ΛFrom the definition of  in Eq. (24), we can obtain
 

(L̄Ω−1)TΠ +Π L̄Ω−1 = 2Λ (29)
Thus Eq. (27) simplifies to

 

V̇(t) = δ̄(t)T(Π ⊗ (ATP1+P1A)
)
δ̄(t)+

2cδ̄(t)T(Λ⊗P1BBTP1
)
δ̄(t) (30)

Λ ⩾ µIN Λ−µINBecause  in the sense,  is positive semidefi-
nite. Consequently, we have
 

Λ⊗P1BBTP1 ⩾ µIN ⊗P1BBTP1 (31)
c < 0 2cSince ,  multiplying  Formula  (31)  by  reverses  the

inequality
 

2cδ̄(t)T(Λ⊗P1BBTP1)δ̄(t) ⩽
2cµδ̄(t)T(IN ⊗P1BBTP1)δ̄(t) (32)

c̃ = 2cµ < 0Define . Substituting Formula (32) into Eq. (30)
gives
 

V̇(t) ⩽ δ̄(t)T(Π ⊗ (ATP1+P1A+ c̃P1BBTP1)
)
δ̄(t) (33)

c̄P1BBTP1
α > 0 τ > 0 P1 > 0

To further bound the term , Lemma 2 guarantees
that for any  there are  and  such that
 

ATP1+P1A−τP1BBTP1 < −αP1 (34)
τ τ ⩾ −c̄Choose  sufficiently large such that . Then, we have

 

ATP1+P1A+ c̄P1BBTP1 ⩽
ATP1+P1A−τP1BBTP1

(35)

Combining Formulas (34) and (35) yields
 

ATP1+P1A+ c̃P1BBTP1 < −αP1 (36)
Π > 0Since , Formula (36) implies

 

Π ⊗ (ATP1+P1A+ c̃P1BBTP1) < −αΠ ⊗P1 (37)
Substituting Formula (37) into Formula (33) yields

 

V̇(t) ⩽ −αδ̄(t)T(Π ⊗P1)δ̄(t) = −αV(t) (38)
V̇(t) ⩽ −αV(t) α > 0

V(t) ⩽ e−αtV(0) V(t)→ 0
t→∞ δ̄(t)→ 0
δ̄(t) = (D⊗ In)δ(t) δ(t)→ 0

i = 1,2, . . . ,N lim
t→∞

(xi(t)/ωi−dix0(t)/ω0) = 0

Thus  with .  Solving  this  differential
inequality gives , so  exponentially as

.  Consequently .  Because  the  transformation
 is  invertible, ,  meaning  that  for

each , .  Hence, the
bipartite-scaled  consensus  is  achieved.  The  proof  is
completed. ■

P = PT > 0 α ⩾ 0 τ > 0

P Γ = BTP

(A,B)
N

N
c

N

Remark 3　Formula (20) is a standard LMI in the variable
 for  prescribed  scalars  and .  It  can  be

solved  efficiently  using  solvers  such  as  the  MATLAB  LMI
Toolbox.  The  solution  yields ,  from  which  is
obtained.  The  dimension  of  this  LMI  depends  only  on  the
agent dynamics  and is independent of the agent number

.  Therefore,  the computational  complexity  and the feasibil-
ity  region  do  not  scale  with .  The  graph-dependent  condi-
tion on the coupling strength  is separate and does not affect
the  LMI’s  conservatism,  which  consequently  remains
bounded as  increases.

Remark  4　The  distributed  state  feedback  controller  Eq.
(7) is designed under the ideal assumption of no input satura-
tion.  In this  ideal  setting,  the closed-loop error system in Eq.
(15)  is  linear  and  exponentially  stable,  guaranteeing  global
convergence for any finite initial state deviations. When actu-
ators (e.g., motors with saturation limits) are subject to satura-
tion,  the  system  becomes  nonlinear  and  global  exponential
stability  is  no  longer  automatically  assured.  Nevertheless,  a
region of attraction exists because of the linear stability of the
unsaturated dynamics and the system remains stable for initial
states within this region. Moreover, relaxing the no-saturation
assumption  via  anti-windup  compensation  or  low-gain  feed-
back  techniques  is  a  critical  step  toward  practical  hardware
implementation.  

B.   Bipartite-Scaled  Consensus  Analysis  Based  on  Output  Feed-
back Controller under Fixed Topologies

Direct  measurement  of  all  states  is  unavailable.  An
observer-based  output  feedback  scheme is  then  adopted.  The
neighborhood  state  estimation  error  of  each  follower  is
defined as
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σi(t) =
∑
j∈Ni

|ai j|
(

x̂i(t)
ωi
− sgn(ai j)

x̂ j(t)
ω j

)
+

gi

(
x̂i(t)
ωi
−di

x0(t)
ω0

) (39)

Based  on  Eq.  (39),  the  distributed  output  feedback
controller is designed as
 

ui(t) = cΓσi(t) (40)
The global state vector and estimated state vector are

 

x(t) =
(
xT

1 (t), xT
2 (t), . . . , xT

N(t)
)T,

x̂(t) =
(
x̂T

1 (t), x̂T
2 (t), . . . , x̂T

N(t)
)T (41)

From Eq. (2), the global closed-loop dynamics are
 

ẋ(t) = (IN ⊗A)x(t)+ c
(
(L+G)Ω−1⊗BΓ

)
x̂(t)−

c
(
GDω−1

0 ⊗BΓ
)
x̄0(t) (42)

x̄0(t) = 1N ⊗ x0(t)where .
To  analyze  the  observer  error  dynamics,  the  neighborhood

output error function is defined as
 

ζi(t) =
∑
j∈Ni

|ai j|
(
ỹi(t)− sgn(ai j)ỹ j(t)

)
+

gi
(
ỹi(t)− ỹ0(t)

) (43)

ỹi(t) =Cx̂i(t)+Dui(t)− yi(t)
x̂0(t) = x0(t)

ỹ0(t) = 0 x̃(t) = x(t)− x̂(t) ỹi(t) =Cx̃i(t)

where  is  the  output  estimation
error. Since the leader’s state is perfectly known, 
and . Let . Then . Equa-
tion (43) then becomes
 

ζi(t) =C
(∑

j∈Ni

|ai j|+gi
)
x̃i(t)−

∑
j∈Ni

ai jCx̃ j(t) (44)

which can be expressed compactly as
 

ζ(t) =
(
(L+G)⊗C

)
x̃(t) (45)

ζ(t)=
(
ζT

1 (t), ζT
2 (t), . . . , ζT

N(t)
)T

x̃(t)= (x̃T
1 (t), x̃T

2 (t), . . . ,
x̃T

N(t))T
where  and 

 are the stacked vectors.
The observer for each follower is then designed as

 

˙̂xi(t) = Ax̂i(t)+Bui(t)− cKQζi(t) (46)
c K ∈ Rn×r Q ∈ Rr×rwhere  is  the  coupling  strength.  and  are

observer gain matrices to be designed.
From Eqs. (45) and (46), the global observer dynamics are

 

˙̂x(t) =
(
IN ⊗A+ c(L+G)Ω−1⊗BΓ

)
x̂(t)−

c
(
GDω−1

0 ⊗BΓ
)
x̄0(t)−

c
(
(L+G)⊗KQC

)
x̃(t)

(47)

x̃(t) = x(t)− x̂(t)
x̃(t)

Define the global state estimation error as .
Using Eqs. (42) and (47), the dynamics of  are derived as
 

˙̃x(t) = ẋ(t)− ˙̂x(t) = (IN ⊗A)
(
x(t)− x̂(t)

)
+

c
(
(L+G)⊗KQC

)
x̃(t) = A0 x̃(t) (48)

where
 

A0 = IN ⊗A+ c(L+G)⊗KQC (49)
iDefine the bipartite-scaled tracking error of the -th follower

based on the estimated state as
 

δ̂i(t) =
x̂i(t)
ωi
−di

x0(t)
ω0
, i = 1,2, . . . ,N (50)

δi(t)
σi(t)

which  is  the  estimated  counterpart  of  in  Eq.  (4).  From
Eq.  (39),  the  neighborhood  state  estimation  error  is
expressed as
 

σi(t) =
∑
j∈Ni

|ai j|
(
δ̂i(t)−did jδ̂ j(t)

)
+giδ̂i(t) (51)

Its global form is
 

σ(t) = (L+G)δ̂(t) (52)
σ(t)=

(
σT

1 (t),σT
2 (t),. . . ,σT

N(t)
)T δ̂(t) = (δ̂T1 (t), δ̂T2 (t), . . . ,

δ̂TN(t))T
with  and 

.
Using Eq. (52), the global closed-loop dynamics in Eq. (42)

can be rewritten as
 

ẋ(t) = (IN ⊗A)x(t)+ c
(
(L+G)⊗BΓ

)
δ̂(t) (53)
(Ω−1⊗ In)Left-multiplying  both  sides  of  Eq.  (53)  by  and

using Kronecker product properties yields
 

(Ω−1⊗ In)ẋ(t) = (IN ⊗A)(Ω−1⊗ In)x(t)+
c
(
Ω−1(L+G)⊗BΓ

)
δ̂(t)

(54)

δ(t)The global bipartite-scaled tracking error vector  is
 

δ(t) = (Ω−1⊗ In)x(t)−
(
D1N ⊗

x0(t)
ω0

)
(55)

Substituting Eq. (55) into Eq. (54) gives
 

(Ω−1⊗ In)ẋ(t) = (IN ⊗A)
(
δ(t)+

(
D1N ⊗

x0(t)
ω0

))
+

c
(
Ω−1(L+G)⊗BΓ

)
δ̂(t)

(56)

Then, from Eqs. (55) and (56), one obtains
 

δ̇(t) = (Ω−1⊗ In)ẋ(t)−
(
D1N ⊗

Ax0(t)
ω0

)
=

(IN ⊗A)
(
δ(t)+

(
D1N ⊗

x0(t)
ω0

))
+

c
(
Ω−1(L+G)⊗BΓ

)
δ̂(t)−

(
D1N ⊗

Ax0(t)
ω0

)
=

(IN ⊗A)δ(t)+ c
(
Ω−1(L+G)⊗BΓ

)
δ̂(t)

(57)

δ̂(t) δ(t)
x̃(t)

The relationship  between  and  is  derived from Eq.
(50) and the definition of .
 

δ̂i(t) = δi(t)−
x̃i(t)
ωi
=⇒

δ̂(t) = δ(t)− (Ω−1⊗ In)x̃(t)
(58)

Substituting Eq. (58) into Eq. (57) yields
 

δ̇(t) =
(
IN ⊗A+ cΩ−1(L+G)⊗BΓ

)
δ(t)−

c
(
Ω−1(L+G)⊗BΓ

)
(Ω−1⊗ In)x̃(t) (59)

δ̂(t) δ(t)
x̃(t)

Thus,  the  difference  between  and  arises  from  the
state estimation error .

For notational convenience, define
 

B0 = −c
(
Ω−1(L+G)⊗BΓ

)
(Ω−1⊗ In) (60)

Then, the closed-loop error dynamics become
 

δ̇(t) = Acδ(t)+B0 x̃(t) (61)
Acwhere  is defined in Eq. (11). The overall  output feedback

system can be written in matrix form as
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(
δ̇(t)
˙̃x(t)

)
=

(
Ac B0
0 A0

)(
δ(t)
x̃(t)

)
(62)

Ac A0
A0

This  cascaded  structure  shows  that  the  stability  of  the
closed-loop system depends on  and . Lemma 3 provides
sufficient conditions for  to be Hurwitz.

(A,C)
P2 = PT

2 > 0
Lemma 3　If the matrix pair  is detectable, there is a

positive definite matrix  such that
 

ATP2+P2A+CTQTQC < 0 (63)
Q ∈ Rr×rwhere  is  a  weighting  matrix  ensuring  dimensional

compatibility.
(A,C) K

A+1/2KQC
P2 = PT

2 > 0

Proof　Since  is detectable, there is a gain matrix 
such that  is Hurwitz. By the Lyapunov stability
theorem, there is  satisfying
 (

A+
1
2

KQC
)T

P2+P2

(
A+

1
2

KQC
)
=

ATP2+P2A+
1
2

CTQTKTP2+
1
2

P2KQC < 0
(64)

K = P−1
2 CTQT P2K =CTQT KTP2 =

QC
Now  set .  Then  and 

. Substituting into Formula (64) yields
 (

A+
1
2

KQC
)T

P2+P2

(
A+

1
2

KQC
)
=

ATP2+P2A+
1
2

CTQTKTP2+
1
2

P2KQC =

ATP2+P2A+
1
2

CTQTQC+
1
2

CTQTQC =

ATP2+P2A+CTQTQC < 0

(65)

Thus the desired inequality is obtained. ■
The main result under the output feedback control protocol

is stated as follows.

ωi > 0

Theorem 2　Consider the leader-follower MAS in Eqs. (2)
and (3), whose interaction topology is a structurally balanced
digraph  containing  a  spanning  tree  with  the  leader  as  root.
Given any positive scaling gain , Assumption 1 guaran-
tees that the distributed output feedback law in Eq. (40) com-
bined with observer in Eq. (46) yields bipartite-scaled consen-
sus, provided that the subsequent conditions are satisfied.

c ⩽ −1/λmax((L+G)+
(L+G)T) Γ = BTP1

(1)  The  coupling  strength  satisfies 
 and  the  feedback  gain  is  designed  as  in

Theorem 1.
K = P−1

2 CTQT

P2 = PT
2 > 0

(2)  The observer  gain  matrix  is  designed as 
with  satisfying Formula (63) in Lemma 3.

Π Π
(
(L+G)+ (L+G)T)Π > 0

(L+G)+ (L+G)T

Π = IN

Proof　First,  the  stability  of  the  observer  error  system  is
established.  From  Remark  1,  there  is  a  positive  diagonal
matrix  such  that .  Because

 is positive definite under the spanning tree
condition,  one  may  simply  take .  Define  the  symmet-
ric matrix
 

Φ =
1
2
(
(L+G)+ (L+G)T) > 0 (66)

ν = λmin(Φ) > 0and denote . Consider the Lyapunov function
 

V2(t) = x̃(t)T(IN ⊗P2)x̃(t) (67)
P2 V2(t)with  from  Lemma  3.  Differentiating  along  the

observer error dynamics yields

 

V̇2(t) = x̃(t)T(IN ⊗ (ATP2+P2A)
)
x̃(t)+

2cx̃(t)T(Φ⊗CTQTQC
)
x̃(t)

(68)

Φ ⩾ νIN c < 0Because  and , the second term satisfies
 

2cx̃(t)T(Φ⊗CTQTQC)x̃(t) ⩽

2cνx̃(t)T(IN ⊗CTQTQC)x̃(t)
(69)

V̇2(t) < 0To ensure , it suffices to have
 

ATP2+P2A+2cνCTQTQC < 0 (70)
2cν ⩽ −1 c ⩽ −1/(2ν)

λmax((L+G)+ (L+G)T) = 2ν
c ⩽ −1/λmax((L+G)+ (L+G)T) V̇2(t) < 0

x̃(t)→ 0

By Lemma 3, this holds if , i.e., . Since
,  the  condition  is  exactly

. Under this choice, ,
implying  exponentially.

Now consider  the  bipartite-scaled  tracking  error.  From Eq.
(62), the error dynamics satisfy
 

δ̇(t) = Acδ(t)+B0 x̃(t), ˙̃x(t) = A0 x̃(t) (71)
A0

Ac Ac = IN ⊗A+ cΩ−1(L+G)⊗
BΓ D
D2 = IN D(L+G)D = L̄

with  being  Hurwitz  as  established  above.  It  remains  to
prove  that  is  Hurwitz.  Recall 

.  Let  be  the  signature  matrix  from  Lemma  1.  Using
 and ,  one obtains  the similarity  rela-

tion as
 

D(
Ω−1(L+G)

)D = Ω−1L̄ (72)
Ω−1(L+G) Ω−1L̄

L̄Ω−1

c < 0 Γ = BTP1 IN ⊗ A +
cL̄Ω−1⊗BΓ
c ⩽ −1/λmax((L+G)+ (L+G)T) c < 0

Ac

Hence  is similar to  and their eigenvalues
coincide  with  those  of .  Theorem  1  ensures  that  under
the  conditions  and ,  the  matrix 

 is Hurwitz. The given coupling strength satisfies
,  which implies .  Conse-

quently,  is  similar  to  a  Hurwitz  matrix  and therefore  also
Hurwitz.

Ac A0
δ(t)→ 0

lim
t→∞
δi(t) = 0 i = 1,2, . . . ,N

Since both  and  are Hurwitz,  the cascaded system in
Eq. (62) is asymptotically stable. Consequently, , i.e.,

 for all . This completes the proof. ■

P2 = PT
2 > 0 Q

P2
K = P−1

2 CTQT

τ
P2

Q
(A,B) (A,C)

N

N c

Remark  5　 Formula  (63)  is  an  LMI  in  the  variable
 for a prescribed matrix . It can be solved using

standard  LMI  solvers,  yielding ,  from  which  the  observer
gain  is  constructed  as .  Unlike  the  LMI  in
Lemma 2, which involves an additional scalar , the LMI here
contains  only  the  matrix  variable  and  a  fixed  weighting
matrix . Both LMIs share the property that their dimensions
depend solely on the agent dynamics  or  and are
independent  of  the  number  of  agents .  Consequently,  the
computational  complexity  and  the  feasibility  region  do  not
scale  with .  The  graph-dependent  condition  on  in  Theo-
rem  2  is  a  separate  scalar  inequality  and  does  not  introduce
extra  conservatism  into  the  LMI.  Thus,  the  design  remains
scalable to large-scale MASs.

D
ωi ω0

Remark  6　 Unlike  the  existing  leader-follower  scaled
consensus  results [12–16] that  assume  purely  cooperative
networks,  the  proposed  framework  simultaneously  handles
cooperative-competitive interactions and prescribed asymmet-
ric  scaling.  Neither  Laplacian  symmetry  nor  the  real-part
eigenvalue  condition  is  required,  so  the  method  applies  to
directed  signed  graphs.  Furthermore,  bipartite  antagonism
encoded by the signature matrix  and flexible scaling factors

 and  are  integrated  into  a  unified  design,  relaxing  the
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equal-magnitude  constraint  of  conventional  bipartite  consen-
sus and extending scaled consensus to signed topologies.  

C.  Bipartite-Scaled Consensus under Switching Topologies

σ(t) :
[0,∞)→P

Ni(t) gi(t)
σ(t)

In  practical  MASs,  the  communication  topology  may
change  over  time  because  of  link  failures,  packet  dropouts,
and  limited  communication  ranges.  To  accommodate
such  scenarios,  we  consider  switching  topologies.  Let 

 be  a  piecewise  constant  switching  signal.  The
neighbor set  and pinning gains  become time-vary-
ing  accordingly.  In  this  paper,  we  assume  that  is  non-
Zeno, i.e., only finitely many switches occur in any finite time
interval.  This  is  a  standard  assumption  in  switched  system
analysis to ensure well-defined trajectories.

σ(t)
Gσ(t)

Assumption  2　 For  the  non-Zeno  switching  signal ,
every directed signed graph  is structurally balanced and
the  union  (or  convex  combination)  formed  by  all  possible
topologies  includes  a  directed  spanning  tree  rooted  at  the
leader.

Under  switching  topologies,  the  distributed  state  feedback
controller for each agent is designed as
 

ui(t) = cΓ
∑

j∈Ni(t)

|ai j(t)|
(

xi(t)
ωi
− sgn(ai j(t))

x j(t)
ω j

)
+

gi(t)
(

xi(t)
ωi
−di(t)

x0(t)
ω0

) (73)

c < 0 Γwhere  and  are  the  coupling  strength  and  feedback
gain as in the fixed topology case.

Substituting Eq. (73) into Eq. (2) and using the definition of
Eq.  (4),  after  similar  algebraic  manipulations  as  in  the  fixed
topology  case,  the  global  error  dynamics  under  switching
topologies can be obtained as
 

δ̇(t) = (IN ⊗A+ cL̄σ(t)Ω
−1⊗BΓ)δ(t) (74)

L̄σ(t) =D(Lσ(t)+Gσ(t))Dwhere  is  positive  definite  for  each
mode under the spanning tree condition.

ωi > 0

Theorem 3　Consider  the  leader-follower  MAS described
by  Eqs.  (2)  and  (3)  under  switching  directed  signed  graphs
satisfying  Assumption  2.  For  any  prescribed  scaling  factor

,  the  bipartite-scaled  consensus  is  achieved  by  the
distributed  state  feedback  controller  in  Eq.  (73)  under
Assumption 1, if the following conditions hold.

c < 0(1) The coupling strength satisfies .
Γ = BTP3

P3 = PT
3 > 0

(2)  The  feedback  gain  matrix  is  designed  as ,
where  is  a  matrix  solution  of  Formula  (20)  in
Lemma 2.

σ(t)
Π

Π(L̄σ(t)+ L̄T
σ(t))Π > 0

Π = Ω−1

Π P3

Proof　 For  each  switching  mode ,  from  Remark  1
there  is  a  positive  diagonal  matrix  such  that

.  Similar  to  the  fixed  topology  case,  we
take ,  which  satisfies  the  inequality.  Notably,  this
Lyapunov  function  candidate  is  common  to  all  switching
modes  because  and  are  mode-independent.  Define  the
following symmetric matrix
 

ϕ =
1
2
(
Π L̄σ(t)Ω

−1+Ω−1L̄T
σ(t)Π

)
(75)

γ = λmin(ϕ) > 0and let .

Consider the Lyapunov function
 

V(t) = δ(t)T(Π ⊗P3)δ(t) (76)
V(t)

Γ = BTP3

Differentiating  along  the  trajectory  of  Eq.  (74)  and
substituting , followed by simplification, yields
 

V̇(t) = δ(t)T(Π ⊗ (ATP3+P3A)
)
δ(t)+

2cδ(t)T(ϕ⊗P3BBTP3)δ(t) (77)

ϕ ⩾ γIN c < 0Since  and , the second term satisfies
 

2cδ(t)T(ϕ⊗P3BBTP3)δ(t) ⩽
2cγδ(t)T(IN ⊗P3BBTP3)δ(t) (78)

c̄ = 2cγ < 0Define . Then, we have
 

V̇(t) ⩽ δ(t)T(ATP3+P3A+ c̄P3BBTP3
)
δ(t) (79)

α > 0 τ > 0 P3 > 0By Lemma 2, for any  there are  and  such
that
 

ATP3+P3A−τP3BBTP3 < −αP3 (80)
τ ⩾ −c̄Choosing  gives

 

ATP3+P3A+ c̄P3BBTP3 ⩽

ATP3+P3A−τP3BBTP3 < −αP3
(81)

Π > 0Since ,  the  Kronecker  product  preserves  Formula
(81), leading to
 

V̇(t) ⩽ −αδ(t)T(Π ⊗P3)δ(t) = −αV(t) (82)

V̇(t) ⩽ −αV(t) α > 0 V(t)→ 0
t→∞ δ(t)→ 0

Thus  with ,  implying  expo-
nentially  as .  Consequently  and  bipartite-
scaled  consensus  is  achieved  under  switching  topologies.
Therefore,  the  convergence  holds  for  arbitrary  non-Zeno
switching signals without requiring any dwell-time or average
dwell-time (ADT) constraints. ■

Remark  7　 In  this  paper,  we  adopt  a  common  Lyapunov
function  approach  to  handle  switching  topologies.  This
method  requires  neither  a  minimum  dwell-time  nor  an  aver-
age  dwell-time  condition.  Exponential  stability  is  guaranteed
for  any  non-Zeno  switching  signal,  including  arbitrarily  fast
switching,  as  long  as  each  mode  satisfies  structural  balance
and  contains  a  directed  spanning  tree  rooted  at  the  leader.
Therefore,  no  upper  bound  on  the  switching  frequency  is
needed  and  the  convergence  result  holds  uniformly  for  all
admissible switching signals.  

D.  Bipartite-Scaled Consensus Analysis  Based on Output  Feed-
back Controller under Switching Topologies

In  practical  MASs,  when  the  communication  topology  is
time-varying  and  the  full  state  information  is  not  directly
measurable,  the  observer-based  output  feedback  controller
must  be  adapted  to  switching  topologies.  To  address  this
scenario,  we  extend  the  observer-based  control  scheme  to
switching topologies.

σ(t) : [0,∞)→P
P

Let  be  a  piecewise  constant  switching
signal, where  denotes the set of all possible directed signed
graphs.  Under  directed  switching  topologies,  the  distributed
observer-based  output  feedback  controller  for  each  agent  is
designed as
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ui(t) = cΓ
∑

j∈Ni(t)

|ai j(t)|
(

x̂i(t)
ωi
− sgn(ai j(t))

x̂ j(t)
ω j

)
+

gi(t)
(

x̂i(t)
ωi
−di(t)

x0(t)
ω0

) (83)

c < 0 Γ
x̂i(t) i

where  is  the  coupling  strength,  is  the  feedback  gain
matrix,  and  denotes  the  estimated  state  of  the -th
follower.  The  observer  dynamics  under  switching  topologies
are given by
 

˙̂xi(t) = Ax̂i(t)+Bui(t)− cKQζi(t) (84)

ζi(t)
K Q

where  is  the  neighborhood  output  error  defined  in  Eq.
(47) and  and  are observer gain matrices.

ωi > 0

Theorem 4　Consider  the  leader-follower  MAS described
by  Eqs.  (2)  and  (3)  under  switching  directed  signed  graphs
satisfying  Assumption  2.  For  any  prescribed  scaling  factors

,  the  bipartite-scaled  consensus  is  achieved  by  the
distributed  observer-based  output  feedback  controller  in  Eq.
(83) under Assumption 1, if the following conditions hold.

c ⩽ −1/λmax((L+G)σ(t)+

(L+G)T
σ(t))

Γ = BTP3 P3 = PT
3 > 0

(1) The coupling strength satisfies 
 for  each  switching  mode  and  the  feedback  gain

matrix  is  designed  as ,  where  satisfies
Formula (20) in Lemma 2.

K = P−1
4 CTQT

P4 = PT
4 > 0

(2)  The observer  gain  matrix  is  designed as 
with  satisfying Formula (63) in Lemma 3.

Proof　The  proof  follows  a  similar  line  as  in  Theorem 2,
combining  the  common  Lyapunov  function  approach  for
switching  topologies  with  the  observer  error  dynamics.
Because of the space limitations, the detailed proof is omitted
here. ■  

IV.  Simulations

V1 = {1,2,3} V2 = {4,5}

Example  1　 For  the  fixed  topology  case,  we  consider  a
directed  signed  graph  that  is  structurally  balanced  and
contains  a  directed  spanning  tree.  Followers  are  partitioned
into two antagonistic subgroups  and 
based on the signed graph structure as depicted in Fig. 1.
  

0

2

1

1

1

1

1
−1

−1

5

43

Subgroup 1 Subgroup 2

1

 
Fig. 1 Fixed communication topology of the MAS.
 

L
D

The corresponding Laplacian matrix  and signature matrix
 are given as

 

L =


1 −1 0 0 0
0 1 0 0 1
−1 0 2 1 0
0 0 0 1 −1
0 0 0 0 1

 ,

 

D =


−1 0 0 0 0
0 −1 0 0 0
0 0 −1 0 0
0 0 0 1 0
0 0 0 0 1

 .
The system matrices in Eqs. (2) and (3) are specified as

 

A =
(

0 1
−1 0

)
, B =

(
0
1

)
, C =

(
1 0

)
, D = 0.

c = −1
Γ = −(1,3)T

Ω = diag(0.1,0.2,0.3,0.4,0.5)

V1
xi(t)→−ωix0(t)
V2 xi(t)→ ωix0(t) ωi

Ω

δi(t)

The  feedback  gain  in  Eq.  (7)  is  designed  as  and
.  The  scaling  factor  matrix  is  chosen  as

.  The  simulation  results  are
presented in Figs. 2 and 3. As observed in Fig. 2, the leader’s
trajectory  is  sinusoidal.  Under  the  prescribed  scaling  coeffi-
cients,  the  states  of  followers  1,  2,  and  3  (subgroup )
converge to , while those of followers 4 and 5
(subgroup )  converge  to ,  where  is  the
diagonal  entry  of .  This  demonstrates  that  the  proposed
protocol  achieves  bipartite-scaled  consensus  as  defined  in
Problem 1. From Fig. 3, the tracking errors  of all follow-
ers  decay  from  their  initial  values  and  asymptotically
approach  zero,  confirming  that  the  designed  control  protocol
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Fig. 2 Trajectories of respective agents under the fixed topologies.
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Fig. 3 Bipartite-scaled consensus errors.
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effectively  realizes  bipartite-scaled  consensus  under  signed
graphs and verifying Theorem 1.

Ω = diag(1,1,1,1,1)

Example 2　To demonstrate the advantage of the proposed
method,  all  other  parameters  and  settings  remain  exactly  the
same  as  in  Example  1,  with  only  the  scaling  factors  being
adjusted.  The  scaling  factor  matrix  is  chosen  as

.  As  shown  in Fig.  4,  standard  bipartite
consensus  forces  the  two  subgroups  to  converge  to  values
with  equal  magnitude  and  opposite  sign,  failing  to  satisfy
scenarios  where  different  scaling  ratios  are  required.  In
contrast,  the  proposed  method  in  Example  1  successfully
achieves  individually  prescribed  scaling  factors,  demonstrat-
ing superior flexibility.

L
D

Example  3　 To  verify  the  applicability  of  the  proposed
method to  directed  graphs,  the  topology in Fig.  1 is  changed
from  directed  to  undirected  while  keeping  all  other  settings
identical to Example 1. The corresponding Laplacian matrix 
and signature matrix  are given as
 

L =


2 −1 −1 0 0
−1 0 0 0 1
−1 0 0 1 0
0 0 1 0 −1
0 1 0 −1 0

 ,

D =


−1 0 0 0 0
0 −1 0 0 0
0 0 −1 0 0
0 0 0 1 0
0 0 0 0 1

 .
The  simulation  results  in Fig.  5 show  that  bipartite-scaled

consensus is still  achieved. Moreover, the convergence speed
under the directed graph is comparable to that under the undi-
rected  graph,  confirming  that  the  proposed  method  does  not
rely  on  graph  symmetry  and  is  effective  for  general  directed
signed graphs.

{Gσ(t)}σ(t)∈P σ(t) : [0,∞)→P
P

Example  4　 To  verify  the  effectiveness  of  the  proposed
observer-based output feedback control scheme under switch-
ing topologies, we consider a family of directed signed graphs

,  where  is  a  piecewise  constant
switching signal and  denotes the set of all possible directed

V1 = {1,2,3}
V2 = {4,5}

Lσ(t) Dσ(t)

signed graphs. The switching signal is designed such that the
topology  switches  every  0.5  s  among  four  structurally
balanced  graphs,  each  containing  a  directed  spanning  tree
rooted at the leader. As illustrated in Fig. 6, the followers are
divided  into  two  antagonistic  subgroups  and

 according to the signed graph structure. The corre-
sponding  Laplacian  matrix  and  signature  matrix 
vary  with  the  switching  signal,  but  maintain  the  same
subgroup partition.

c = −1 Γ = (−5,5)T
The  system  matrices  are  the  same  as  those  in  Example  1.

The  feedback  gain  is  designed  as  and .
The observer  gain  parameters  of  distributed  state  observer  in
Eq. (84) are selected as
 

K =
(
−5 −3

)
, Q =

(
1.0568 0.0500
0.0500 1.0568

)
.

Ω = diag(0.15,0.30,
0.25,0.20,0.35)

The  scaling  factor  matrix  is  chosen  as 
.
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ωi = ω0 = 1Fig. 4 Trajectories of respective agents ( ).
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Fig. 5 Trajectories of respective agents under undirected connected topology.
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Fig. 6 Switching communication topology of the MAS.
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V1 V2

δi(t)

The  simulation  results  for  the  observer-based  output  feed-
back control scheme under switching topologies are presented
in Figs. 7 and 8. As observed in Fig. 7, the proposed controller
ensures that followers in  and  converge to the leader’s
scaled  trajectory  with  opposite  signs.  From Fig.  8,  the  track-
ing  errors  asymptotically  approach  zero  despite  the
absence  of  direct  state  measurements  and  the  presence  of
topology switching.
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Fig. 7 Trajectories of respective agents under the switching topologies.
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Fig. 8 Bipartite-scaled consensus errors.
   

V.  Conclusion

This  paper  addresses  bipartite-scaled  consensus  for  leader-
follower  MASs  under  fixed  and  switching  topologies  with
cooperative-competitive interactions. The main challenge is to
achieve  prescribed  asymmetric  scaling  between  two  antago-
nistic  subgroups and the leader  while  handling unmeasurable
states  and  time-varying  graphs.  The  free  assignment  of  scal-
ing factors allows the leader’s influence on each subgroup to
be  adjusted  independently,  which  is  relevant  for  heteroge-
neous multi-robot systems and other practical applications. A
distributed state feedback controller  is  developed for systems
with  full  state  measurements,  and  an  observer-based  output
feedback  controller  is  proposed  for  cases  where  states  are

unmeasurable.  Both  schemes  are  extended  to  switching
topologies. The proposed framework relaxes the equal-magni-
tude  constraint  of  conventional  bipartite  consensus  and
enables  flexible  scaling  ratios.  Numerical  simulations  verify
the  theoretical  results.  Future  research  includes  extending  to
heterogeneous  nonlinear  MASs,  actuator  faults,  communica-
tion delays, event-triggered mechanisms, and relaxing the no-
saturation assumption via anti-windup or low-gain techniques
for hardware implementation.  
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